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THE LINEAR ALGEBRA OF THE PELL MATRIX

EMRAH KILIC AND DURSUN TASCI

Abstract. In this paper we consider the construction of the Pell and sym-
metric Pell matrices. Also we discuss the linear algebra of these matrices. As
applications, we derive some interesting relations involving the Pell numbers
by using the properties of these Pell matrices.

1. Introduction

The Pell sequence {Pn} is defined recursively by the equation

(1.1) Pn+1 = 2Pn + Pn−1

for n ≥ 2, where P1 = 1, P2 = 2. The Pell sequence is

1, 2, 5, 12, 29, 70, 169, 408, . . . .

Matrix methods are major tools in solving many problems stemming from
linear recurrence relations. As is well-known (see, e.g., [1]) the numbers of
this sequence are also generated by the matrix

M =
[
2 1
1 0

]
,

since by taking successive positive powers of M one can easily establish that

Mn =
[
Pn+1 Pn

Pn Pn−1

]
.

In [4] and [3], the authors gave several basic Pell identities as follows, for
arbitrary integers a and b,

Pn+aPn+b − PnPn+a+b = PaPb(−1)n,(1.2)

P2n+1 = P 2
n + P 2

n+1,(1.3)

Pn =
[(n−1)/2]∑

r=0

(
n

2r + 1

)
2r.(1.4)

These identities occur as Problems B-136 [8], B-155 [11] and B-161 [5], respec-
tively.

Now we define a new matrix. The n× n Pell matrix Hn = [hij] is defined as

Hn = [hij] =

{
Pi−j+1, i− j + 1 ≥ 0,

0, i− j + 1 < 0.
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For example,

H6 =


1 0 0 0 0 0
2 1 0 0 0 0
5 2 1 0 0 0
12 5 2 1 0 0
29 12 5 2 1 0
70 29 12 5 2 1

,

and the first column of H6 is the vector (1, 2, 5, 12, 29, 70)T . Thus, the matrix
Hn is useful to find the consecutive Pell numbers from the first to the nth Pell
number.

The set of all n-square matrices is denoted by An. Any matrix B ∈ An of
the form B = Ct · C, C ∈ An, may be written as B = L · Lt, where L ∈ An is a
lower triangular matrix with nonnegative diagonal entries. This factorization
is unique if C is nonsingular. This is called the Cholesky factorization of B. In
particular, a matrix B is positive definite if and only if there exists a nonsin-
gular lower triangular matrix L ∈ An with positive diagonal entries such that
B = L · Lt. If B is a real matrix, L may be taken to be real.

A matrix D ∈ An of the form

D =


D11 0 . . . 0
0 D22 . . . 0
...

...
. . .

...
0 0 . . . Dkk


in which Dii ∈ Ani

, i = 1, 2, . . . , k, and
∑k

i=1 ni = n, is called a block diago-
nal. Notationally, such a matrix is often indicated as D = D11 ⊕ D22 ⊕ . . . ⊕
Dkk or more briefly, ⊕

∑k
i=1 Dii; this is called the direct sum of the matrices

D11, D22, . . . , Dkk.

2. Pell Identities

In this section we give some identities of the Pell numbers. We start with
the following Lemma.

Lemma (2.1). If Pn is the nth Pell number, then

(2.2) 2PnPn−1 + P 2
n−1 − P 2

n = (−1)n .

Proof. We will use the induction method. If n = 1, then we have

2P1P0 + P 2
0 − P 2

1 = −1.

We suppose that the equation holds for n. Now we show that the equation
holds for n + 1. Thus

2PnPn−1 + P 2
n−1 − P 2

n = Pn−1
(
2Pn + Pn−1

)
− P 2

n

= (Pn+1 − 2Pn) Pn+1 − P 2
n

which, by definition of the Pell numbers, satisfy

2PnPn−1 + P 2
n−1 − P 2

n = −2PnPn+1 − P 2
n + P 2

n+1

= −
(
2PnPn+1 + P 2

n − P 2
n+1

)
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which also, by induction hypothesis, satisfy

2PnPn+1 + P 2
n − P 2

n+1 = (−1) (−1)n = (−1)n+1 .

Thus proof is complete.

Lemma (2.3). Let Pn be the Pell number. Then

2Pn−1Pn = P 2
n+1 − P 2

n−1 − 2PnPn+1.

Proof. By considering the proof of the previous Lemma, the proof is clear.

Lemma (2.4). If Pn is the nth Pell number, then

(2.5) P 2
1 + P 2

2 + . . . + P 2
n =

PnPn+1

2
.

Proof. Let we take ai = PiPi+1
2 , now since

ai − ai−1 =
PiPi+1

2
− PiPi−1

2

=
Pi

(
Pi+1 − Pi−1

)
2

,

by definition of the Pell numbers, we have

ai − ai−1 =
Pi (2Pi)

2
= P 2

i .

Now, using the idea of “creative telescoping” [13], we conclude
n∑

i=2

P 2
i =

n∑
i=2

(
ai − ai−1

)
= an − a1

or equivalently (P1 = 1) ,
n∑

i=1

P 2
i = an − a1 + 1 = an =

PnPn+1

2
.

The proof is complete.

Lemma (2.6). If Pn is the nth Pell number, then

(2.7)
P1P2 + P2P3 + . . . + Pn−1Pn =

P2n+1 − 2Pn+1Pn − 1
2

=
P2n−1 + 2PnPn−1 − 1

2
.

Proof. From Lemma (2.3) we write the following equations for 1, 2, . . . , n,

2P1P2 = P 2
3 − P 2

1 − 2P2P3

2P2P3 = P 2
4 − P 2

2 − 2P3P4

2P3P4 = P 2
5 − P 2

3 − 2P4P5

...

2Pn−2Pn−1 = P 2
n − P 2

n−2 − 2Pn−1Pn

2Pn−1Pn = P 2
n+1 − P 2

n−1 − 2PnPn+1.



166 EMRAH KILIC AND DURSUN TASCI

By addition, we obtain

2
(
P1P2 + P2P3 + . . . + Pn−1Pn

)
= P 2

n+1 − P 2
n−1 − P 2

1 − P 2
2 − 2Pn+1Pn

−2
(
P1P2 + P2P3 + . . . + Pn−1Pn − P1P2

)
.

If we arrange this equation by P1 = 1, P2 = 5 and equation (1.3), then we have

P1P2 + P2P3 + . . . + Pn−1Pn =
P2n+1 − 2Pn+1Pn − 1

2
.

The proof is complete.

In [2], the authors gave the Cholesky factorization of the Pascal matrix. Also
in [6], the authors consider the usual Fibonacci numbers and define the Fi-
bonacci and symmetric Fibonacci matrices. Furthermore, the authors give the
factorizations and eigenvalues of Fibonacci and symmetric Fibonacci matrices.
In [7], the authors consider the generalized Fibobacci numbers and discuss the
linear algebra of the k-Fibonacci matrix and the symmetric k-Fibonacci matrix.

3. Factorizations

In this section we consider construction and factorization of our Pell ma-
trix of order n by using the (0, 1, 2)−matrix, where a matrix said to be a
(0, 1, 2)−matrix if each of its entries are 0, 1 or 2.

Let In be the identity matrix of order n. Further, we define the n×n matrices
Ln, Hn and Ak by

L0 =

1 0 0
2 1 0
1 0 1

, L−1 =

1 0 0
0 1 0
0 2 1

,

and Lk = L0⊕Ik, k = 1, 2, . . . , Hn = [1]⊕Hn−1, A1 = In, A2 = In−3⊕L−1, and,
for k ≥ 3, Ak = In−k ⊕ Lk−3. Then we have the following Lemma.

Lemma (3.1). Hk · Lk−3 = Hk, k ≥ 3.

Proof. For k = 3, we have H3 · L0 = H3. From the definition of the matrix
product and familiar Pell sequence, the conclusion follows.

Considering the previous work on Pascal functional matrices, we can rewrite
L0, L−1 as follows:

L−1 = [1]⊕ P1,1 [1] , L0 = CP2,0 [1]
(
[1]⊕ P1,0 [−1]

)
in which Pn,k [x] and CPn,k [x] are Pascal k−eliminated functional matrices
[12].

From the definition of Ak, we know that An = Ln−3, A1 = In, and A2 =
In−3 ⊕ L−1. The following Theorem is an immediate consequence of Lemma
(3.1).

Theorem (3.2). The Pell matrix Hn can be factored by the Ak ’s as follows:

Hn = A1A2 . . . An.
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For example

H5 = A1A2A3A4A5 = I5(I2 ⊕ L−1)(I2 ⊕ L0) ([1]⊕ L1) L2

=


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ·


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 2 1

 ·


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 2 1 0
0 0 1 0 1



·


1 0 0 0 0
0 1 0 0 0
0 2 1 0 0
0 1 0 1 0
0 0 0 0 1

 ·


1 0 0 0 0
2 1 0 0 0
1 0 1 0 0
0 0 0 1 0
0 0 0 0 1



=


1 0 0 0 0
2 1 0 0 0
5 2 1 0 0
12 5 2 1 0
29 12 5 2 1

.

We give another factorization of Hn. Let Tn =
[
tij

]
be n× n matrix as

tij =

 Pi, j = 1,
1, i = j,
0, otherwise

, i.e., Tn =


P1 0 . . . 0
P2 1 . . . 0
...

...
. . .

...
Pn 0 . . . 1

 .

The next Theorem follows by a simple calculation.

Theorem (3.3). For n≥2, Hn =Tn

(
I1 ⊕ Tn−1

) (
I2 ⊕ Tn−2

)
. . .
(
In−2 ⊕ T2

)
.

We can readily find the inverse of the Pell matrix Hn. We know that

L−1
0 =

 1 0 0
−2 1 0
−1 0 1

 , L−1
−1 =

 1 0 0
0 1 0
0 −2 1

 , and L−1
k = L−1

0 ⊕ Ik.

Define Jk = A−1
k . Then

J1 = A−1
1 = In, J2 = A−1

2 = In−3 ⊕L−1
1 = In−2 ⊕

[
1 0

−2 1

]
, and Jn = L−1

n−3.

Also, we know that

T−1
n =


P1 0 0 . . . 0

−P2 1 0 . . . 0
−P3 0 1 . . . 0

...
...

...
...

−Pn 0 0 . . . 1

 and
(
Ik ⊕ Tn−k

)−1
= Ik ⊕ T−1

n−k.

Thus the following Corollary holds.
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Corollary (3.4).

H−1
n = A−1

n A−1
n−1 . . . A−1

2 A−1
1 = JnJn−1 . . . J2J1

= (In−2 ⊕ T2)−1 . . . (I1 ⊕ Tn−1)−1T−1
n .

From Corollary (3.4), we have

(3.5) H−1
n =



1 0 0 0 . . . 0
−2 1 0 0 . . . 0
−1 −2 1 0 . . . 0
0 −1 −2 1 . . . 0
...

...
...

. . .
. . .

...
...

...
...

0 . . . . . . −1 −2 1


.

We define a symmetric Pell matrix Qn = [qij] as, for i, j = 1, 2, . . . , n,

qij = qji =


i∑

k=1
P 2

k , i = j,

qi,j−2 + 2qi,j−1, i + 1 ≤ j,

in which q1,0 = 0. Then we have q1j = qj1 = Pj and q2j = qj2 = Pj+1.
For example,

Q7 =



1 2 5 12 29 70 169
2 5 12 29 70 169 408
5 12 30 72 174 420 1014
12 29 72 174 420 1014 2448
29 70 174 420 1015 2450 5915
70 169 420 1014 2450 5915 14280
169 408 1014 2448 5915 14280 34476


.

From the definition of Qn, we arrive at the following Lemma.

Lemma (3.6). For j ≥ 3, q3j = P4

(
Pj−3 +

Pj−2P3

2

)
.

Proof. By Lemma (2.4), we have that q3,3 = P 2
1 + P 2

2 + P 2
3 =

P3P4

2
; hence

q3,3 =
P3P4

2
=P4

(
P0 +

P1P3

2

)
for P0 =0.

By induction, q3,j = P4

(
Pj−3 +

Pj−2P3

2

)
.

We know that q3,1 = q1,3 = P3 and q3,2 = q2,3 = P4. Also we have that
q4,1 = q1,4, q4,2 = q2,4 and q4,3 = q3,4. By similar argument, we have the
following Lemma.

Lemma (3.7). For j ≥ 4, q4,j = P4

(
Pj−4 + Pj−4P3 +

Pj−3P5

2

)
.

From Lemmas (3.6) and (3.7), we obtain q5,1, q5,2, q5,3 and q5,4. From these
results and the definition of Qn, we arrive at the following Lemma.
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Lemma (3.8). For j ≥ 5, q5,j = Pj−5P4 (1 + P3 + P5) +
Pj−4P5P6

2
.

Proof. Since q5,5 =
P5P6

2
we have, by induction, q5j = Pj−5P4 (1 + P3 + P5)+

Pj−4P5P6

2
.

From the definition of Qn together with Lemmas (3.6), (3.7) and (3.8) we
have the following Lemma by induction on i.

Lemma (3.9). For j ≥ i ≥ 6,

qij = Pj−iP4(1+P3+P5)+Pj−iP5P6+Pj−iP6P7+. . .+Pj−iPi−1Pi+
Pj−i+1PiPi+1

2
.

Considering the above lemmas, we obtain the following result.

Theorem (3.10). For n ≥ 1 a positive integer, JnJn−1 . . . J2J1Qn = HT
n and

the Cholesky factorization of Qn is given by Qn = HnHT
n .

Proof. By Corollary (3.4), JnJn−1 . . . J2J1 = H−1
n . So, if we have H−1

n Qn =
HT

n , then the proof is immediately seen.
Let V =

[
vij

]
= H−1

n Qn. Then, by (3.5), we have following:

vij =

 Pj , if i = 1,
Pj−1, if i = 2,
−qi−2,j − 2qi−1,j + qij , otherwise.

Now we consider the case i ≥ 3. Since Qn is a symmetric matrix, −qi−2,j −
2qi−1,j + qij = −qj,i−2 − 2qj,i−1 + qji. Hence, by the definition of Qn, vij = 0 for
j + 1 ≤ i. Thus, we will prove that −qi−2,j − 2qi−1,j + qij = Pj−i+1 for j ≥ i. In
the case in which i ≤ 5, we have vij = Pj−i+1 by Lemmas (3.6), (3.7) and (3.8).
Now we suppose that j ≥ i ≥ 6. Then by Lemma (3.9) we have

vij = −qi−2,j − 2qi−1,j + qij

= (Pj−i−2Pj−i+1 − Pj−i+2)P4(1 + P3 + P5) + (Pj−i − 2Pj−i+1 − Pj−i+2)P5P6

+ · · ·+ (Pj−i − 2Pj−i+1 − Pj−i+2)Pi−3Pi−2

+
(

Pj−i − 2Pj−i+1 −
Pj−i+3

2

)
Pi−2Pi−1 +

(
Pj−i − Pj−i+2

)
Pi−1Pi

+ Pj−i+1
PiPi+1

2
.

Since Pj−i−2Pj−i+1−Pj−i+2 = −4Pj−i+1, Pj−i−2Pj−i+1−
Pj−i+3

2
= − 9

2 Pj−i+1

and Pj−i − Pj−i+2 = −2Pj−i+1, we obtain

vij = Pj−i+1

 −4P4 − 4
(
P3P4 + P4P5 + . . . + Pi−3Pi−2

)
−

1
2 Pi−2Pi−1 − 2Pi−1Pi + PiPi+1

2 .

.
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Since P4 = 12, using Lemma (2.6) we get

vij = Pj−i+1

 −48− 4
(

P2(i−1)+1−2Pi−1Pi−1
4

)
− 12−

Pi−2Pi−1
2 − 2Pi−1Pi + PiPi+1

2


= Pj−i+1

(
−P2i−1 + 1− Pi−2Pi−1

2
+

PiPi+1

2

)
.

Using equation (1.3) and the definition of the Pell numbers we obtain

vij = Pj−i+1
[
−2P 2

i−1 − 2P 2
i + 2− Pi−2Pi−1 + Pi

(
2Pi + Pi−1

)]
= Pj−i+1.

Therefore, H−1
n Qn = HT

n , i.e., the Cholesky factorizaton of Qn is given by
Qn = HnHT

n . The proof is complete.

In particular, since Q−1
n =

(
HT

n

)−1
H−1

n =
(
H−1

n

)T
H−1

n , we have

(3.11) Q−1
n =



6 0 −1 0 . . . . . . 0

0 6 0 −1
...

−1 0 6 0
...

0 −1 0 6 . . . . . . 0
...

...
...

. . . 6 0 −1
0 5 −2

0 . . . 0 . . . −1 −2 1


.

From Theorem (3.10), we have the following Corollary.

Corollary (3.12). If Pn is the nth Pell number and k is an odd number,
then

PnPn−k + . . . + Pk+1P1 =


(

PnPn−(k−1) − Pk

)
/2, if n is odd,(

PnPn−(k−1)

)
/2, if n is even.

If k is an even number, then

PnPn−k + . . . + Pk+1P1 =


(

PnPn−(k−1)

)
/2, if n is odd,(

PnPn−(k−1) − Pk

)
/2, if n is even.

For the case when we multiply the ith row of Hn and the ith column of HT
n ,

we obtain the formula (2.5). Also, formula (2.5) is the case when k = 0 in
Corollary (3.12).

4. Eigenvalues of Qn

In this section we consider the eigenvalues of Qn.
Let B = {x=(x1, x2, . . . , xn) ∈ Rn; x1 ≥ x2 ≥ . . . ≥ xn} . For x, y ∈ B, x ≺ y

if
k∑

i=1
xi ≤

k∑
i=1

yi, k = 1, 2, . . . , n and if k = n, then equality holds. When x ≺ y,
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x is said to be majorized by y, or y is said to be majorize x. The condition for

majorization can be written as follows: for x, y ∈ B, x ≺ y if
k∑

i=0
xn−i ≥

k∑
i=0

yn−i,

k = 0, 1, . . . n− 2, and if k = n− 1, then equality holds.
The following is an interesting simple fact:

(x, x, . . . , x) ≺ (x1, x2, . . . , xn) , where x =

n∑
i=1

xi

n
.

More interesting facts about majorizations can be found in [9] and [10].
An n×n matrix P =

[
pij

]
is doubly stochastic if pij ≥ 0 for i, j = 1, 2, . . . , n,

n∑
i=1

Pij = 1, j = 1, 2, . . . , n, and
n∑

j=1
Pij = 1, i = 1, 2, . . . , n. In 1929, Hardy,

Littlewood and Polya proved that a necessary and sufficient condition that
x ≺ y is that there exist a doubly stochastic matrix P such that x = yP.

We know that both the eigenvalues and the main diagonal elements of real
symmetric matrix are real numbers. The precise relationship between the
main diagonal elements and the eigenvalues is given by the notion of majoriza-
tion as follows: the vector of eigenvalues of a symmetric matrix is majorized
by the diagonal elements of the matrix.

Note that det Hn = 1 and det Qn = 1. Let λ1, λ2, . . . , λn be the eigenvalues

of Qn. Since Qn = Hn ·HT
n and

k∑
i=1

P 2
i =

Pk+1Pk

2
, the eigenvalues of Qn are all

positive and (
Pn+1Pn

2
,
PnPn−1

2
, . . . ,

P2P1

2

)
≺ (λ1, λ2, . . . , λn) .

In [4], we find the combinatorial property, Pn =
[(n−1)/2]∑

r=0

(
n

2r+1

)
2r. Therefore

we have following Corollaries.

Corollary (4.1). Let λ1, λ2, . . . , λn be the eigenvalues of Qn. Then

λ1 + λ2 + . . . + λn =



([n/2]∑
r=0

(
n+1
2r+1

)
2r

)2

− 1

 /4

, if n is odd,

([n/2]∑
r=0

(
n+1
2r+1

)
2r

)2
 /4

, if n is even.

Proof. Since
(

Pn+1Pn

2 , PnPn−1
2 , . . . , P2P1

2

)
≺ (λ1, λ2, . . . , λn) , and from Corollary

(3.12),

λ1 + λ2 + . . . + λn =

{
(Pn+1)2−P1

4 , if n is odd,
P 2

n+1
4 , if n is even.

By formula 1.4, the proof is immediately seen.
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Corollary (4.2). If n is an odd number, then

4nλn ≤

[n/2]∑
r=0

(
n + 1
2r + 1

)
2r

2

− 1 ≤ 4nλ1.

If n is an even number, then

4nλn ≤

[n/2]∑
r=0

(
n + 1
2r + 1

)
2r

2

≤ 4nλ1.

Proof. Let Sn = λ1 + λ2 + . . . + λn. Since(
Sn

n
,
Sn

n
, . . . ,

Sn

n

)
≺ (λ1, λ2, . . . , λn) ,

we have λn ≤ Sn

n ≤ λ1. Therefore, the proof is readily seen.

From equation (3.11), we have

(4.3) (6, 6, . . . , 6, 5, 1) ≺
(

1
λn

,
1

λn−1
, . . . ,

1
λ1

)
.

Thus there exists a doubly stochastic matrix G = [gij] such that

(6, 6, . . . , 6, 5, 1) =
(

1
λn

,
1

λn−1
, . . . ,

1
λ1

)
g11 g12 . . . g1n

g21 g22 . . . g2n

...
...

...
gn1 gn2 . . . gnn

.

That is, we obtain 1
λn

g1n + 1
λn−1

g2n + . . .+ 1
λ1

gnn = 1 and g1n +g2n + . . .+gnn = 1.

Lemma (4.4). For each i = 1, 2, . . . , n, gn−(i−1),n ≤
λi

n− 1
.

Proof. Suppose that gn−(i−1),n >
λi

n− 1
. Then

g1n + g2n + . . . + gnn >
λ1

n− 1
+

λ2

n− 1
+ . . . +

λn

n− 1

=
1

n− 1
(λ1 + λ2 + . . . + λn) .

Since g1n + g2n + . . . + gnn = 1 and
n∑

i=1
λi ≥ n, this yields a contradiction, so

gn−(i−1),n ≤
λi

n− 1
.

From Lemma (4.4), we have 1−(n− 1) 1
λi

gn−(i−1),n ≥ 0. Let γ = Sn−(n− 1) .

Therefore, we have the following Theorem.

Theorem (4.5). For (γ, 1, 1, . . . , 1) ∈ B, (γ, 1, 1, . . . , 1) ≺ (λ1, λ2, . . . , λn) .
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Proof. A necessary and sufficient condition that (γ, 1, 1, . . . , 1) ≺ (λ1, λ2, . . . ,
λn) is that there exist a doubly stochastic matrix C such that (γ, 1, 1, . . . , 1) =
(λ1, λ2, . . . , λn) C.

We define an n× n matrix C = [cij] as follows:

C =


c11 c12 . . . c12

c21 c22 . . . c22
...

...
...

cn1 cn2 . . . cn2

,

where ci2 = 1
λi

gn−(i−1),n and ci1 = 1 − (n− 1) ci2, i = 1, 2, . . . , n. Since G is
doubly stochastic and λi > 0 and ci2 ≥ 0, i = 1, 2, . . . , n. By Lemma (4.4),
ci1 ≥ 0, i = 1, 2, . . . , n. Then

c12 + c22 + . . . + cn2 =
gnn

λ1
+

gn−1,n

λ2
+ . . . +

g1n

λn
= 1

ci1 + (n− 1) ci2 = 1− (n− 1) ci2 + (n− 1) ci2 = 1,

and

c11 + c21 + . . . + cn1 = 1− (n− 1) c12 + 1− (n− 1) c22 + . . . + 1− (n− 1) cn2

= n− n (c12 + c22 + . . . + cn2) + c12 + c22 + . . . + cn2 = 1.

Thus, G is a doubly stochastic matrix. Furthermore,

λ1c12 + λ2c22 + . . . + λncn2 = λ1
gnn

λ1
+ λ2

gn−1,n

λ2
+ . . . + λn

g1n

λn

= gnn + gn−1,n + . . . + g1n = 1

and

λ1c11 + λ2c21 + . . . + λncn1 = λ1 (1− (n− 1) c12) + . . . + λn (1− (n− 1) cn2)
= λ1 + λ2 + . . . + λn −

(n− 1) (λ1c12 + λ2c22 + . . . + λncn2)
= λ1 + λ2 + . . . + λn − (n− 1) = γ.

Thus, (γ, 1, 1, . . . , 1) = (λ1, λ2, . . . , λn) C, so (γ, 1, 1, . . . , 1) ≺ (λ1, λ2, . . . , λn) .

From equation (4.3), we arrive at the following Lemma.

Lemma (4.6). For k = 2, 3, . . . , n, λk ≥
1

6
(
k − 1

) .

Proof. From equation (4.3), for k ≥ 2,

1
λ1

+
1
λ2

+ . . . +
1
λk

≤ 1 + 5 + 6 + + . . . + 6︸ ︷︷ ︸
k

= 6(k − 1).

Thus,
1
λk

≤ 6
(
k − 1

)
−
(

1
λ1

+
1
λ2

+ . . . +
1

λk−1

)
≤ 6(k − 1).

Therefore, for k = 2, 3, . . . , n, λk ≥
1

6
(
k − 1

) . So the proof is complete.
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[9] A. W. Marshall & I. Olkin, İnequalities: Theory of Majorization and Its Applications,

Academic Press, New York, 1979.
[10] D. S. Mitrinovic, Analytic Inequalities, Springer-Verlag, Berlin-Heidelberg-New York, 1970.
[11] M. N. S. Swamy and C. A. Vespe, Problem B-155, Fibonacci Quart. 7 (5), (1969), 547.
[12] H. Teimoori and M. Bayat, Pascal k-eliminated functional matrix and Eulerian numbers,

Linear Multilinear Algebra 49 (3), (2001), 183–194.
[13] D. Zeilberger, The method of creative telescoping, J. Symbolic Comput. Vol. 11, (1991),

195–204.



Bol. Soc. Mat. Mexicana (3) Vol. 11, 2005

BOUNDING THE NUMBER OF SOLUTIONS OF SOME
CONGRUENCES

ERIC LEVIEIL, FLORIAN LUCA, AND IGOR E. SHPARLINSKI

Abstract. We estimate from above the number of solutions in integers n
of congruence equations A(n) ≡ λ (mod p), y < n ≤ x for various sequences
A(1), . . . , A(N). Here p is a prime, x, y are integers, and each of our sequences
under consideration is such that a(n) = A(n)/A(n− 1) has certain prescribed
arithmetic or algebraic properties. In particular, we deal with the situations
that a(n) is a polynomial function of n, the n-th prime, or that an has some
combinatorial meaning.

1. Introduction

Assume that a sequence a(1), . . . , a(N) of positive rational numbers has the
property that

A(n) =
n∏

i=1

a(i) ∈ Z for n = 1, . . . , N.

Denote by T (x, y; p, λ) the number of solutions in integers n to the congruence

(1.1) A(n) ≡ λ (mod p), y < n ≤ x,

where, throughout the paper, we always assume that p is a prime and 0 ≤
y < x ≤ N . We estimate T (x, y; p, λ) from above for several sequences A(n).
More specifically, we consider only the following sequences below, but their
numerous variations can be studied as well without any substantial changes
in our approach:

• products of consecutive values of a nonconstant polynomial h(X) ∈ Z[X]

H(n) =
n∏

i=1

|h(i)|,

where we assume that h(X) has no positive integer roots. In general, we may
replace h(X) by g(X) = h(X+n0), where n0 is a positive integer which is larger
than any real root of h(X).
• binomial coefficients

C(n) =
n∏

i=1

N − i

i
;

• q-factorials and q-binomial coefficients

Fq(n) =
n∏

i=1

(qi − 1) and Cq(n) =
n∏

i=1

qN−i − 1
qi − 1

;

2000 Mathematics Subject Classification: 11A07, 11B50, 11B65, 11N69.
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where q ≥ 2 is a fixed integer;
• products of consecutive primes

L(n) =
n∏

i=1

`i

where `i is the ith prime.
• products of middle binomial coefficients

M(n) =
n∏

i=1

(
2i

i

)
.

Our approach generally follows that of [1, 3, 4], where similar questions
are considered for n!, which corresponds to the sequence a(i) = i. However,
treatment of each of the above sequences also requires some specific additional
ingredients. To be more precise, the sequences H(n), C(n), Fq(n) and Cq(n) can
be studied via just a simple variation of the arguments of [1], [3], [4]; accord-
ingly the bounds we prove are very similar to those of these papers. On the
other hand, the sequences L(n) and M(n) require more substantial modifica-
tions and additional arguments (and lead to bounds of different shapes).

Bounds on the number of solutions of congruences with such sequences
are of independent interest. Moreover, they are important for studying other
arithmetic properties of these sequences, as in [1], [2], [3], [4]; where particular
instances of the results from the present paper are used to give nontrivial lower
bounds on the largest prime factor of A(n) + 1, which hold for infinitely many
values of the positive integer n.

Throughout the paper, we use the Vinogradov symbols �, � as well as the
Landau symbols O and o with their regular meanings. We recall that U � V ,
V � U and U = O(V ) are all equivalent to the inequality |U| ≤ cV with some
constant c > 0.

For z > 0 we use log z to denote the natural logarithm of z.

2. Products of Rational and Exponential Functions

In this section, we consider the sequences H(n), C(n), Fq(n) and Cq(n). For
a prime p with gcd(p, q) = 1 we denote by τ(p) the multiplicative order of q
modulo p.

Theorem (2.1). Let A(n) be one of the sequences H(n), C(n), Fq(n) or Cq(n).
Then for any prime p and real x and y with 0 ≤ y ≤ x < p, and also with
x ≤ τ(p) in the case of the sequences Fq(n) or Cq(n), we have

max
λ=0,...,p−1

T (x, y; p, λ) � (x − y)2/3 + 1 .

Proof. Fix some integer λ, 0 ≤ λ ≤ p − 1. Let t = T (x, y; p, λ) and let
n1 < . . . < nt be all the solutions to (1.1). Let s < x be a positive integer. We
denote by U1 the set of solutions ni with either ni = nt or ni+1 ≥ ni + s, and by
U2 the set of all other solutions. Then

(2.2) T (x, y; p, λ) = #U1 + #U2.
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Obviously,

(2.3) #U1 � (x − y)/s + 1.

To estimate U2, we note that for each n ∈ U2, there is an integer k with
1 ≤ k < s such that n + k is also a solution to (1.1). We consider those n ∈ U2

corresponding to a given k. For each such n we have

(2.4)
k∏

i=1

a(n + i) ≡ 1 (mod p).

We now consider each of the sequences H(n), C(n), Fq(n) or Cq(n) separately:

• If a(i) = |h(i)| for a nonconstant polynomial h(X) ∈ Z[X], then, provided
that p is large enough, the congruence (2.4) leads to two polynomial congru-
ences modulo p (with ±1 on the right hand side) of degree at most k deg h.
• If a(i) = (N − i)/i, then (2.4) takes the form

(n + 1) . . . (n + k)− (N − n− 1) . . . (N − n− k) ≡ 0 (mod p),

which again leads to a nontrivial polynomial congruence of degree at most k
(to see that it is nontrivial it is enough to substitute n = −1).
• If a(i) = qi − 1, then (2.4) takes the form(

qn+1 − 1
)

. . .
(

qn+k − 1
)
≡ 1 (mod p),

which leads to a nontrivial polynomial congruence for u = qn of degree at most
k. Because 0 ≤ x < τ(p), for each value of u there is only one value of n ∈ U2.
• If a(i) =

(
qN−i − 1

)
/
(
qi − 1

)
, then (2.4) takes the form

(qN−n−1 − 1) . . . (qN−n−k − 1)− (qn+1 − 1) . . . (qn+k − 1) ≡ 0 (mod p),

or

(qN−1 − qn) . . . (qN−k − qn)− qkn(qn+1 − 1) . . . (qn+k − 1) ≡ 0 (mod p),

which leads to a nontrivial polynomial congruence for u = qn of degree at most
2k. Because 0 ≤ x < τ(p), for each value of u there is only one value of n ∈ U2.

Thus, in each of the above cases, (2.4) has at most O(k) solutions for each
fixed k ≤ s. Therefore

(2.5) #U2 � s2.

Choosing s =
⌈
(x − y)1/3

⌉
to balance (2.3) and (2.5), and using (2.2), we

finish the proof.

3. Products of Primes

Here we consider only the case y = 0. Accordingly we define

T (x; p, λ) = T (x, 0; p, λ).

Theorem (3.1). Let A(n) = L(n) be the product of the first n primes. Then
for any prime p and real x with 0 ≤ x < p, we have

max
λ=0,...,p−1

T (x; p, λ) � x
log log x

log x
.
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Proof. As before, we fix some integer λ, 0 ≤ λ ≤ p − 1, and also let n1 <
. . . < nt be all the solutions to (1.1) where t = T (x; p, λ).

Let s < x be a positive integer and let w be a real number.
We denote by U1 the set of solutions ni with either ni = nt or ni+1 ≥ ni + s,

and by U2 the set of solutions ni, with `ni+s ≥ `ni
+ ws log x. Finally, we denote

by U3 the set of all other solutions. Then

(3.2) T (x; p, λ) = #U1 + #U2 + #U3.

As before, we see that #U1 satisfies (2.3). By the Prime Number Theorem,
we have ∑

1≤n≤x

(`n+s − `n) ≤ s`bxc+s � sx log x.

Thus
#U2 � x/w.

To estimate U3, we note that for each n ∈ U3, there is an integer k with 1 ≤
k < s such that n + k is also a solution to (1.1). For each n ∈ U3 corresponding
to a given k we have

k∏
i=1

`n+i ≡ 1 (mod p).

Therefore, `n is a root of a polynomial congruence of the form

X(X + h1) . . . (X + hk) ≡ 1 (mod p),

where 1 ≤ k ≤ s and h1, . . . , hk ∈ [0, ws log x]. Therefore, we have at most
(2ws log x)s such polynomials, and each one has at most k ≤ s roots. Hence,

#U3 � s(2ws log x)s.

Therefore, putting everything together, we get

T (x; p, λ) � x/s + x/w + s(2ws log x)s.

Choosing

s = w =
⌊

log x

4 log log x

⌋
,

we derive the desired bound.

4. Products of Middle Binomial Coefficients

Theorem (4.1). Let A(n) = M(n) be the product of middle binomial coef-
ficients. Then for any prime p and real x and y with 0 ≤ y ≤ x < p/2, we
have

max
λ=0,...,p−1

T (x, y; p, λ) � (x − y)4/5 + 1 .

Proof. As before, we fix some integer λ, 0 ≤ λ ≤ p − 1, and also let n1 <
. . . < nt be all the solutions to (1.1) where t = T (x, y; p, λ). Let s < x be a
positive integer.

We denote by U1 the set of solutions ni with either ni = nt or ni+2 ≥ ni + s,
and by U2 the set of all other solutions. Then

T (x, y; p, λ) = #U1 + #U2.

As before, we see that #U1 satisfies (2.3).
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To estimate #U2, we note that for each n ∈ U2 there are integers 0 < k <
m ≤ s such that n + k and n + m satisfy (1.1), whence

n∏
j=1

(
2j

j

)
≡

n+k∏
j=1

(
2j

j

)
≡

n+m∏
j=1

(
2j

j

)
≡ λ (mod p).

Therefore
n+k∏

j=n+1

(
2j

j

)
≡

n+m∏
j=n+1

(
2j

j

)
≡ 1 (mod p),

which is equivalent to

2k(k+1)/2
(

2n

n

)k k∏
ν=1

ν∏
i=1

2n + 2i− 1
n + i

≡ 2m(m+1)/2
(

2n

n

)m m∏
ν=1

ν∏
i=1

2n + 2i− 1
n + i

≡ 1 (mod p).

From this, taking into account that(
2n

n

)
6≡ 0 (mod p)

for n ≤ x < p/2, we derive

(4.2) Fk,m(n) ≡ 0 (mod p),

where

Fk,m(X) = 2km(k+1)/2

(
k∏

ν=1

ν∏
i=1

2X + 2i− 1
X + i

)m

−2km(m+1)/2

(
m∏

ν=1

ν∏
i=1

2X + 2i− 1
X + i

)k

.

Clearly, the second term of the rational function Fk,m(X) has a pole at X ≡ −m
(mod p), while the first does not (because 0 < k < m < s < x < p). Thus,
Fk,m(X) does not vanish modulo p. Therefore, for each fixed k and m, the
congruence (4.2) has at most O(m2) solutions. We also have O(s2) possible
values for k, m. Therefore, the total number of such solutions n is O(s4).

This yields the bound

T (x, y, x, p) � (x − y)/s + s4.

Choosing s = d(x − y)1/5e, we derive T (x, y, x, p) � (x − y)4/5 + 1.

5. Comments

Similar results can be obtained for many other sequences formed by sums
and products of various sequences. For example, for the harmonic sums

Sν(n) =
n∑

i=1

1
iν

,

one can easily show that the congruence

Sν(n) ≡ 0 (mod p), y < n ≤ x,
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has O((x− y)2/3 + 1) solutions for any fixed integer ν 6= 0 and x < p (of course
only the case ν > 0 is of interest, in which case all the inversions are taken
modulo p). Sums of other rational functions as well as of many other sequences,
including those considered in this paper, can be studied by our method as well.

We finish with posing an open question: to estimate the number of solutions
of conguences with Q(n) = lcm(1, 2, . . . , n).

Acknowledgements

The authors would like to thank the anonymous referees for the careful
reading of the manuscript. During the preparation of this paper, F. L. was
supported in part by grants SEP-CONACYT 37259-E and 37260-E, and I. S.
was supported in part by ARC grant DP0211459.

Received July 29, 2004

Final version received March 14, 2005

Eric Levieil
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PARTITIONS ASSOCIATED WITH GALOIS MAPS OVER p-ADIC
FIELDS

ALEXANDRU ZAHARESCU

Abstract. Let p be a prime number, Qp the field of p-adic numbers, Q̄p an
algebraic closure of Qp , and Cp the completion of Q̄p with respect to the p-
adic valuation. Given a finite field extension K of Qp and a map φ : E → K,
with E ⊆ Cp , we construct, via a natural Galois map, a partition of the
set FK = {f : K → [0,∞]}. We investigate these partitions and certain
regularizations associated with them.

1. Introduction

Let p be a prime number, Qp the field of p-adic numbers, Q̄p an algebraic
closure of Qp, and Cp the completion of Q̄p with respect to the p-adic valu-
ation. Some metric aspects of the natural action on Cp of the Galois group
Galcont(Cp/Qp) of continuous automorphisms of Cp over Qp have been investi-
gated, in a more general metric context, in [4], [5], [6]. In the present paper we
consider further questions on this topic. We introduce and investigate certain
partitions, which are defined in terms of the corresponding Galois maps, as
follows.

Let K be a finite field extension of Qp contained in Q̄p, and denote FK =
{f : K → [0,∞]}. Given a subset E of Cp, and a map φ : E → K, consider the
map φ∗ : FK → FE given by φ∗(f ) = f ◦ φ, for any f ∈ FK . We compose φ∗

with the natural injection j : FE → FCp
which sends a function h : E → [0,∞]

to the function j(h) : Cp → [0,∞] given by

j(h)(x) =
{

h(x), if x ∈ E,
∞, if x ∈ Cp \ E .

Next, we compose the map j ◦ φ∗ : FK → FCp
with the Galois map Gal :

FCp
→ H

(
Galcont(Cp/K)

)
, where H

(
Galcont(Cp/K)

)
denotes the set of closed

subgroups of the Galois group Galcont(Cp/K), and the map Gal is given by

Gal(f ) = {σ ∈ Galcont(Cp/K) : |σ(x)− x| ≤ f (x), x ∈ Cp},
for any f ∈ FCp

. Here and in what follows | · | denotes the absolute value
on Cp, normalized by |p| = 1

p . In this way one obtains a map η : FK →
H

(
Galcont(Cp/K)

)
, given by η = Gal ◦ j ◦ φ∗. Associated with the map η we

have a partition of the set FK in equivalence classes, where two elements f, g
of FK are equivalent if and only if η(f ) = η(g). In the present paper we study
these partitions and certain regularizations on FK which we construct in terms
of such partitions. An intriguing question that arises from this investigation
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is the following. Suppose K is fixed. Suppose further that E runs over the set
of finite field extensions of K, and for each such E we consider various maps
φ : E → K, and look at the associated partitions they produce on the fixed set
FK . Can one recover E from the partitions of FK associated to a small set of
natural maps φ : E → K, such as the trace, the norm, etc? In view of local
class field theory it is conceivable that the norm alone would suffice in order
to distinguish between finite abelian extensions of K via such a construction.

2. Notations, definitions and results

In this section we present some notation, definitions and results from [4],
[5], and [6].

Let (M,≤) be a partially ordered set. A map α : M → M is called an inferior
regularization on M if

α(x) ≤ α(y) for any x, y ∈ M with x ≤ y ,

α(α(x)) = α(x) for any x ∈ M ,

α(x) ≤ x for any x ∈ M .

If instead of the last condition above the map α satisfies the condition that

α(x) ≥ x for any x ∈ M,

then one calls α a superior regularization on M . One says that x is regular
with respect to α if and only if α(x) = x.

In Proposition 2.1 from [5] it is shown that any inferior regularization on
a partially ordered set is uniquely determined by its set of regular elements,
and a similar result holds for superior regularizations.

We say that a partially ordered set M has inf if any subset H of M has an
infimum inf H ∈ M , that is, if for any H ⊆ M there exists an element y ∈ M
such that y ≤ h, for any h ∈ H, and if x ∈ M is such that x ≤ h for any
h ∈ H, then x ≤ y. We say that an inferior or superior regularization α on M
commutes with inf if for any subset H of M one has α(inf H) = inf α(H).

Let E be an ultrametric space, d the distance on E and FE = {f : E →
[0,∞]}. For any x ∈ E and r > 0 denote by B(x, r) the open ball of radius r
centered at x.

A function f ∈ FE is said to be metric locally constant (m.l.c.) provided that
for any x ∈ E and any y ∈ B(x, f (x)) one has f (y) = f (x). Denote by F̃E the set
of m.l.c. functions.

For any z ∈ E denote by dz the function given by dz(x) = d(x, z) for any
x ∈ E. The following structure theorem is proved in Theorem 2.3 from [4]:

F̃E coincides with the smallest subset of FE which contains the constants,
the dz’s and is closed under taking inf and sup.

For any f ∈ FE one defines a new element f̃ ∈ FE given by

f̃ (x) = inf y∈Emax{d(x, y), f (y)}
for any x ∈ E. If one denotes by ct the constant function ct(x) = t, then the
above relation can also be written in the form

f̃ = inf y∈Emax{dy, cf (y)}.
The following result was obtained in [4], Theorem 2.4:
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The map from FE to FE given by f 7→ f̃ has the following properties:
(i) If f ≤ g, then f̃ ≤ g̃.
(ii) If f̃ = g, then g̃ = g.
(iii) f̃ ≤ f for any f ∈ FE .
(iv) F̃E = {f̃ ∈ FE : f ∈ FE} = {f ∈ FE : f = f̃}.
(v) If H is a subset of FE and f (x) = inf h∈Hh(x) for any x ∈ E, then f̃ (x) =

inf h∈H h̃(x) for any x ∈ E.
It follows by the above theorem that the map f 7→ f̃ is an inferior regular-

ization on FE which commutes with inf . Its set of regular elements coincides
with the set F̃E of metric locally constant functions.

Let now p be a prime number, and let Qp, Q̄p, Cp and the absolute value | · |
on Cp be defined as before. For any f ∈ FCp

consider the group

Gal(f ) = {σ ∈ Galcont(Cp/Qp) : |σ(x)− x| ≤ f (x), x ∈ Cp}.

Some properties of the above map Gal are obtained in Theorem 3.3 from [5]:
(i) For any f ∈ FCp

, Gal(f ) is a subgroup of Galcont(Cp/Qp).
(ii) If f ≤ g then Gal(f ) is a subgroup of Gal(g).
(iii) For any subset H of FCp

one has Gal(inf h∈H h) = ∩h∈HGal(h).
(iv) Gal(f̃ ) = Gal(f ) for any f ∈ FCp

.
(v) If f, g ∈ FCp

are such that f̃ ≤ g and g̃ ≤ f then Gal(f ) = Gal(g).
Let now E and F be two ultrametric spaces. We denote the distance on

E and respectively on F by dE and dF . Any map ϕ : E → F gives rise to
a map ϕ∗ : FF → FE given by ϕ∗(f ) = f ◦ ϕ. We are interested in finding
circumstances under which ϕ∗ sends m.l.c. functions to m.l.c. functions, and
moreover to describe the image of F̃F through ϕ∗.

A partial answer to the problem is provided by Proposition 1 from [6], which
states that if ϕ is 1-Lipschitzian then ϕ∗(F̃F ) ⊆ F̃E . Here, as usual, by a
1−Lipschitzian map ϕ : E → F we mean a map satisfying the inequality
dF (ϕ(x), ϕ(y)) ≤ dE(x, y) for any x, y ∈ E.

One says that a map ϕ : E → F is a quasi-isometry provided that for any
x, y ∈ E one has

dF (ϕ(x), ϕ(y)) = dE(x, ϕ−1(ϕ(y))).

Here the right hand side is defined as usual as a distance between a point
and a set,

dE(x, ϕ−1(ϕ(y))) = inf
z∈ϕ−1(ϕ(y))

dE(x, z) = inf
ϕ(z)=ϕ(y)

dE(x, z).

Note that if ϕ is injective then ϕ−1(ϕ(y)) consists of y alone, thus an injec-
tive quasi-isometry is an isometry. Note also that any quasi-isometry is 1-
Lipschitzian. The notion of quasi-isometry is useful in investigating the above
problem. Let E, F be two ultrametric spaces as above and let ϕ : E → F . If
we take a function f ∈ FF , send it via ϕ∗ to ϕ∗(f ) and take the regularization
ϕ̃∗(f ), this element of FE is a m.l.c. function. If we first take the regularization
of f in FF and then send it via ϕ∗ we obtain the element ϕ∗(f̃ ) of FE . Under
the assumption that ϕ is 1-Lipschitzian we know from Proposition 1 from [6]
that ϕ∗(f̃ ) is m.l.c., but it might not coincide with ϕ̃∗(f ).
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Proposition 2 from [6] states that under the stronger assumption that ϕ is
a surjective quasi-isometry, one has the equality

ϕ̃∗(f ) = ϕ∗(f̃ ),

for any f ∈ FF .
We would like to have a description of the image of F̃F through ϕ∗. We

consider the following subset F̌E of FE ,

F̌E = {f ∈ FE : f (x) = f (y) for any x, y ∈ E with ϕ(x) = ϕ(y)}.
Consider also the map ϕ∗ : FE → FF defined by

ϕ∗(f )(x) = sup
y∈ϕ−1(x)

f (y).

For any f ∈ FE , denote f̌ = ϕ∗(ϕ∗(f )). The set F̌E defined above may also be
expressed in the form

F̌E = {f ∈ FE : f = f̌}.
A description of the image of F̃F through the map ϕ∗ is provided by Theorem

1 from [6]:
Let E, F be ultrametric spaces and let ϕ : E → F be a surjective quasi-

isometry. Then
1) The map (∨) : FE → FE given by f 7→ f̌ is a superior regularization on FE .
2) Im ϕ∗ = F̌E .
3) If f ∈ F̌E then f̃ ∈ F̌E .
4) ϕ∗(F̃F ) = F̃E ∩ F̌E .

3. Partitions associated with Galois maps

In this section we work in the following context. Fix a prime number p,
and let Qp, Q̄p, Cp and the absolute value | · | on Cp be defined as before.
Next, fix a finite field extension K of Qp, contained in Q̄p, and consider the set
FK = {f : K → [0,∞]} and the Galois group GK := Galcont(Cp/K).

For any subset E of Cp, and any map φ : E → K, consider the map φ∗ :
FK → FE given by φ∗(f ) = f ◦ φ, for any f ∈ FK . We will want to be able to
employ results from [6], and for this reason we will assume in what follows that
φ is a surjective quasi-isometry. We compose φ∗ with the injection j : FE → FCp

which sends each function h : E → [0,∞] to the function j(h) : Cp → [0,∞]
given by

j(h)(x) =
{

h(x), if x ∈ E,
∞, if x ∈ Cp \ E .

Next, we compose the map j ◦ φ∗ : FK → FCp
with the Galois map Gal :

FCp
→ H(GK ), where H(GK ) denotes the set of closed subgroups of GK , and

the map Gal is given by

Gal(f ) = {σ ∈ GK : |σ(x)− x| ≤ f (x), x ∈ Cp},
for any f ∈ FCp

. In such a way we obtain a map η : FK → H(GK ), given by η =
Gal◦j ◦φ∗. We associate to this map η a partition of FK in equivalence classes,
where the equivalence relation is defined as follows. Given two elements f, g of
FK , we say that they are equivalent, and write f ∼ g, if and only if η(f ) = η(g).
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It is easy to see that each of the maps j, φ∗ and Gal commutes with inf. It
follows that each equivalence class above has a smallest element. As a matter
of notation, for any element f of FK we denote the smallest element of the
equivalence class η−1(η(f )) containing f by α(f ). It is also easy to see that
the map α : FK → FK is an inferior regularization on FK . We remark that,
although the map α might not commute with inf, its image Im α is closed
under taking inf, as we shall see below. We know by Proposition 2.1 from
[5] that the equivalence relation “∼” is uniquely determined by the set of α-
regular elements. Let us remark that if the set E is contained in a finite field
extension of K then the set of α-regular elements is finite. The following two
basic questions arise. How can one compute α(f ) for a given f? And, how can
one characterize the set of α-regular elements of FK?

In connection with the first question above, let us take an arbitrary element
f of FK . We look at the sequence of maps

FK → FE → FCP
→ H(GK ),

and the corresponding images of f through these maps,

f 7→ φ∗(f ) 7→ j(φ∗(f )) 7→ H := η(f ).

Consider the element fH of FCp
defined by

fH (x) = sup
σ∈H

|σ(x)− x|, x ∈ Cp.

It is easy to see that fH is the smallest element of FCp
which is sent to H by

the map Gal. Note that if E does not coincide with Cp then fH does not come
from FE , in the sense that there is no element u of FE for which j(u) = fH . Let
us denote by g the smallest element of FE which is sent to H by the map Gal◦j.
The existence of such an element g is assured by the fact that both maps j and
Gal commute with inf. Then j(g) ≥ fH . By restricting this inequality to E we
find that g ≥ fH |E . This inequality holds in FE . Therefore j(fH |E) lies between
fH and j(g). Both fH and j(g) are sent by Gal to H. By the monotonicity of the
map Gal it follows that Gal(j(fH |E)) = H. Taking into account the definition
of g we then obtain fH |E = g. We now make use of Theorem 1 from [6]. By the
inequality g ≤ v, where v := φ∗(α(f )) ∈ F̌E we obtain

g ≤ ǧ ≤ v̌ = v = φ∗(α(f )),

and so H is also the image of ǧ in H(GK ). By Theorem 1 from [6] it follows that
ǧ comes from FK , that is, there exists an element h of FK for which ǧ = φ∗(h).
By the definition of α(f ) we then have α(f ) ≤ h. Next, we apply φ∗ to the
inequality φ∗(h) = ǧ ≤ φ∗(α(f )) to obtain h ≤ α(f ). Therefore

α(f ) = h = φ∗(ǧ) = φ∗(φ∗(φ∗(g))) = φ∗(g) = φ∗(fH |E).

This leads us to introduce the map θ : H(GK ) → FK given by

θ(H) = φ∗(fH |E),

for any H ∈ H(GK ). This map θ is useful in the problem of finding α(f ). More
precisely, by the above relations we have θ(H) = α(f ). Since this holds for an
arbitrary element f of FK , we conclude that the maps η, α and θ introduced
above satisfy the equality α = θ ◦ η.
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We now turn to our second question, which asks for a characterization of
the set of α-regular elements of FK . Since α is an inferior regularization, we
know that the set of α-regular elements of FK coincides with the image Imα of
α. Therefore we look for a characterization of Imα. Let us remark at this point
that by the equality α = θ ◦ η we have Imα ⊆ Im θ. Moreover, if the map η is
surjective, then the above inclusion becomes an equality: Imα = Imθ. We will
prove below that the equality Imα = Imθ holds true regardless of whether the
map η is surjective or not.

At this point we introduce a map β : H(GK ) → H(GK ), which we define as
follows. Let H ∈ H(GK ). Since Imη contains the Galois group GK , and since
Imη is closed under taking inf, Imη will contain a smallest element of H(GK )
which contains H. We let β(H) be this element of H(GK ). It is easy to see that
the map β is a superior regularization on H(GK ). Our next goal is to show
that β = η ◦ θ. In order to prove this equality, let H be an arbitrary element of
H(GK ). We have the equalities

(η ◦ θ)(H) = η(φ∗(fH |E)) = Gal(j(φ∗(φ∗(fH |E)))) = Gal(j(w)),

where w := ˇ(fH |E). By the monotonicity of the maps Gal and j, we have the
inclusion

Gal(j(fH |E)) ⊆ Gal(j(w)).

Since j ◦Restriction ≥ Identity, we also have the inclusions

H ⊆ Gal(fH ) ⊆ Gal(j(fH |E)).

Combining the above relations we deduce that H ⊆ (η ◦ θ)(H). Then, by
the definition of β(H) we derive that β(H) ≤ (η ◦ θ)(H). In conclusion, we
have proved that β ≤ ηθ. Let us recall that what we want to prove is the
equality β = ηθ. The rest of the proof follows now from general theory of
regularizations. By applying θ to the inequality η ◦ θ ≥ Identity we obtain

θ ≤ θηθ = αθ ≤ θ,

where the last inequality follows from the fact that α is an inferior regulariza-
tion on FK . Therefore one has the equality θ = θηθ. Next, by applying θ to the
inequalities Identity ≤ β ≤ η ◦ θ we obtain

θ ≤ θβ ≤ θηθ = θ.

It follows that θ = θβ. As a consequence, one also has the equality ηθ = ηθβ.
Let us remark at this point that if we prove that ηθβ ≤ β, then we are done,
because we may combine the inequality ηθ = ηθβ ≤ β with the inequality
β ≤ ηθ obtained above, in order to establish the equality β = ηθ.

It remains to show that ηθβ ≤ β. This is a little tricky. In order to prove this
inequality, the idea is to combine the equality θη = α which we already know,
with the inequality α ≤ Identity which follows from the fact that α is an inferior
regularization on FK , and then to apply η. It follows that ηθη = ηα ≤ η. Now
the point is that since Imβ ⊆ Imη, from the inequality ηθη ≤ η it follows that
one also has the inequality ηθβ ≤ β. This completes the proof of the desired
equality β = ηθ.



PARTITIONS ASSOCIATED WITH GALOIS MAPS 187

It is now easy to obtain other equalities involving the maps α, β, η, θ, such
as

αθ = θηθ = θ,

θβ = θηθ = θ,

and
βη = ηθη = ηα = η,

where the last equality follows by the definition of α.
We may state our findings in the form of a multiplication table for the maps

α, β, η, θ. Recall that α : FK → FK , β : H(GK ) → H(GK ), η : FK → H(GK ),
and θ : H(GK ) → FK . Thus the eight products αβ, αη, βα, βθ, ηβ, ηη, θα, and
θθ are not defined. For the other eight products, which are well defined, the
results are collected in the following theorem.

Theorem (3.1). Let K be a finite field extension of Qp, let E be a subset of
Cp, let φ : E → K be a surjective cuasi-isometry, and define the maps η, α, θ
and β as above. Then

αα = α, αθ = θ,

ββ = β, βη = η,

ηα = η, ηθ = β,

θβ = θ, θη = α.

Theorem (3.2). (i) The set Imα of α−regular elements of FK coincides with
the set Im θ.

(ii) The set Im β of β−regular elements of H(GK ) coincides with the set Im η.
(iii) As partially ordered sets, Im α and Im β are isomorphic. Moreover, the

restrictions of η and θ to Im α and respectively Im β are isomorphisms, inverse
to each other.

Proof of Theorem (3.2). In order to prove part (i), note first that the inclusion
Im α ⊆ Im θ clearly follows from the equality α = θη. Similarly, the equality
θ = αθ implies immediately that Im θ ⊆ Im α. By combining the above two
inclusions we find that Im α = Im θ, which proves (i).

The proof of (ii) follows the same pattern. The inclusion Im β ⊆ Im η follows
from the equality β = ηθ, and the other inclusion, Im η ⊆ Im β, is implied by
the equality η = βη.

As for part (iii), note that the restriction of η to Im α sends Im α to a (not
necessarily strict) subset of Im β. Indeed, if u ∈ Im α then u = α(v) for some
v ∈ FK , and we see that

η(u) = ηα(v) = ηθη(v) = βη(v) ∈ Im β.

Similarly, the restriction of θ to Im β is a map from Im β to Im α. Indeed, for
any w ∈ Im β, choose an element t of H(GK ) for which w = β(t). Then

θ(w) = θβ(t) = θηθ(t) = αθ(t) ∈ Im α.

Next, by combining the equality θη = α with the fact that α acts as the iden-
tity on the set Im α of α-regular elements of FK , we deduce that the restriction
of θη to Im α is the identity map. Similarly, the equality ηθ = β, together with
the fact that β invariates the elements of Im β, imply that the restriction of
ηθ to Im β is the identity map. In conclusion, the maps η|Im α : Im α → Im β
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and θ|Im β : Im β → Im α are inverse to each other. Taking also into account
the monotonicity of these maps, we conclude that they provide isomorphisms,
inverse to each other, between the partially ordered sets Im α and Im β. This
completes the proof of the theorem.

The isomorphism between Im α and Im β from the above theorem allows one
to obtain further information on the structure of these two partially ordered
sets.

Corollary (3.3). (i) Im α has a largest element, which is θ(GK ).
(ii) Im β has a smallest element, which is η(0).
(iii) The sets Im α and Im β are closed under taking inf.

Proof. Part (i) follows from the isomorphism from Theorem (3.2) (iii), to-
gether with the fact that Im β has a largest element, which is GK .

Part (ii) follows similarly, taking into account that Im α has a smallest ele-
ment, namely the function identically zero.

As for part (iii), Im α is closed under taking inf even if, as we already re-
marked before, α might not commute with inf. The application H 7→ fH might
not commute with inf. So η commutes with inf, but θ might not commute with
inf. Now let (Hi)i∈I be a family of elements of Im β, and set H =

⋂
i∈I Hi. Here

each Hi is a closed subgroup of GK , and so H is also a closed subgroup of GK .
Since Im β = Im η, one can find for each i ∈ I an element fi of FK for which
η(fi) = Hi. Let f = inf i∈I fi ∈ FK . Then

H =
⋂
i∈I

Hi =
⋂
i∈I

η(fi) = η(inf
i∈I

fi) = η(f ) ∈ Im η = Im β.

Hence Im β is closed under taking inf, and by the above isomorphism be-
tween Im α and Im β it follows that Im α is closed under taking inf, too. This
completes the proof of the corollary.

We conclude with some remarks on the application H 7→ fH . First, we
have seen that this application is relevant to the questions discussed in this
paper. More precisely, given a map φ : E → K as above, we have constructed
a partition of the set FK . We know that this partition is uniquely determined
by the inferior regularization α, which in turn is uniquely determined by its
set of regular elements. We further know that this set coincides with Im α,
and also coincides with Im θ by Theorem (3.2) (i). Now, in order to be able
to compute Im θ in concrete situations, one needs to be able to compute fH

for various closed subgroups H of GK . Then, for such H, with fH computed,
and E and φ given, one simply restricts fH to E and applies φ∗ in order to
find φ∗(fH |E) = θ(H). As far as the actual computation of fH is concerned, in
general it is not easy to provide an exact formula for fH . By definition, the
function fH : Cp → [0,∞] sends an element x ∈ Cp to the nonnegative real
number

fH (x) = sup
σ∈H

|σ(x)− x|.

If we denote by Hx the orbit of x under the action of the group H, Hx =
{σ(x) : σ ∈ H}, then the number fH (x) may be interpreted as the diameter of
Hx. Indeed, the orbit Hx is compact, and hence the function from Hx×Hx to
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[0,∞) given by (u, v) 7→ |v − u| attains its maximum, at a point (x1, x2), say. If
σ1, σ2 ∈ H are such that σ1x = x1, σ2x = x2, and if we let σ = σ−1

2 σ1 ∈ H,
then using the fact that each element of H is an isometry on Cp, we see that

|σ(x)− x| = |σ−1
2 σ1x − x| = |σ1x − σ2x| = |x1 − x2|.

Thus fH (x) indeed coincides with the diameter of the orbit Hx.
Another remark which is worth making is the following. By Galois theory

in Cp (see Tate [3], Ax [1], Sen [2]) we know that the elements of H(GK ) are
in one-to-one correspondence with the closed subfields of Cp which contain
K. For a closed subgroup H of GK let us denote by KH the corresponding
closed subfield of Cp. Then, a very good approximation to fH is provided by
the distance function to KH , which we denote by dKH

. Thus dKH
is defined by

dKH
(x) = inf{|y − x| : y ∈ KH},

for any x ∈ Cp. Evidently, both functions fH and dKH
vanish on KH . Also,

the functions fH and dKH
coincide on any tamely ramified extension of KH .

Moreover, the inequality
fH ≤ dKH

holds true on the entire domain Cp. Lastly, there exists a constant cp > 0 (the
so called Ax-Sen constant), depending on p only, with the property that

fH ≥ cpdKH
,

on the entire domain Cp.
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COMPLETE INTERSECTIONS IN AFFINE MONOMIAL CURVES

ISABEL BERMEJO, PHILIPPE GIMENEZ, ENRIQUE REYES, AND RAFAEL H.
VILLARREAL

Abstract. Let P be the toric ideal of an affine monomial curve over an arbi-
trary field. Using a combinatorial-geometric approach, we characterize when
P is a complete intersection in terms of certain arithmetical conditions on
binary trees.

1. Introduction

Let R = k[x1, . . . , xn] be a polynomial ring over a field k. Given a subset I
of R we denote its zero set in A

n
k by V (I) and given a subset X ⊂ A

n
k we denote

its vanishing ideal in R by I(X). As usual we use xa as an abbreviation for
xa1

1 · · · xann , where a = (a1, . . . , an) ∈ N
n. A binomial in R is a difference of two

monomials, that is f = xa − xb for some a, b ∈ N
n. An ideal of R generated by

binomials is called a binomial ideal.

Let d = {d1, . . . , dn} be a set of distinct positive integers and consider the
monomial curve

Γ = {(td1 , . . . , tdn ) ∈ A
n
k | t ∈ k} .

The homomorphism of k-algebras:

φ : R → k[t]; xi �−→ tdi

is graded if we set deg(xi) = di and deg(t) = 1. The image of φ will be denoted
by k[Γ] and its kernel will be denoted by P . The ideal P is called the toric
ideal of Γ. Since k[t] is integral over k[Γ] we have ht(P ) = n − 1. By [13],
Proposition 7.1.2, the toric ideal P is generated by binomials. According to [6],
Lemma 3.4, if gcd (d) = 1, Γ is an affine toric variety, that is Γ = V (P ). If k
is an infinite field, we get I(Γ) = P , see [13], Corollary 7.1.12. Note that the
ideal P ⊂ R is quasi-homogeneous, i.e., homogeneous if one gives degree di
to variable xi, and one says that the degree of a quasi-homogeneous binomial
xa − xb in P is a1d1 + · · · + andn.

The prime ideal P is called a binomial set theoretic complete intersection if
there exists a system of binomials g1, . . . , gn−1 such that P = rad(g1, . . . , gn−1).
If P = (g1, . . . , gn−1) we call P a complete intersection. In [4] it is shown that P
is generated up to radical byn binomials. In positive characteristic, P is always
a binomial set theoretic complete intersection (see [10]). A clever constructive
proof of this result, using diophantine equations and linear algebra, can be
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found in [1]. If k is of characteristic zero, P is a binomial set theoretic complete
intersection if and only if it is a complete intersection by [2], Theorem 4. As a
byproduct, we will recover this result in Section 2 (Corollary (2.6)).

There is a description of complete intersection semigroups of N given in [3],
see also [7] for a generalization of this description to semigroups of arbitrary
dimension. In the area of complete intersection toric ideals there are some re-
cent papers; see the introduction of [11] and the references there. We present
a combinatorial-geometric approach that leads to a new effective criterion for
complete intersection toric ideals of affine monomial curves. This approach is
different in nature to that of [3]. Using the notion of binary tree we are able
to uncover a combinatorial-arithmetical structure of complete intersections. A
binary tree representing a complete intersection will contain essential informa-
tion of the curve Γ and its semigroup Nd, for instance the defining equations of
k[Γ] and the Frobenius number of the numerical semigroup Nd (Remark (4.5)).

The contents of this paper are as follows. In Section 2, we first claim that
any primary binomial ideal over a field of characteritic zero is radical (Propo-
sition (2.3)). Its proof uses ideas introduced by Shalom Eliahou [4, 5]. Next,
using a result of [6] we observe (Proposition (2.5)) that P is a complete inter-
section if and only if there are binomials g1, . . . , gn−1 in P with gi = xαi − xβi

such that
(a) ker(ψ) = Zĝ1 + · · · + Zĝn−1, where ĝi = αi − βi and ψ is the linear map

ψ : Z
n → Z induced by ψ(ei) = di,

(b) V (g1, . . . , gn−1, xi) = {0} for i = 1, . . . , n.
For arbitrary binomials, we express the geometric condition (b) in purely

combinatorial terms using the notion of “binary tree labeled by {1, . . . , n} and
compatible with g1, . . . , gn−1” (Theorem (3.7)). This result is interesting in its
own right because it links geometry with discrete mathematics (digraphs) and
because it can be used for arbitrary binomial ideals that need not be toric. Next,
assuming that (b) holds, we characterize condition (a) in terms of arithmetical
conditions on the di’s (Proposition (4.2)). Putting it all together, we present a
combinatorial-arithmetical structure theorem that characterizes when P is a
complete intersection (Theorem (4.3)).

2. Binomial ideals and their radicals

Let R = k[x1, . . . , xn] be a polynomial ring over a field k. Throughout this
section, I will denote a binomial ideal of R generated by {g1, . . . , gr}, where
gi = xαi − xβi for i = 1, . . . , r. Note that a binomial ideal does not contain any
monomial of R. We denote by Z{ĝ1, . . . , ĝr} the subgroup of Z

n generated by
ĝ1 = α1 − β1, . . . , ĝr = αr − βr. Since rad(I) is again a binomial ideal (see
[8], Theorem 9.4 and Corollary 9.12), rad(I) is generated by {h1, . . . , hs} where
hi = xγi −xδi for i = 1, . . . , s. If I is primary, then h1, . . . , hs can be chosen such
that xγi and xδi have no common variables.

Let G be a subgroup of Z
n. Following [4], we define an equivalence relation

∼G on the set of monomials of R by xα ∼G xβ if and only if α − β ∈ G. This
relation is compatible with the product. A non zero polynomial f =

∑
α λαx

α

is simple with respect to ∼G if all its monomials with non zero coefficient are
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equivalent under ∼G. An arbitrary non zero polynomial f in R is uniquely
expressed as the sum of simple polynomials that we call its simple components
with respect to G : f = f1 + · · ·+fm such that fi is simple and if i �= j and xα, xβ

are monomials in fi and fj respectively, then xα �∼Gx
β.

For convenience we recall the following result about the behaviour of simple
components valid in any characteristic.

Lemma (2.1). ([6], Lemma 2.2). Given a non zero polynomial f in R, if f ∈ I
then any simple component of f with respect to Z{ĝ1, . . . , ĝr} belongs to I .

Lemma (2.2). If the characteristic of k is zero, then Z{ĝ1, . . . , ĝr}=Z{ĥ1, . . . ,
ĥs}.

Proof. Set G1 = Z{ĝ1, . . . , ĝr} and G2 = Z{ĥ1, . . . , ĥs}. Since gi ∈ rad(I),
then by Lemma (2.1), any simple component of gi with respect to G2 belongs
to rad(I). Therefore, αi ∼G2 βi otherwise rad(I) would contain xαi , which
is impossible. This proves that G1 ⊂ G2. Observe that this holds in any
characteristic.

To show the reverse containment, we adapt the argument given in the proof
of [6], Proposition 2.4. Since hi = xγi − xδi ∈ rad(I), then hp

m

i ∈ I for m � 0
and p an arbitrary prime number. We claim that xp

mγi ∼G1 x
pmδi . Consider the

equality

hp
m

i =
pm∑
s=0

(−1)s
(
pm

s

)
(xγi )p

m−s(xδi )s.

If xp
mγi and xp

mδi are not in the same simple component of hp
m

i with respect
to G1, then there is a non empty subset S ⊂ {1, . . . , pm − 1} such that the
polynomial

f = xp
mγi +

∑
s∈S

(−1)s
(
pm

s

)
(xγi )p

m−s(xδi )s

is a simple component of hp
m

i with respect to G1. By Lemma (2.1), f ∈ I , and
hence

f (1, . . . , 1) = 0 = 1 +
∑
s∈S

(−1)s
(
pm

s

)
,

a contradiction if the characteristic of k is zero because
(
pm

s

) ≡ 0 mod(p) for
1 ≤ s ≤ pm − 1. Therefore, xp

mγi ∼G1 x
pmδi , and consequently pm(γi − δi) ∈ G1.

If we pick another prime number q �= p and t � 0, repeating the previous
argument, we obtain qt(γi − δi) ∈ G1, and hence γi − δi ∈ G1, as required.

Proposition (2.3). Assume that the characteristic of k is zero. If I is pri-
mary, then rad(I) = I .

Proof. Let us show that hi = xγi − xδi belongs to I for all i = 1, . . . , s. By
Lemma (2.2), we can write

γi − δi = η1(α1 − β1) + · · · + ηr(αr − βr) (ηi ∈ Z).
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By substituting −gi for gi if necessary, we may assume that η1, . . . , ηr ∈ N.
Expanding the right hand side of the equality

hi
xδi

=
[(

xα1

xβ1
− 1
)

+ 1
]η1

· · ·
[(

xαr

xβr
− 1
)

+ 1
]ηr

− 1

readily gives a monomial xγ such that xγhi ∈ I . If hi /∈ I , then (xγ)	 ∈ I
for some 	 ≥ 1 because I is primary, but this is impossible. Thus hi ∈ I , as
required.

Remark (2.4). Note that Proposition (2.3) fails if the characteristic of the
fieldk is positive. For example, the primary ideal I = (x10−y15) ⊂ F5[x, y] is not
radical. In this example, Z{ĝ1, . . . , ĝr} �= Z{ĥ1, . . . , ĥs}. However, one obtains
as a direct consequence of the proof of Proposition (2.3) that if Z{ĝ1, . . . , ĝr} =
Z{ĥ1, . . . , ĥs} and I is primary, then I = rad(I). This observation is useful
in the proof of our next result, which is one of the keys to our main result
(Theorem (4.3)).

Proposition (2.5). Let k be an arbitrary field and let B = {g1, . . . , gn−1} be
a set of binomials in P , the toric ideal of the monomial curve Γ. Then P = (B)
if and only if

(a) ker(ψ) = Z{ĝ1, . . . , ĝn−1} and
(b) V (g1, . . . , gn−1, xi) = {0} for i = 1, . . . , n.

Proof. If P = (B) then (a) follows at once from [6], Proposition 2.3, and
(b) follows from [6], Theorem 3.1 (b). Conversely, if (a) and (b) hold then by
[6], Theorem 3.1, one has rad(B) = P . Let {h1, . . . , hs} be a set of generators
of P consisting of binomials. Notice that ker (ψ) = Z{ĝ1, . . . , ĝr} by (a), and
ker (ψ) = Z{ĥ1, . . . , ĥs} by [6], Proposition 2.3. Thus, since (B) is a complete
intersection and its radical is a prime ideal, (B) is radical by Remark (2.4), and
hence P = (B).

We end this section recovering a result that holds for toric ideals of arbitrary
dimension over a field of characteristic zero, see also [11], Corollary 3.10, for a
recent generalization.

Corollary (2.6). ([2], Theorem 4). Let p be a toric ideal of R. If p is a
binomial set theoretic complete intersection, then p is a complete intersection.

Proof. Set r = dimR/p. By hypothesis, there are g1, . . . , gn−r binomials
of R such that rad(g1, . . . , gn−r) = p. Since the ideal (g1, . . . , gn−r) is primary
because it is a complete intersection and its radical is a prime ideal, the result
follows from Proposition (2.3).

3. Binary trees in binomial ideals

Definition (3.1). A binary tree is a connected directed rooted tree such that:
(i) two edges leave the root and every other vertex has either degree 1 or 3,
(ii) if a vertex has degree 3, then one edge enters the vertex and the other two
edges leave the vertex, and (iii) if a vertex has degree 1, then one edge enters
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the vertex. The vertices of degree 1 are called terminal. For convenience we
regard an isolated vertex as a binary tree.

Lemma (3.2). If G is a binary tree with n terminal vertices, then the number
of non-terminal vertices of G is n− 1.

Proof. It follows by induction on n.

Definition (3.3). A binary tree G is said to be labeled by [[1, n]] := {1, . . . , n}
if its terminal vertices are labeled by {1}, . . . , {n}. Extending this definition,
we will also consider binary trees with n terminal vertices labeled by arbitrary
finite subsets of N with n elements.

If G is a binary tree labeled by [[1, n]] and v is a non-terminal vertex of G,
consider v1 and v2, the two vertices of G such that

� v
�����

�� v2

�

�����
��v1

is a subgraph of G, and denote by G1, resp. G2, the subtree of G whose root
is v1, resp. v2. We denote by 	1[v] and 	2[v] the two disjoint subsets of [[1, n]]
formed by the union of labels of the terminal vertices ofG1 andG2 respectively.

Example (3.4). The following binary tree is labeled by [[1, 5]]:
�

�
�

�
�

�
�

�

�
��

�

�
�
��

�
��

�

�
�
��

�
��

� {4}

�
�

��

�
��

�{2}

�
��

�{1}

�
�

�
�

�
�

�

�
��

�

�
��

�
�

��

�
��

�{3} � {5}

and if v is the root of G, then 	1[v] = {1, 2, 4} and 	2[v] = {3, 5}.

The support of a monomial xa (resp. binomial g = xa − xb) is denoted by
supp(xa) = {i|ai > 0} (resp. supp(g) = supp(xa) ∪ supp(xb)).

Definition (3.5). Let B = {g1, . . . , gn−1} be a set of binomials of R with
gi = xαi−xβi , supp(xαi )∩supp(xβi ) = ∅, and αi �= 0, βi �= 0 for all i = 1, . . . , n−1,
and let G be a binary tree labeled by [[1, n]]. We say that G is compatible with
B if, denoting by F the set of non-terminal vertices of G, there is a bijection

B
f−→ F

such that supp(xαi )⊂	1[f (gi)] and supp(xβi )⊂	2[f (gi)] for all i∈{1, . . . , n− 1}.

Example (3.6). The binary tree G labeled by [[1, 5]] in Example (3.4) is com-
patible with the set of binomials

{g1 = x2
1x

4
2 − x3x5 , g2 = x1 − x2x4 , g3 = x4

3 − x2
5 , g4 = x2 − x7

4}.
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The next result will be used later to prove our main result. It is interesting
in its own right because it characterizes a geometric condition “V (B, xi) = {0}”
that occurs in the study of toric curves (see [4], [6]) in terms of a combinato-
rial notion “labeled binary tree”. In addition this result holds for arbitrary
binomials not necessarily inside of a toric ideal.

Theorem (3.7). Let B = {g1, . . . , gn−1} be a set of binomials of R such that
gi = xαi−xβi , supp(xαi )∩supp(xβi ) = ∅, andαi �= 0, βi �= 0 for all i = 1, . . . , n−1.
Then the following two conditions are equivalent:

(1) V (B, xi) = {0} for all i = 1, . . . , n.
(2) There exists a binary tree G labeled by [[1, n]] which is compatible with B.

Proof. (1) ⇒ (2): Set V1 := {1}, . . . , Vn := {n} and consider the parti-
tion F1 := {V1, . . . , Vn} of [[1, n]]. Let us show that there exist Vn+1, . . . , V2n−1,
subsets of [[1, n]], and F2, . . . ,Fn, partitions of [[1, n]], such that, reindexing
g1, . . . , gn−1 if necessary, the following assertions hold for all i ∈ {1, . . . , n−1}:

(a) Vn+i = Vj ∪ Vk for some Vj, Vk ∈ Fi, j �= k.

(b) supp(xαi ) ⊂ Vj and supp(xβi ) ⊂ Vk.
(c) Fi+1 = (Fi \ {Vj, Vk}) ∪ {Vn+i}.

Then, if we consider the digraphGwith 2n−1 vertices, denoted by v1, . . . ,v2n−1,
where we connect vn+i with vj and vk as follows:

� vn+i
�����

�� vk

�

�����
��vj

whenever Vn+i = Vj ∪ Vk in (a), it is not hard to see that G is a binary tree
labeled by [[1, n]]. The root ofG is v2n−1, and the set of its non-terminal vertices
is F := {vn+1, . . . ,v2n−1}. Moreover, by construction, for all i ∈ {1, . . . , n − 1},
one has that 	1[vn+i] = Vj and 	2[vn+i] = Vk for Vj and Vk in (a). Hence, by (b),
G is compatible with B via the map f : B → F, gi �→ vn+i, and (2) will follow.

Let us first construct Vn+1 and F2 satisfying (a), (b) and (c). We first claim
that for all i ∈ [[1, n]], there exists an element gj ∈ B such that either supp(xαj )
⊂ Vi or supp(xβj ) ⊂ Vi because otherwise, we have that the ith unit vector ei of
A
n
k belongs to V (B, x1, . . . , xi−1, xi+1, . . . , xn) which is {0} by (1). Since |F1| = n

and |B| = n− 1, by the pigeonhole principle there exists an element in B, say
g1, and Vj, Vk ∈ F1 with j �= k, such that supp(xα1 ) ⊂ Vj and supp(xβ1 ) ⊂ Vk.
Setting Vn+1 := Vj ∪ Vk and F2 := (F1 \ {Vj, Vk}) ∪ {Vn+1}, the statements (a),
(b) and (c) hold for i = 1.

Assume now that for i ∈ {2, . . . , n−1}, we have constructedVn+1, . . . , Vn+i−1
and F2, . . .Fi such that (a), (b) and (c) hold, and let us construct Vn+i and Fi+1
satisfying (a), (b) and (c).

Observe first that for all j ≤ i− 1, supp(gj) is contained in some element of
Fi. Set Bi := B \ {g1, . . . , gi−1}. We claim that for each Vk ∈ Fi, there exists
gj ∈ Bi such that either supp(xαj ) ⊂ Vk or supp(xβj ) ⊂ Vk. In order to prove
this, we show that if there exists an element in Fi, say Vs = {i1, . . . , im}, that
does not satisfy the claim, then α := ei1 + · · · + eim belongs to V (B), which
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is a contradiction by (1). Take gj ∈ B. If gj ∈ Bi, then supp(xαj ) �⊂ Vs and
supp(xβj ) �⊂ Vs by definition of Vs, and hence gj(α) = 0. If gj /∈ Bi, i.e., if
j ≤ i−1, then supp(gj) is contained in some element of Fi, say Vt. If t = s, i.e.,
if supp(gj) ⊂ Vs, then gj(α) = 1 − 1 = 0. Otherwise, since Fi is a partition of
[[1, n]] and Vs, Vt ∈ Fi, one has that Vs ∩ Vt = ∅, and hence supp(gj) ∩ Vs = ∅.
Thus, gj(α) = 0, and the claim is proved.

We have proved that for each Vk ∈ Fi, there exists gj ∈ Bi such that either
supp(xαj ) ⊂ Vk or supp(xβj ) ⊂ Vk. Since |Fi| = n − i + 1 and |Bi| = n − i, and
using that Fi is a partition of [[1, n]], we get by the pigeonhole principle that
there exist an element in Bi, say gi, and Vj, Vk ∈ Fi such that supp(xαi ) ⊂ Vj
and supp(xβi ) ⊂ Vk. Setting Vn+i := Vj ∪Vk and Fi+1 = (Fi \{Vj, Vk})∪{Vn+i},
the statements (a), (b) and (c) hold, and we are done.

(2) ⇒ (1): The proof is by induction on n, the number of variables. The result
is clear if n = 2. Denoting by v the root of G, we may assume without loss of
generality, that 	1[v] = [[1, r]] and 	2[v] = [[r+1, n]] for some r ∈ {1, . . . , n−1}.
Then, if G1 and G2 are the two connected components of the digraph obtained
from G by removing the vertex v and the two edges leaving v, one has that G1

andG2 are binary trees labeled by [[1, r]] and [[r+1, n]] respectively. Reindexing
the gi’s if necessary, we may also assume that G1 is compatible with B1 :=
{g2, . . . , gr}, G2 is compatible with B2 := {gr+1, . . . , gn−1}, and g1 = xα1 − xβ1

with supp(xα1 ) ⊂ [[1, r]] and supp(xβ1 ) ⊂ [[r + 1, n]]. Then, supp(gi) ⊂ [[1, r]] if
i = 2, . . . , r, and supp(gi) ⊂ [[r+1, n]] if i = r+1, . . . , n−1. Moreover, applying
the induction hypothesis, one has that V (B1, xi) = {0} for all i = 1, . . . , r, and
V (B2, xi) = {0} for all i = r + 1, . . . , n. Fix i ∈ [[1, n]] and take a ∈ V (B, xi).
The result will be proved if we show that a = 0. By symmetry, we may assume
that 1 ≤ i ≤ r. The vector a = (a1, . . . , an) can be decomposed as a = b + c,
where b = (a1, . . . , ar, 0, . . . , 0). Then b ∈ V (B1, xi), and hence b = 0. On the
other hand, g1(a) = 0 implies that aj = 0 for some j ∈ {r + 1, . . . , n}. Thus
c ∈ V (B2, xj) which is {0}, and hence a = 0, as required.

4. Complete intersections

Let d = {d1, . . . , dn} be a set of distinct positive integers, and consider the
monomial curve Γ ⊂ A

n
k and the toric ideal P ⊂ k[x1, . . . , xn] defined in the

introduction. The exact sequence

0 −→ ker(ψ) −→ Z
n ψ−→ Z −→ 0; ei

ψ�−→ di

is related to P as follows. If g = xa − xb is a binomial, then g ∈ P if and only
if a − b ∈ ker(ψ).

Given a binomial g = xa − xb, we set ĝ = a− b. If α = (αi) ∈ Z
n, its support

is given by supp(α) = {i|αi �= 0}. Any α ∈ Z
n can be written as α = α+ − α−,

where α+ and α− are vectors in N
n with disjoint support. If S ⊂ N

n, the
subsemigroup (resp. subgroup) of N

n (resp. Z
n) generated by S will be denoted

by NS (resp. ZS).

Definition (4.1). Let G be a binary tree labeled by [[1, n]], and consider a set
of vectors in Z

n, W = {w1, . . . , wn−1}. We say that G is compatible with W if G
is compatible with the set of binomials {xw+

i − xw
−
i ; i = 1, . . . , n− 1}.
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Proposition (4.2). Let G be a binary tree labeled by [[1, n]] and denote by F

the set of its non-terminal vertices. The following two conditions are equivalent:

(1) There exist vectors w1, . . . , wn−1 ∈ Z
n such that G is compatible with

W = {w1, . . . , wn−1}, and ker(ψ) = ZW .

(2) For all v ∈ F,

gcd(dj, j ∈ 	1[v]) gcd(dj, j ∈ 	2[v])
gcd(dj, j ∈ 	1[v] ∪ 	2[v])

∈ N{dj, j ∈ 	1[v]} ∩ N{dj, j ∈ 	2[v]}.

Proof. Let v be the root of G, and consider G1 and G2, the two components
of the digraph obtained from G by removing the vertex v and the two edges
leaving v. We may assume that 	1[v] = [[1, r]] and 	2[v] = [[r + 1, n]] for some
1 ≤ r ≤ n−1. ThenG1 andG2 are binary trees labeled by [[1, r]] and [[r+1, n]].
The result is clear if n = 2. We will prove both implications by induction on n.

(1) ⇒ (2): Reindexing the wi’s if necessary, we may assume that wn−1 is
the element of W associated to v through the map that makes G compatible
with W , and that W1 = {w1, . . . , wr−1} and W2 = {wr, . . . , wn−2} are the set
of vectors in W such that Gi is compatible with Wi for i = 1, 2. There is a
decomposition Z

n = Z
r⊕Z

n−r, where Z
r := Z

r×{0}n−r and Z
n−r := {0}r×Z

n−r.
Consider the linear map ψ1 : Z

n → Z induced by ψ1(ei) = di if 1 ≤ i ≤ r and
ψ1(ei) = 0 if r < i ≤ n, and the map ψ2 = ψ − ψ1. Let ψ1 (resp. ψ2) be the
restriction of ψ1 (resp. ψ2) to Z

r (resp. Z
n−r). We claim that ker(ψ1) = ZW1

and ker(ψ2) = ZW2. By symmetry it suffices to prove the first equality. Clearly
one has ZW1 ⊂ ker(ψ1) because supp(wi) ⊂ [[1, r]] for 1 ≤ i ≤ r. To show the
reverse inclusion take α ∈ ker(ψ1) ⊂ Z

r. Since α ∈ ker(ψ) = ZW we can write

α = (λ1w1 + · · · + λr−1wr−1) + (λrwr + · · · + λn−2wn−2) + λn−1wn−1 (λi ∈ Z).

Hence 0 = ψ1(α) = ψ1(α) = λn−1ψ1(wn−1) = λn−1ψ1(w+
n−1). In the last equality

we use supp(w+
n−1) ⊂ [[1, r]] and supp(w−

n−1) ⊂ [[r + 1, n]]. As ψ1(w+
n−1) �= 0 we

get λn−1 = 0. Therefore λrwr + · · · + λn−2wn−2 = 0. This prove that α ∈ ZW1,
as required. Set

d = gcd(d1, . . . , dn), d′ = gcd(d1, . . . , dr), d′′ = gcd(dr+1, . . . , dn),

d = {d1, . . . , dn}, d′ = {d1, . . . , dr}, d′′ = {dr+1, . . . , dn}.
Using induction and the claim we need only show (d′d′′)/d ∈ Nd′ ∩ Nd′′. For
1 ≤ j ≤ r and r + 1 ≤ k ≤ n we can write

dk
d
ej − dj

d
ek = λ1

jkw1 + · · · + λr−1
jk wr−1 + λrjkwr + · · · + λn−2

jk wn−2 + λn−1
jk wn−1,

for some λ1
kj, . . . , λ

n−1
kj in Z. We write the last vector inW aswn−1 = w+

n−1−w−
n−1

and wn−1 = (a1, . . . , ar,−ar+1, . . . ,−an). Hence we get

−(djek)/d = λrjkwr + · · · + λn−2
jk wn−2 − λn−1

jk w−
n−1 ⇒

(djdk)/d = λn−1
jk (ar+1dr+1 + · · · + andn).

Set h = ar+1dr+1 + · · · + andn. If we fix k and vary j, we get

gcd
(
(d1dk/d), . . . , (drdk)/d

)
= µkh (µk ∈ Z) ⇒ dkd

′ = µkhd.
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Therefore varying k yields gcd
(
dr+1d′, . . . , dnd′) = hd, µ ∈ Z. As a conse-

quence (d′d′′)/d = (hdµ)/d ∈ Nd′′. A symmetric argument gives (d′d′′)/d ∈
Nd′, as required.

(2) ⇒ (1): By induction there are W1 = {w1, . . . , wr−1}, W2 = {wr, . . . , wn−2}
such thatGi is compatible withWi and ker(ψi) = ZWi. The result will be proved
if we give wn−1 ∈ Z

n such that supp(w+
n−1) ⊂ [[1, r]], supp(w−

n−1) ⊂ [[r + 1, n]],
and ker(ψ) = ZW for W = W1 ∪W2 ∪ {wn−1}. By hypothesis,

(d′d′′)/d = a1d1 + · · · + ardr = ar+1dr+1 + · · · + andn,

where ai ∈ N for all i. Setting wn−1 := (a1, . . . , ar,−ar+1, . . . ,−an), one has
that supp(w+

n−1) ⊂ [[1, r]] and supp(w−
n−1) ⊂ [[r + 1, n]], and hence G is com-

patible with W := W1 ∪ W2 ∪ {wn−1}. To complete the proof it remains to
prove the equality ZW = ker(ψ). Clearly ZW ⊂ ker(ψ). To prove the reverse
containment define σjk = (dj/d)ek − (dk/d)ej , j, k ∈ [[1, n]]. By [13], Corol-
lary 10.1.10, the set {σjk| j, k ∈ [[1, n]]} generates ker(ψ). Thus we need only
show that σjk ∈ ZW for all j, k ∈ [[1, n]]. If j, k ∈ [[1, r]] or j, k ∈ [[r + 1, n]],
then σjk ∈ ker(ψ1) ⊂ ZW or σjk ∈ ker(ψ2) ⊂ ZW . Assume j ∈ [[1, r]] and
k ∈ [[r + 1, n]]. From the equalities

S1 =
r∑
i=1

ai
(
(di/d′)ej − (dj/d′)ei

)
= (d′′/d)ej − (dj/d′)

r∑
i=1

aiei,

S2 =
n∑

i=r+1

ai
(
(di/d′′)ek − (dk/d′′)ei

)
= (d′/d)ek − (dk/d′′)

n∑
i=r+1

aiei

we conclude

(dk/d′′)S1 − (dj/d′)S2 =
(
(dk/d)ej − (dj/d)ek

)− (djdk/d′d′′)wn−1.

Since Si ∈ ker(ψi) ⊂ ZW we obtain σjk ∈ ZW , as required.

Theorem (4.3). The toric ideal P is a complete intersection if and only if
there is a binary tree G labeled by [[1, n]] such that, for all non-terminal vertex
v of G, one has that

gcd(dj, j ∈ 	1[v]) gcd(dj, j ∈ 	2[v])
gcd(dj, j ∈ 	1[v] ∪ 	2[v])

∈ N{dj, j ∈ 	1[v]} ∩ N{dj, j ∈ 	2[v]}.

Proof. ⇒) There are binomials g1, . . . , gn−1 such that P = (g1, . . . , gn−1).
We may assume that gi = xαi − xβi and supp(xαi ) ∩ supp(xβi ) = ∅ for all i. By
Proposition (2.5) (b) and Theorem (3.7) there exists a binary tree G labeled
by [[1, n]] which is compatible with {g1, . . . , gn−1}. Then G is compatible with
W = {ĝ1, . . . , ĝn−1} and ker(ψ) = Z{ĝ1, . . . , ĝn−1} (see Proposition (2.5) (a)).
Thus applying Proposition (4.2) we obtain the required conditions.

⇐) By Proposition (4.2) there is W = {w1, . . . , wn−1} ⊂ Z
n such that W is

compatible with G and ker(ψ) = ZW . Setting gi := xw
+
i − xw

−
i , one has that G

is compatible with {g1, . . . , gn−1}, and hence, using Theorem (3.7), we get

V (g1, . . . , gn−1, xi) = {0} (i = 1, . . . , n).

Therefore by Proposition (2.5) we deduce the equality P = (g1, . . . , gn−1).
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Using a different approach, Delorme characterizes in [3] toric ideals of affine
monomial curves that are complete intersections using a tool that he calls suites
distinguées ([3], Lemme 8). He then deduces his main result that can also be
obtained from our characterization in terms of binary trees:

Corollary (4.4). ([3], Proposition 9). Assume that gcd (d) = 1. Then
P is a complete intersection if and only if, reindexing the di’s if necessary,
there exists r ∈ {1, . . . , n − 1} such that, setting d′ := gcd (d1, . . . , dr), d′′ :=
gcd (dr+1, . . . , dn), and

d′
i :=

{
di
d′ if 1 ≤ i ≤ r
di
d′′ if r + 1 ≤ i ≤ n

,

one has that:
(a) d′ ∈ N{d′

r+1, . . . , d
′
n}, d′′ ∈ N{d′

1, . . . , d
′
r}, and

(b) the two toric ideals P1 ⊂ k[x1, . . . , xr] and P2 ⊂ k[xr+1, . . . , xn] defined by
{d1, . . . , dr} and {dr+1, . . . , dn} respectively, are both complete intersections.

Proof. ⇒) If P is a complete intersection and v is the root of the binary tree
G given by Theorem (4.3), we may assume, reindexing the di’s if necessary,
that 	1[v] = [[1, r]] and 	2[v] = [[r + 1, n]] for some r ∈ {1, . . . , n − 1}. Set-
ting d′ := gcd (d1, . . . , dr) and d′′ := gcd (dr+1, . . . , dn), one gets that d′d′′ ∈
N{d1, . . . , dr} ∩ N{dr+1, . . . , dn} by Theorem (4.3), and (a) follows. Moreover,
using the two binary subtrees of G obtained by removing v and the two edges
leaving v, one gets that (b) holds by applying Theorem (4.3).

⇐) Conversely, if P1 and P2 are complete intersections, let G1 and G2 be the
two binary trees given by Theorem (4.3), denote by v1 and v2 their roots, and
consider the binary treeG obtained by adding a vertex v and two edges leaving
v, one entering v1, the other entering v2. By (a), the vertex v of G (which is its
root) satisfies the relation in Theorem (4.3), and any other non-terminal vertex
of G satisfies it for being a non-terminal vertex of either G1 or G2, and hence
P is a complete intersection.

Remark (4.5). Given d1, . . . , dn such that P is a complete intersection, a
binary tree G labeled by [[1, n]] such that the arithmetical conditions of Theo-
rem (4.3) are satisfied encodes the following information:

(i) The generators {g1, . . . , gn−1} of P and their degrees D1, . . . , Dn−1 can be
obtained as shown in the proofs of Proposition (4.2) and Theorem (4.3).

(ii) The Frobenius number g(S) of the numerical semigroup S = Nd, that is
the largest integer not in S, can be expressed entirely in terms of {d1, . . . , dn}
when gcd (d1, . . . , dn) = 1.

This last assertion is a consequence of the following. Recall that the quasi-
homogeneous Hilbert series of R/P is HP (z) = f (z)

(1−zd1 )···(1−zdn )
for some polyno-

mial f ∈ Z[z]. When gcd (d1, . . . , dn) = 1, using thatR/P � k[Γ], one can easily
check that HP (z) = h(z)

1−z for some polynomial h ∈ Z[z] of degree g(S) + 1. If P
is a complete intersection, it is well-known that f (z) = (1 − zD1 ) · · · (1 − zDn−1 )
where D1, . . . , Dn−1 are the degrees of the minimal quasi-homogeneous gener-
ators of P , and hence g(S) = D1 + · · · + Dn−1 − (d1 + · · · + dn). Denoting by
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{v1, . . . ,vn−1} the set of non terminal vertices of G and using (i), one gets the
following formula:

g(S) =

(
n−1∑
i=1

gcd(dj, j ∈ 	1[vi]) gcd(dj, j ∈ 	2[vi])
gcd(dj, j ∈ 	1[vi] ∪ 	2[vi])

)
−
(

n∑
i=1

di

)
.

Example (4.6). Let k be an arbitrary field, and consider d1 = 16, d2 = 27,
d3 = 45 and d4 = 56. The corresponding toric ideal P ⊂ k[x1, x2, x3, x4] is a
complete intersection because using the following binary tree labeled by [[1, 4]],

�												

			

�

{3}

������������

����
������

�
�

���
�{2} �

			
 �
�

�

���
�{4}�{1}

the arithmetical conditions in Theorem (4.3) are satisfied:

112 =
(16)(56)

gcd(16, 56)
∈ 16N ∩ 56N : 2(56)

(1)
= 7(16)

135 =
(27)(45)

gcd(27, 45)
∈ 27N ∩ 45N : 3(45)

(2)
= 5(27)

72 =
gcd(16, 56) gcd(27, 45)

gcd(16, 27, 45, 56)
∈ {16, 56}N ∩ {27,45}N :

1(16) + 1(56)
(3)
= 1(27) + 1(45).

Moreover, the equalities (1), (2) and (3) provide, by Remark (4.5) (i), a set of
minimal generators of P :

g1 = x2
4 − x7

1, g2 = x3
3 − x5

2, g3 = x1x4 − x2x3 .

Finally, by Remark (4.5) (ii), the Frobenius number of the numerical semigroup
S = N{16, 27, 45, 56} is

g(S) = 112 + 135 + 72 − (16 + 27 + 45 + 56) = 175.

Remark (4.7). Toric ideals of affine monomial curves that are complete in-
tersections were originally studied by Herzog in his paper [9]. In [9], Proposi-
tion 2.1, he considers the special situation where, after reindexing the di’s if
necessary, one has that

(4.1)
gcd(d1, . . . , di)di+1

gcd(d1, . . . , di+1)
∈ N{d1, . . . , di} , ∀i ∈ {1, . . . , n− 1} ,

and he wonders in the next remark if this property charaterizes the complete
intersection case. The answer to this question is negative, this was first ob-
served by K. Watanabe in [14], Remark 1, p. 105. In terms of binary trees,
the situation in (4.1) corresponds to the case where #(	2[v]) = 1 for each
non-terminal vertex v of the binary tree involved in Theorem (4.3). Noting
that in Theorem (4.3), one only needs to consider binary trees satisfying that
#(	1[v]) ≥ #(	2[v]) for any non-terminal vertex v, it easily follows that, when
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n = 3, P is a complete intersection if and only (4.1) holds after a suitable rein-
dexing of the di’s. This does not occur when n ≥ 4. When n = 4, one has two
possible binary trees satisfying that #(	1[v]) ≥ #(	2[v]) for any non-terminal
vertex v, and one can check that in Example (4.6), there is no way of indexing
the di’s so that (4.1) hold. Indeed, for n ≥ 1, the number τn of binary trees with
n terminal vertices and satisfying that #(	1[v]) ≥ #(	2[v]) for any non-terminal
vertex v, is given by the following inductive formula:

τ1 = τ2 = 1 and, for all n ≥ 3 , τn =
� n

2 �∑
j=1

τjτn−j .
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CLASSICAL VECTOR BUNDLES AND REPRESENTATIONS OF
QUIVERS

PIOTR DOWBOR AND HAGEN MELTZER

Abstract. We describe the Horrocks-Mumford bundle, null-correlation bun-
dles and Tango bundles in terms of graded modules over the exterior algebra
via the Bernstein-Gelfand-Gelfand correspondence. Furthermore we show
that properties such as indecomposability and stability of these bundles can
be proven purely algebraically.

Introduction

It is well known that vector bundles and coherent sheaves over certain pro-
jective algebraic varieties can be described in terms of linear algebra. In their
fundamental papers [3] and [2] (see also [8]) Bernstein-Gelfand-Gelfand and
Beilinson gave descriptions of the derived category of coherent sheaves on a
projective space Pn over the field of complex numbers in terms of modules over
finite dimensional algebras.

In this paper we will give algebraic descriptions of the Horrocks-Mumford
bundle, null-correlation bundles and Tango bundles in terms of graded mod-
ules over the exterior algebra. These bundles are known to be indecompos-
able vector bundles of small rank and were investigated by rather geometrical
methods (see [18] [13] [4] [20]). Here we study explicitly the corresponding
modules of these bundles via the Bernstein-Gelfand-Gelfand correspondence.
Furthermore, we show that indecomposability and stability can be shown by
replacing advanced geometrical techniques by an investigation of the corre-
sponding modules.

1. Basic facts and notations

The main aim of this section is to recall the results by Beilinson [2] and
Bernstein-Gelfand-Gelfand [3], and to clarify the relationship between them
expressed in terms of a result by Happel [10], as explained in [6].

(1.1) We briefly recall that Beilinson’s result can be described using tilting
theory as follows. Let F1 (resp. F2) be the direct sum of sheaves of twisted
differential forms F1 =

⊕
0≤j≤n Ωj(j) (resp. of twisted structure sheaves F2 =⊕

0≤j≤n O(j)) on the projective space P(V ), where V is (n + 1)-dimensional
vector space. Denote by Ei = End(Fi), i = 1, 2, the endomorphism rings. It is

2000 Mathematics Subject Classification: 16G20, 14F05.
Keywords and phrases: vector bundle, module, derived category, exterior algebra, Horrocks-

Mumford bundle, null-correlation bundle, Tango bundle.
The first named author was partially supported by Polish KBN Grant 5 P03A 015 21.
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well known [2] that E1 and E2 can be in a natural way regarded as triangular
matrix rings

A1 =


Λ0(V ) Λ1(V ) . . . Λn(V )

0 Λ0(V ) . . . Λn−1(V )
...

. . .
...

0 0 . . . Λ0(V )

, A2 =


S0(V∗) 0 . . . 0
S1(V∗) S0(V∗) . . . 0

...
. . .

...
Sn(V∗) Sn−1(V∗) . . . S0(V∗)


where Λ(V ) =

⊕
0≤j≤n Λj(V ) and S(V∗) =

⊕
0≤j≤n Sj(V∗) are the exterior al-

gebra of the space V and symmetric algebras of the dual space V∗, respectively,
endowed with the natural grading. Then, for i = 1, 2, the indecomposable di-
rect summands of Fi generate the derived category Db(coh Pn) of the category
of coherent sheaves coh Pn. Moreover, we have Exts(Fi, Fi) = 0 for s > 0 (see
[2]). A coherent sheaf satisfying these conditions is called nowadays a tilting
sheaf (compare [1]). It follows that the derived functor

LGi : Db(modAi) → Db(coh Pn)

of the functor Gi = − ⊗Ai
Fi : modAi → coh Pn (under the identification

modEop
i

∼= modAi, induced by the above isomorphisms), is an equivalence
of triangulated categories where modA denotes the category of finite dimen-
sional left A-modules for any algebra A.

An alternative description of the derived category of coherent sheaves on
projective spaces was given by Bernstein-Gelfand-Gelfand [3] (see also [8]).
They proved that the functor Φ : modZ(Λ) → Db(coh Pn), associating the com-
plex

Φ(M) : · · · → Mj ⊗ O(j) → Mj+1 ⊗ O(j + 1) → . . .

with each Z-graded module M =
⊕

j∈Z Mj over the exterior algebra Λ =⊕
0≤j≤n Λj(V ) induces an equivalence modZ(Λ) ∼= Db(coh Pn), where modZ(Λ)

denotes a factor category of the category mod Z(Λ) of all left Z-graded Λ-modu-
les by the ideal generated by projectives. This construction has been general-
ized in [17] and [16] and [19].

The two rather different descriptions of Bernstein-Gelfand-Gelfand and
Beilinson are related by a result of Happel which states that, for any finite
dimensional k-algebra A of finite global dimension, there is an equivalence
H : Db( mod A) → modÂ of triangulated categories where Â denotes the repet-
itive algebra of A (Â is selfinjective infinite dimensional) and modÂ the stable
category of Â-modules, that is, the category of finite dimensional Â-modules
modulo the projectives [10]. (Recall that modA can be regarded as a full sub-
category of modÂ via the canonical “extension by zeros” embedding into a
“zero component”). It is well known that modÂ1

∼= modZ(Λ) (see [6]). Con-
sequently, if k is the field C of complex numbers, Â1-modules can be identified
with C-representations of the bound quiver (Q, I), where Q is the infinite quiver

ξ0 // ξ0 // ξ0 //

· · · ◦ ... ◦ ... ◦ ... ◦ · · ·
−1

ξn

// 0
ξn

// 1
ξn

// 2
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and I = 〈ξ2
i , ξiξj + ξjξi〉 (note that analogously A1-modules can be regarded as

C-representations of the bound quiver which is a restriction of (Q, I) to the set
of vertices {0, . . . n}).

Further on we will consider the tilting sheaf F1 = ⊕n
i=0Ωi(i). In this way we

obtain the following triangle of equivalences

Db(modA)
H

yyrrrrrrrrrr
LG

''NNNNNNNNNNN

modÂ
Φ

// Db(coh Pn)

where A = A1 and G = G1 (we keep this notation until the end of the pa-
per). The diagram above does not commute, however in [6] a correction au-
tomorphism in each vertex, that makes the diagram commutative, is given.
More precisely, define autoequivalences S : Db(coh Pn) −→ Db(coh Pn), S(−) =
(−)⊗O(n + 1)[−n], RN : Db(modA) −→ Db(modA), where N = HomA(−, A) ◦
Homk(−, k) is the inverse of the Nakayama functor, and L(−) : modÂ −→
modÂ, L(−) = T (−)[n + 1] where (−)[1] denotes the translation functor in
Db(coh Pn) (respectively, shift of grading by 1 in modÂ) and for an Â-module
M , T (M) is given by an exact sequence 0 −→ M −→ E(M) −→ T (M) −→ 0 in
modÂ with E(M) being the fixed (minimal) injective envelope of M (note that
T (M) is indecomposable if M is indecomposable nonprojective).

Theorem (1.2) ([6]). (i) The functors Φ ◦ H, S ◦ L(G) and L(G) ◦ RN are
isomorphic.

(ii) The functors Φ ◦ L ◦H and L(G) are isomorphic.

(1.3) We work over the field of complex numbers. We will use the following
notation. Let V be an (n + 1)-dimensional C-vector space with a fixed basis
v0, v1, . . . , vn, Pn = P(V ) the projective space and coh Pn the category of coherent
sheaves on Pn. We will consider the category Db(coh Pn) of bounded complexes
of coherent sheaves of Pn; for details concerning derived categories we refer to
[9], [11] and [21]. Moreover, let T be the tangent bundle of Pn and Ωs = Λs(T∗)
the s-th exterior power of the cotangent bundle.

For a vertex j of the ordinary quiver of A or Â we denote by Pj , (resp. Sj , Ij),
the standard indecomposable projective (resp. simple, indecomposable injec-
tive = dual of the standard right projective) left A- or Â-module respectively,
where A- or an Â-module is always given as a representation of the correspond-
ing bound quiver. The corresponding indecomposables over A and Â obviously
differ (via the canonical embedding modA ⊂ modÂ), but the notation above
will never lead to a confusion since we always precisely explain the context we
work in.

For an Â-module V the rank is defined by rk(V) =
∑

(−1)i dim V(i).
We will also need the following criterion saying which modules over Â cor-

respond to vector bundles on Pn [8]. Let V = ((V(i)i∈Z, V(ξk)ξk=ξi
k
:i→i+1,k=0,...n)

be an Â-module. Recall, that V corresponds to the Z graded Λ-module
⊕

i V(i),
where the multiplication by any vector v =

∑
k ckvk ∈ V restricted to the i-th
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homogeneous component V(i) is given by the map V(v) = V(vi) =
∑

k ckV(ξi
k)

for i ∈ Z. For any v denote by Lv(V) the complex of vector spaces

Lv : . . . −→ V(−1) V(v)−→ V(0) V(v)−→ V(1) −→ . . . .

Definition (1.4). The module V is called proper if Hj(Lv(V)) = 0 for all
0 6= v ∈ V and all j 6= 0.

Theorem (1.5) ([8]). V is a proper Λ-module if and only if Φ(V) is isomorphic
in Db(coh Pn) to a vector bundle.

Example (1.6). a) The simple module Sm is not proper for m 6= 0. Φ(Sm)
is the sheaf O(m), shifted to the place m. The module T mSm is proper and
Φ(T mSm) = O(m).

b) The projective indecomposable Pj and injective indecomposable Ij corre-
sponding to the vertex j are proper. They have the following form:

Pj =

Λ0
j

Λ1
j+1

...
...

Λn
j+n

Λn+1
j+n+1

Ij =

(Λn+1)∗ j−n−1

(Λn)∗ j−n

...
...

(Λ1)∗ j−1

(Λ0)∗ j

(Pj
∼= Ij+n+1). Note that in Db(coh Pn) the objects Φ(Pj) and Φ(Ij) are zero.

c) Suppose that n = 2 and let M be the following module concentrated at
the places −1 and 0:

C
id //

λ
// C

where λ ∈ C. Then M is indecomposable but not proper. Moreover, Φ(M) is
quasi-isomorphic to the simple sheaf concentrated at λ.

2. The Horrocks-Mumford bundle

(2.1) In [13] Horrocks and Mumford discovered an indecomposable stable
rank-2 vector bundle FHM on P4 which is essentially the only one with this
property. In fact, Decker and Schreyer proved in [4] that any stable rank-2
vector bundle on P4 is up to a line bundle twist and up to a pullback of an
automorphism of P4 isomorphic to FHM . The Horrocks-Mumford bundle FHM

can be described as the cohomology of a monad, that is, three-term complex

0 −→ 5Ω4(4) b−→ 2Ω2(2) a−→ 5O −→ 0

where a = (ai,j)0≤i≤4, 0≤j≤1 is a 5 × 2 matrix with entries in Λ2(V ) as follows
ai,0 = vi+2 ∧ vi+3 and ai,1 = vi+1 ∧ vi+4 and b = (aq)t, where q =

(
0 1
−1 0

)
[4].

Here v0, . . . , v4 denotes a basis of a 5 dimensional vector space V .

(2.2) Let V be the following Â-module of rank 2:

5Λ0(V )
// //////

vk∧b
//
K

// //////
vk

//
2Λ4(V )

// //////
vk

//
2Λ5(V )

−1 0 1 2
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where a and b are defined as in 2.1 and K = ker (2Λ3 a−→ 5Λ5). Note that ai,j

are in the center of the algebra Λ.
It is easily checked that V is of rank 2 and is proper.

Lemma (2.3). There is no non-zero map T lSl −→ V, for l ≥ 0, in modÂ.

Proof. Let f : T lSl −→ V be an Â-homomorphism. Consider first the case
l = 0. Then f is given by a nonzero linear map f0 : C −→ K such that
imf0 ⊂ ker(v0 ∧ −) ∩ · · · ∩ ker(v4 ∧ −) = 0, and consequently, f = 0.

To show the remaining cases we use information on the Â-modules T lSl,
l > 0, one can derive from the injective resolutions of simple modules in mod Â,
induced by the Koszul complex (see [5]). Recall that these resolutions have the
form

0 → Sl → s0Il → s1Il−1 → . . . → sl−1I1 → . . .

where si = dimC Si(V∗) for i ∈ N. Consequently, each Â-module T lSl, l > 0,
is isomorphic to a direct summand (with a projective-injective complement)
of cokernel of the differential sl−2I2 → sl−1I1 ; and we have T lSl = Im πl

for some Â-epimorphism πl : sl−1I1 → T lSl. Fix now l > 0. Then, due to
projectivity of I1, the composition fπl factors through the minimal projective
cover P (V) of the Â-module V. Since I1

∼= P−4, P (V) ∼=
⊕2

i=−1 diPi for some
d−1, . . . , d2 ∈ N, and HomÂ(P−4, Pj) = 0 for all j ≥ −3, we infer f = 0 and the
proof is complete.

Theorem (2.4). Φ(V) is the Horrocks-Mumford bundle.

Proof. We have to determine Φ(V) = LG ◦ RN ◦ H−1(V). In the first step
we show that H−1(V) = X•, equivalently, that V = H(X•) = T−1(H(X•[1])),
where X• = (5I ′4

b·−→ 2I ′2
a·−→ 5I ′0) is the complex concentrated between −1

and 1 and I ′0, I ′2 and I ′4 are the left indecomposable injective A-modules as
in the figure below (they differ from the standard indecomposable injective
modules I0, I2 and I4 defined in (1.3); note that entries of the matrices a and
b act centrally on Λ since they belong to Λ2(V )). For this purpose we compute
V′ = H(X•[1]) using the following two pushout diagrams,

5I ′4
//

��

2I ′2

��
EÂ(5I ′4) // C−1

and

C−1 //

��

5I ′0

��
EÂ(C−1) // C0 = V

The calculation is given in the next diagram, where Q = 2Λ3/5Λ5 and 2Λ2 → Q
is the embedding given by the matrix a.
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5I ′4 =

5Λ1 0

5Λ2 1

5Λ3 2

5Λ4 3

5Λ5 4

b //

��

2I ′2 =

2Λ3 0

2Λ4 1

2Λ5 2

3

4

��

EÃ(5I ′4) =

5Λ0 −1

5Λ1 0

5Λ2 1

5Λ3 2

5Λ4 3

5Λ5 4

// C−1 =

5Λ0 −1

2Λ3 0

2Λ4 1

2Λ5 2

3

4

a· //

��

5I ′0 =

−1

5Λ0 0

1

2

3

4

��

EÃ(C−1) =

2Λ0 −3

2Λ1 −2

2Λ2 −1

2Λ3 0

2Λ4 1

2Λ5 2

// V′ =

2Λ0 −3

2Λ1 −2

Q −1

5Λ5 0

1

2

Next by use of the exact sequence below we compute T−1(V′),

0 // T−1(V′) // P (V′) // V′ // 0

−3

−2

5Λ0 −1

K 0

2Λ4 1

2Λ5 2

//

2Λ0 −3

2Λ1 −2

2Λ2 −1

2Λ3 0

2Λ4 1

2Λ5 2

//

2Λ0 −3

2Λ1 −2

Q −1

5Λ5 0

1

2

and the equality H(X•) = V is shown.
Now, we have

Φ(V) = LG ◦N ◦H−1(V))

∼= LG ◦ RN (5I ′4
b·−→ 2I ′2

a·−→ 5I ′0)

∼= LG ◦N (5I4
ν(b)−→ 2I2

ν(a)−→ 5I0)

∼= LG (5P4
b−→ 2P2

a−→ 5P0)

= (5Ω4(4) b−→ 2Ω2(2) a−→ 5O)

where ν = Homk(−, k) ◦ HomA(−, A) is the Nakayama functor. Note that the
algebra isomorphism σ : Λ → Λ induced under the standard identifications
EndΛ(ΛΛ) ∼= Λop, EndΛ((ΛΛ)∗) ∼= Λop by the isomorphisms Θ′ (see [6] 1.5 for the
definition) is given for an arbitrary n by the mapping λ 7→ (−1)niλ, λ ∈ Λi(V ),
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i ∈ N. Therefore we have the isomorphism X• ∼= (5I4
ν(b)−→ 2I2

ν(a)−→ 5I0) of
complexes. The remaining complex isomorphisms follow from the canonical
isomorphisms Hom(Ωi(i), Ωj(j)) ∼= Λ(V )i−j defined by contraction [2] and the
precise formula for the algebra isomorphisms Aop ∼= End(

⊕
0≤j≤n Ωj(j)) ∼=

End(
⊕

0≤j≤n Pj). Thus we get a complex for Φ(V) which coincides with the
monad description given in [4] (see 2.1).

(2.5) Recall that a vector bundle E is called stable if for any coherent subsheaf
0 6= F of E with 0 < rk(F) < rk(E) we have µ(F) < µ(E), where µ denotes the
slope.

The Horrocks-Mumford bundle is known to be stable [4]. We can give a
simple proof by using Lemma 2.3.

Corollary (2.6). The Horrocks-Mumford bundle is stable, in particular
indecomposable.

Proof. Since the Horrocks-Mumford bundle FHM has rank 2 and slope − 1
2 ,

it is enough to show that there is no non-zero morphism O(l) −→ E with l ≥ 0.
Assume to the contrary that there is a non-zero morphism g : O(l) −→ E.
Since Φ is an equivalence, g is induced by a non-zero map T lSl −→ V in modÂ,
contradicting Lemma 2.3. The last assertion follows from the well known fact
that each stable bundle is indecomposable.

Observe that V has no non-zero projective-injective direct summand so it is
also indecomposable.

3. Null-correlation bundles

(3.1) For any odd n > 1 there is an indecomposable vector bundle M of rank
n− 1 on Pn defined as the kernel of a homomorphism

TPn (−1) −→ O(1),

called the null-correlation bundle [18, 1.4.2].
In this section we define Â-modules, for each n, which in the odd case give an

algebraic description of null-correlation bundles, in fact describe their duals.
Further we investigate the properties of these modules and prove the indecom-
posability of the corresponding bundles by studying the endomorphism rings
of the modules.

(3.2) Let n ≥ 1 an integer and V a n + 1-dimensional vector space with basis
v0, . . . , vn. Consider the Â-module V(λ) of rank n− 1

Λ0(V )
...

//

vk∧λ
//
Λn(V )

...

//

vk

//
Λn+1(V )

−1 0 1

where λ is an element of Λn−1(V ).

Proposition (3.3). Let λ, λ′ ∈ Λn−1(V ). Then V(λ) ∼= V(λ′) if and only if
λ′ = kλ for some k 6= 0.
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Proof. Assume that f : V(λ) −→ V(λ′) is an isomorphism in modÂ. Then f
is given by scalar multiplications t : Λ0(V ) −→ Λ0(V ), s : Λn+1(V ) −→ Λn+1(V )
with s, t 6= 0 and a n×n matrix B defining (in a standard basis of Λn(V )) a linear
map Λn(V ) −→ Λn(V ) such that the maps vk ∧ B, s ◦ vk : Λn(V ) −→ Λn+1(V )
and B ◦ (vk ∧ λ), (vk ∧ λ′) ◦ t : Λ0(V ) −→ Λn(V ) are respectively equal for every
k = 0, . . . , n. Since vk : Λn(V ) −→ Λn+1(V ) is, up to sign, the k-th projection,
the conditions vk ∧ B = s ◦ vk imply that B = s · id. Furthermore, if λ =∑

i<j ci,j v0∧· · ·∧v̂i∧· · ·∧v̂j∧· · ·∧vn and λ′ =
∑

i<j c′i,j v0∧· · ·∧v̂i∧· · ·∧v̂j∧· · ·∧vn

we conclude from s◦(vk∧λ) = (vk∧λ′)◦t that t ·c′i,j = s ·ci,j for all i, j. Therefore
λ and λ′ are proportional.

Now, assume that λ′ = kλ, k 6= 0. Then k−1 : Λ0(V ) −→ Λ0(V ), id :
Λn(V ) −→ Λn(V ), id : Λn+1(V ) −→ Λn+1(V ) obviously defines an isomorphism
V(λ) −→ V(λ′).

Proposition (3.4). End Â(V(λ)) = C.

Proof. An endomorphism of V(λ) in modÂ is given by linear maps t : Λ0(V )
−→ Λ0(V ), B : Λn(V ) −→ Λn(V ), s : Λn+1(V ) −→ Λn+1(V ) such that B◦(vk∧λ) =
(vk ∧ λ) ◦ t and vk ◦ B = s ◦ vk for all k = 0, . . . , n. Similarly as in the proof of
Proposition 3.3 one shows that B = s · id and s = t, therefore EndÂ(V(λ)) = C,
so End Â(V(λ)) = C.

(3.5) If n = 1 then V(λ) is given by a scalar λ ∈ C. In this situation V(λ) is
proper iff λ 6= 0 and Φ(V) is zero in Db(coh Pn). In fact Φ(V) is the Auslander-
Reiten sequence

0 −→ O(−1) −→ Λ1(V )⊗ O −→ O(1) −→ 0.

If n = 2 then V(λ) is given by an element λ ∈ V . Since λ∧ λ = 0 it follows that
V(λ) is never proper in this case.

We will now study the question of properness for arbitrary n. Let V(λ) be
given by the element λ =

∑
i<j ci,j v0 ∧ . . . v̂i ∧ · · · ∧ v̂j ∧ · · · ∧ vn. We define the

following antisymmetric matrix

A(λ) =



0 c0,1 −c0,2 . . . ±c0,n−2 ∓c0,n−1 ±c0,n

−c0,1 0 +c1,2 . . . ∓c1,n−2 ±c1,n−1 ∓c1,n

c0,2 −c1,2 0 . . . ±c2,n−2 ∓c2,n−1 ±c2,n

...
...

...
. . .

...
...

...
∓c0,n−2 ±c1,n−2 ∓c2,n−2 . . . 0 ±cn−2,n−1 ∓cn−2,n

±c1,n−1 ∓c1,n−1 ±c2,n−1 . . . ∓cn−2,n−1 0 ±cn−1,n

∓c0,n ±c1.n ∓c2,n . . . ±cn−2,n ∓cn−1,n 0


.

Proposition (3.6). The module V(λ) is proper if and only if det(A(λ)) 6= 0.

Proof. Since for any non-zero v ∈ V the map v : Λn(V ) −→ Λn+1(V ) is
surjective we have that V(λ) is proper if and only if the map v ∧ λ : Λ0(V ) −→
Λn(V ) is injective, equivalently non-zero, for every non-zero vector v ∈ V . We
set λ =

∑
i<j ci,j v1 ∧ · · · ∧ v̂i ∧ · · · ∧ v̂j ∧ · · · ∧ vn and write v =

∑n
i=0 aivi as

a linear combination the basis v0, v1, . . . , vn and fix the basis (−1)iv0 ∧ · · · ∧
v̂i ∧ · · · ∧ vn, i = 0, 1, . . . , n, of Λn(V ). This leads to a homogeneous system of
linear equations with unknowns a0, . . . , an having the matrix A(λ) as coefficient
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matrix. There is a non-trivial solution of this system if and only if det(A(λ)) =
0. Consequently V(λ) is proper if and only if det(A(λ)) 6= 0.

Corollary (3.7). (i) If n is even then there are no proper modules of the
form V(λ).

(ii) If n is odd then there exists λ ∈ Λn−1(V ) such that V(λ) is a proper module.

Proof. (i) For even n each antisymmetric (n + 1)× (n + 1) matrix has deter-
minant zero.

(ii) In case n is odd, choosing all coefficients ci,i+1 = 1 and all ci,j = 0 for
j > i + 1 the matrix A(λ) has determinant 1.

Lemma (3.8). Assume that n = 3. Then there is no non-zero map T lSl −→ V,
for l ≥ 0, in modÂ.

The proof is similar as that of Lemma 2.3.

(3.9) For any module V = V(λ), as defined in 3.2, we have an indecomposable
complex Φ(V) of rank n− 1 in Db(coh Pn), it is of the form

0 −→ Λ0(V )⊗ O(−1) −→ Λn(V )⊗ O −→ Λn+1(V )⊗ O(1) −→ 0.

For proper modules we obtain the following result.

Theorem (3.10). Let n be odd and V = V(λ) be proper. Then Φ(V) is a dual
of a null-correlation bundle.

Proof. We have Φ(V) = LG◦RN◦H−1(V). The calculation of H−1(V) is sim-
ilar as in the case of the Horrocks-Mumford bundle (see the proof of Theorem
(2.4)). The result is presented in the following diagram

I ′n =

Λ1 0

Λ2 1

Λ3 2

...
...

Λn
n−1

Λn+1
n

λ· //

��

I ′1 =

Λn 0

Λn+1 1

2

...
...
n−1

n

��

EÃ(I ′n) =

Λ0 −1

Λ1 0

Λ2 1

...
...

Λn
n−1

Λn+1
n

// V =

Λ0 −1

Λn 0

Λn+1 1

...
n−1

n

(λ acts centrally since n − 1 is even). Now, by the analogous arguments as in
(2.4),



214 PIOTR DOWBOR AND HAGEN MELTZER

Φ(V)) = LG ◦ RN ◦H−1(V)

∼= LG ◦N (I ′n
λ·−→ I ′1)

∼= LG ◦N (In
ν(λ)−→ I1)

∼= LG (Pn
λ−→ P1)

∼= (Ωn(n) λ−→ Ω1(1)).

Since V = V(λ) is a proper module, the complex Φ(V(λ)) ∼= Ωn(n) λ−→ Ω1(1),
λ ∈ Hom(Ωn(n), Ω1(1)) ∼= Λn−1(V ), is quasi-isomorphic to the bundle L(λ)
which fits in an exact sequence

0 −→ Ωn(n) λ−→ Ω1(1) −→ L(λ) −→ 0.

Now the result follows from [18], 1.4.2, by dualization.

Observe that if M is a null-correlation bundle then its dual is always of the
form M(λ)∗ ∼= Φ(V(λ)), where λ ∈ Λn−1(V ) is such that V(λ) is proper.

Proposition (3.11). For n = 3 each null-correlation bundle is stable, in
particular indecomposable.

Proof. Since a vector bundle is stable if and only if its dual is stable, it
suffices to show that each bundle Φ(V) is stable, where V is as in 3.2. Because
µ(Φ(V)) = 0 and rk(Φ(V)) = 2 it is enough to know that there is no non-zero
map O(l) → Φ(V), for l ≥ 0. This follows from Lemma 3.8 as in Corollary 2.6.

4. Tango bundles

(4.1) For arbitrary n Tango gave a description of indecomposable vector bun-
dles E on Pn of rank n−1 [20] (see also [7], [15], [14], [18] I.4.2). These bundles
are given by exact sequences of the form

(∗) 0 −→ mO
w−→ (Λ2T)(−2) −→ E(1) −→ 0.

where m =
(

n−1
2

)
and w represents m general sections of (Λ2T)(−2), thus

w = (w1, . . . , wm) with wi ∈ Λ2(V ).
Dualizing the exact sequence (∗) we obtain

0 −→ E(1)? −→ Ω2(2)
g−→ mO −→ 0

where g =

(
w1

...
wm

)
.

In this section we define certain Â-modules and show that the proper ones
among them correspond to duals of Tango bundles. We study the question of
properness of these modules purely algebraically and reprove the stability of
Tango bundles in dimension 4 by investigation of the corresponding modules.
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(4.2) For any m ∈ N and w = (w1, . . . , wm) ∈ Λ2(V )m consider the following
Â-module V = V(w):

Λ0(V )
...

//

vk

//
Λ1(V )

...

//

vk

//
. . . ...

//

vk

//
Λn−3(V )

...

//

vk

//
Λn−2(V )

...

//

vk∧g
//
mΛn+1(V )

−n+2 −n+3 −1 0 1

(g is as above). In the case m =
(

n−1
2

)
, V is of rank n− 1.

Proposition (4.3). The Â-module V=V(w) is proper if and only if w1, . . . , wm

are linearly independent and no non-trivial linear combination c1w1 + · · · +
cmwm is simple. (Recall that u ∈ Λ2(V ) is called simple if u = v ∧ v′ for some
v, v′ ∈ V, equivalently u ∧ u = 0 as an element of Λ4(V ) ).

Proof. We have that V is proper if and only if the map

v ∧ g = v ∧

 w1
...

wm

 : Λn−2(V ) −→ mΛn+1(V )

is surjective for any v 6= 0 ∈ V . Note that the necessary condition for the
surjectivity of the map above is the inequality m ≤

(
n
2

)
. For a given vector

0 6= v ∈ V fix a basis v′0 = v, v′1, . . . , v′n of V . The map v ∧ g is surjective if and
only if the rank of the matrix

C =


+c1,2

1 . . . +c1,2
m

−c1,3
1 . . . −c1,3,

m
...

...
+cn−1,n

1 . . . +cn−1,n
m


is equal to m, where wk =

∑
0≤i<j≤n ci,j

k v′i ∧ v′j , k = 1, . . . , m. (Note that the

matrix of v ∧ g in the standard bases has the form
(0

C

)tr
). This immediately

implies that if V is proper then w1, . . . , wm are linearly independent.
Suppose that V is proper. Let u = c1w1 + · · · + cmwm be a non-zero linear

combination which is simple, say u = v′ ∧ v′′ for some v′, v′′ ∈ V . Then we can
choose c′1, . . . , c′n ∈ C such that c1c′1 + · · · + cmc′m 6= 0. Since the map v′ ∧ g is
surjective by assumption there is t ∈ Λn−2(V ) such that

v′ ∧

 w1
...

wm

 ∧ t =

 c′1
...

c′m


(we identify canonically Λn+1(V ) with C). It follows that v′∧(c1w1+· · ·+cmwm)∧
t = c1c′1 + · · · + cmc′m 6= 0. On the other hand v′ ∧ (c1w1 + · · · + cmwm) ∧ t =
v′ ∧ (v′ ∧ v′′) ∧ t = 0, a contradiction.

Suppose now that V is not proper, i.e., v ∧ g is not surjective. Then without
loss of generality we can assume ci,j

m =
∑m−1

k=1 αkci,j
k , 1 ≤ i < j ≤ n, for some

α1, . . . , αm−1 ∈ C. It follows that
∑m−1

k=1 αkwk −wm is either zero or of the form
v′0 ∧ v̄, where v̄ =

∑m−1
k=1 αk(

∑n
j=1 c0,j

k v′j)−
∑n

j=1 c0,j
m v′j , hence is simple.
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From now on we assume m =
(

n−1
2

)
.

Theorem (4.4). If V = V(w) is proper, then Φ(V) is the dual of a Tango
bundle.

Proof. Set V′ = V[1]. We have Φ(V′) = LG ◦ RN ◦ H−1(V′). The complex
H−1(V′) is isomorphic to the complex I ′2

g−→ mI ′0, concentrated between −1
and 0; the calculation is presented in the following diagram:

I ′2 =

Λn−1 0

Λn 1

Λn+1 2

...
n−1

n

n+1

g· //

��

mI ′0 =

mΛn+1 0

1

2

...
n−1

n

n+1

��

EÃ(I ′2) =

Λ0 −n+1

Λ1 −n+2

Λ2 −n+3

...
...

Λn−1 0

Λn 1

Λn+1 2

// V′ =

Λ0 −n+1

Λ1 −n+2

Λ2 −n+3

...
...

mΛn+1 0

1

2

(see (2.4) for the notation). Hence

Φ(V′) = LG ◦ RN ◦H−1(V)

∼= LG ◦N (I ′2
g−→ mI ′0)

∼= LG ◦N (I2
ν(g)−→ mI0)

∼= LG (P2
g−→ mP0)

∼= (Ω2(2)
g−→ mO).

Here the complex Ω2(2)
g−→ mO is concentrated between −1 and 0, therefore

Φ(V′) ∼= E∗(−1)[1].
Now, V = V′[−1] ∼= V′ ⊗ S1 where S1 is the Â-module corresponding to the

vertex 1. Because Φ commutes with the tensor product we conclude Φ(V) ∼=
Φ(V′ ⊗ S1) ∼= Φ(V′) ⊗ Φ(S1) ∼= E?(−1)[1] ⊗ O(1)[−1] ∼= E? and the proof is
complete.

(4.5) By the preceding result the dual of Tango bundle is quasi-isomorphic
to a complex

0 −→ Λ(V )0 ⊗ O(−n + 2) −→ . . . −→ Λ(V )n−2 ⊗ O −→ mΛ(V )n+1 ⊗ O(1) −→ 0.

For n = 3 a Tango bundle is a null-correlation bundle. If n = 4 then a
Tango bundle is given by 3 elements w1, w2, w3 ∈ Λ2(V ). Investigating the
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corresponding module we show that the dual of a Tango bundle on P4 is stable.
For a general proof using geometrical arguments we refer to [14] 8.6.

Lemma (4.6). Let V be a proper Â-module such that Φ(V) = E∗, deg(E∗) = 0
and rk(E∗) = 3. Assume that there is no non-zero morphism T lSl −→ V for
l ≥ 0 and no non-zero morphism V −→ T lSl for l ≤ 0 in modÂ. Then E is
stable.

Proof. We prove that E∗ is stable. By [18], II, 1.2.2, it is sufficient to show
that for any coherent subsheaf F of E∗ such that E∗/F is torsion free and
0 < rk(F) < rk(E∗) we have µ(F) < µ(E∗) = 0. Suppose contrary that there
is a subsheaf F with 0 < rk(F) < rk(E∗) and µ(F) ≥ µ(E∗) such that E∗/F is
torsion free.

Assume first that rk(F) = 1. Consider an exact sequence

0 −→ F −→ E∗ −→ Q −→ 0.

Since E∗ is locally free and Q is torsion free, F is reflexive by [18] II, 1.1.16 and
1.1.12. Now rk(F) = 1 implies that F is locally free, hence of the form O(l) for
some l ∈ Z with l ≥ 0. But then the morphism O(l) −→ E∗ is the image of
some non-zero morphism T lSl −→ V in modÂ, contrary to our assumption.

Assume now that rk(F) = 2. Consider again an exact sequence

0 −→ F −→ E∗ −→ Q −→ 0.

Since Q is torsion free, Q?? is reflexive and of rank one, hence Q?? = O(l) for
some l ∈ Z. Now µ(F) ≥ implies that l ≤ 0. Then the morphism E∗ −→
Q ↪→ Q?? = O(l) is the image of some non-zero morphism V −→ T lSl in modÂ,
which again is a contradiction to our assumption. Therefore E∗ is stable, and
consequently, E is so.

Theorem (4.7). A Tango bundle on P4 is stable, in particular indecompos-
able.

Proof. Observe first that rk(E∗) = 3 and deg(E∗) = 0. According to the
lemma above we have to show that there is no non-zero map in modÂ, T lSl −→
V, for l ≥ 0 and no non-zero map V −→ T lSl, for l ≤ 0.

We prove first that there is no a non-zero map S0 → V. For this we will
show that the map h =

(
w1
w2
w3

)
: Λ2(V ) −→ 3Λ4(V ) is injective. This is sufficient,

because a non-zero morphism f : S0 −→ V, defined by a linear map f0 : C −→
Λ2(V ), gives wr ∧ f0(1) 6= 0 for some r. Therefore vk ∧ wr ∧ f0(1) 6= 0 for some
k. We conclude that 0 = f1 ◦ S0(ξk)(1) = V(ξk) ◦ f0(1) = vk ∧

(
w1
w2
w3

)
∧ f0(1) 6= 0

which gives a contradiction.
Suppose first that h(λ) = 0 for some non-zero simple element λ ∈ Λ2(V ).

Suppose that λ = v′0 ∧ v′1 for some basis v′0, v′1, v′2, v′3, v′4. Denoting wr =∑
0≤i<j≤4 ci,j

r v′i ∧ v′j , r = 1, 2, 3, wr ∧ λ = 0 implies ci,j
r = 0 for r = 1, 2, 3 and

{i, j} ∩ {0, 1} = ∅. Hence wr = v′0 ∧ pr + v′1 ∧ qr where pr belongs to the
linear hull of v′1, v′2, v′3, v′4 and qr belongs to the linear hull of v′2, v′3, v′4. Now, if
q1, q2, q3 are linearly dependent, some non-trivial combination is of the form
αw1 + βw2 + γw3 = v′0 ∧ (αp1 + βp2 + γp3), a contradiction to Proposition 4.3
and the assumption that V is proper. Thus v′0, v′1, q1, q2, q3 is a basis of V and
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changing v′2, v′3, v′4 by q1, q2, q3 we can assume that wr = c0,1
r v′0,1 + c0,2

r v′0,2 +
c0,3

r v′0,3 + c0,4
r v′0,4 +v′1,r+1, r = 1, 2, 3, where v′i,j = v′i∧v′j for 0 ≤ i < j ≤ 4. Then,

for v = v′1 − sv′0, s ∈ C, the matrix of the map v ∧
(

w1
w2
w3

)
: Λ2(V ) −→ 3Λ5(V ) in

the basis v′i,j has only the following non-zero columns: −c0,2
1 − s c0,3

1 −c0,4
1

−c0,2
2 c0,3

2 + s −c0,4
2

−c0,2
3 c0,3

3 −c0,4
3 − s

 .

Obviously there is an s ∈ C such that v ∧
(

w1
w2
w3

)
is not surjective, contrary to

the assumption that V is proper.
Suppose now that h(λ) = 0 for some non-zero non-simple element λ ∈ Λ2(V ).

It is well known that λ ∈ Λ2(V ) as a non-simple element has the form λ =
v′0 ∧ v′1 + v′2 ∧ v′3 for some basis v′0, v′1, v′2, v′3, v′4 of V . Now wr ∧ λ = 0 implies
that c0,1

r = 0, c2,3
r = 0 and ci,4

r = 0, i = 1, . . . 4, for every r = 1, 2, 3 (we keep the

previous notation). Then for v = v′1 the matrix of the map v∧
(

w1
w2
w3

)
: Λ2(V ) −→

3Λ5(V ) has only the following non-zero columns:c0,3
1 −c0,2

1
c0,3

2 −c0,2
2

c0,3
3 −c0,2

3

 .

Consequently, this map has rank 2, so is not surjective contrary to our assump-
tion. Therefore there is no non-zero morphism S0 −→ V.

Suppose now that there is a non-zero morphism f : V −→ S0 in modÂ. It
is given by a non-zero map f0 : Λ2(V ) −→ C. Then f0 ◦ vk 6= 0 for some k. It
follows that 0 = S0(ξk) ◦ f−1 = f0 ◦ V(ξk) 6= 0, a contradiction.

Now it remains to show that for any l > 0 there are no non-zero maps
T lSl → V and V → T−lS−l.

In the first case we apply exactly the same technique as in the proof of
Lemma 2.2. In our current situation the minimal projective cover P (V) of
the Â-module V has the form P (V) ∼=

⊕1
i=−n+2 diPi, d−n+2, . . . , d1 ∈ N, and

I1
∼= P−n; moreover, HomÂ(P−n, Pj) = 0 for all j ≥ −n + 1. Then repeating the

arguments one concludes again that each Â-homomorphism f : T lSl → V is a
zero map, whenever l > 0.

To prove the second claim we use the fact that the simple Â-modules Sl,
l ∈ Z, admit projective resolutions of the form

· · · → sl−1P−1 → · · · → s1P−l+1 → s0P−l → S−l → 0.

Note that they can be easily obtained from the resolutions in (2.3) by applying
the standard duality and the isomorphism Â ∼= Âop induced by the mapping
i 7→ −i, i ∈ Z. Now the dual arguments to those from (2.3) provide that for any
l > 0, the Â-module T−lS−l can be regarded as an Â-submodule of sl−1P−1.
Denote by ιl the embedding T−lS−l ↪→ sl−1P−1. Then for f : V → T−lS−l,
l > 0, the map ιlf factors through the (minimal) injective envelope I(V) of the
Â-module V. Since P−1

∼= In, I(V) ∼=
⊕1

i=−n+2 diIi for some d−n+2, . . . , d1 ∈ N,
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and HomÂ(Ij , In) = 0 for all j < n, we immediately infer f = 0 (n > 1) and the
proof is complete.
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LIFT CATEGORIES AND OBJECTS WITH SPACE OF

SELFEXTENSIONS OF DIMENSION ONE

EFRÉN PÉREZ

Abstract. We study a natural exact structure on lift categories and prop-
erties of the corresponding bimodule of extensions. These extensions be-
have nicely under the action of reduction functors. A lift category and a
tensor product of algebras induce a new lift category, and its properties are
studied. The existence is proved of a parametrization of the objects with
space of selfextensions of k-dimension one, when k is algebraically closed.

1. Introduction

The bimodules over categories with structure of coalgebra (bocs) have been
used to prove important theorems in the theory of representations of finite di-
mensional algebras over algebraically closed fields, like Drozd’s Tame and Wild
Theorem. The idea behind the use of bocses is the existence of reduction func-
tors, which allows us to go from a representation of a bocs to a representation
with smaller norm in another bocs. Despite the simplicity of this idea, bocses are
not the most tractable of objects so they have produced very interesting results
only for finite dimensional algebras over an algebraically closed field.

There have been several efforts in order to generalize the reduction functors,
see [9], [10] and [5]. In the first two papers the concept of lift category is de-
veloped and it is used to deal with representations of Artin algebras of finite
representation type and to handle generic modules.

Let us recall some definitions.

Definition (1.1). A lift pair (R, ξ) is given by a ring R and an exact sequence
of R-bimodules

ξ : 0 −→M
i
−→ E

π
−→ R −→ 0

Definition (1.2). Given a lift pair (R, ξ) we define the lift category ξ (R) as
follows: the objects are pairs (P, e) where P is a projective R-module and e :
P → E ⊗R P is an R-morphism such that the composition

P
e
−→ E ⊗R P

π⊗1
−→ R⊗R P

∼=
−→ P

2000 Mathematics Subject Classification: 16G60, 16G10, 16A46, 15A21.
Keywords and phrases: Artin algebra, bocs, exact structure, extensions, lift category,

parametrization, reduction functors.
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is 1P . A morphism f : (P, e)→ (P ′, e′) is an R-morphism f : P → P ′ such that
the following diagram is commutative:

P
f
→ P ′

e ↓ ↓e
′

E ⊗R P
1⊗f
−→ E ⊗R P

′

An object (P, e) in ξ (R) is called finite if and only if P is a finitely generated
R-module.

We can use this very general setting to study mod Λ for an Artin algebra Λ,
because there is a natural lift pair associated, and the corresponding lift category
is equivalent to P 1(Λ) (7.2).

In this paper I follow the path traced in [6] and [7] in order to get all the
strength of the ideas contained there.

In the second section we recall the main results about lift categories and
reduction functors, stressing the advantages of using dual bases of projective
modules. In the third section the exact structure for lift categories introduced
in [7] provides the tool of extensions, which was used in [7] to study objects with
trivial space of selfextensions, and inductiveness in [6].

An important fact is that reduction functors induce morphisms between the
extensions and we see this in Section 4. A nice result is Lemma (4.3) where it
is proved that the reduction functor associated to the anhilation of the radical,
J, induces an isomorphism when MJ = 0 = JM ; this is necessary if we want to
study objects with non-trivial selfextensions. Theorem (4.6), proved in [7], gives
a simple relation between the extensions of objects when we apply the reduction
functors associated to an R-R-sub-bimodule N of M and a fixed finite object X.

In Section 5 there is introduced the construction of a lift pair from a given
lift pair, when R is a k-algebra, and a k-algebra S using tensorization. Here,
particularly in Propositions (5.4) and (5.6) we see that the behavior of an ade-
quate subcategory of the new lift category is nearly componentwise, a property
very useful and easy to handle. This and Theorem (4.6) allow us to prove the
main result of this paper, Theorem (6.10); the existence of parametrizations for
objects with space of selfextensions of k-dimension one when k is algebraically
closed.

From (6.10) there follows Corollary (7.6) which proves, for a finite dimensional
algebra over an algebraically closed field, that we can parametrize a family of
modules, given by a fixed dimension and a space of selfextensions of dimension
one in its minimal projective resolution, without any assumption on the repre-
sentation type. Corollary (7.6) was first proved in [4] using bocses, but that
paper still is unpublished.

If we add the hypothesis of tame representation type to Corollary (7.6) then it
can be obtained in a similar way to Drozd’s Theorem [8], or even generalized to
finite dimensional algebras over perfect fields of non-wild type using bocses [13].
Tameness provides a lot of simplification in using bocses, so it is hard to prove
Corollary (7.6) with this tool in the wild case. Then lift categories are a good
alternative, because they deal easily with objects with space of selfextensions of
k-dimension one, for k algebraically closed; we can get a glance of this claim in
Lemma (6.4).
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2. Lift categories and reduction functors

By R we denote a ring, by R-Mod the left R-modules and by R-mod the
finitely generated left R-modules. If M belongs to R-Mod, we denote M ∗ =
HomR (M,R) . For M,N ∈ R-Mod we often write R (M,N) instead of HomR

(M,N) . For X, Y in ξ (R) we often write ξ(R) (X,Y ) instead of Homξ(R) (X,Y ).

Remark (2.1). For a projective R-module P fix a dual base (λl, xl)l∈I , where
λl ∈ P ∗ and xl ∈ P. Fix ω ∈ E such that π (ω) = 1R; we can define the R-
morphism νω : P → E ⊗R P by νω (p) =

∑

λl (p)ω ⊗ xl, then (P, νω) ∈ ξ (R) .
Now, the exact sequence of groups

0 → R (P,M ⊗R P )
(i⊗1)∗−→ R (P,E ⊗R P )

(π⊗1)∗−→ R (P, P ) → 0

shows that for an object (P, e) in ξ (R) , there is an unique R-morphism u : P →
M ⊗R P such that e = νω + (i⊗ 1)u.

Let us observe that for any r ∈ R, rω = ωr + i∆ (r) , where ∆ : R →M is a
derivation; i.e., ∆ is additive and ∆ (rs) = ∆ (r) s+ r∆ (s) .

Now, if (P1, e1) and (P2, e2) are objects in ξ (R) , and we have the dual bases
(λl, xl)l∈I and (µj , yj)j∈J , of P1 and P2 respectively, then there are R-morphisms

νkω : Pk → E ⊗R Pk and uk : Pk → M ⊗R Pk such that ek = νkω + (i⊗ 1)uk.
Moreover, for an R-morphism f : P1 → P2 we have

(2.2) e2f − (1⊗ f) e1 =
∑

l,j

λl ( ) i∆ (µj (f (xl)))⊗ yj + (i⊗ 1)u2f − (i⊗ f)u1

Definition (2.3). A morphism of lift pairs φ : (R, ξ) → (R′, ξ′) is a pair φ =
(φ0, φ1) such that φ0 : R→ R′ is a morphism of rings, φ1 : E → E′ is a morphism
of R-R-bimodules, where the structure of R-R-bimodule of E ′ is induced by φ0,
and such that the following diagram commutes:

E
π
→ R

φ1 ↓ ↓φ0

E′ π′

→ R′

Lemma (2.4). [6] Every morphism of lift pairs φ : (R, ξ)→ (R′, ξ′) induces a
functor Fφ : ξ (R)→ ξ′ (R′) . Given an object (P, e) in ξ (R) , we have Fφ (P, e) =
(R′ ⊗R P, e

′) , where e′ is the composition

R′ ⊗R P
1⊗e
−→ R′ ⊗R E ⊗R P

∼=
→ R′ ⊗R E ⊗R R⊗R P

e′ ↓ ↓1⊗φ1⊗φ0⊗1

E′ ⊗R′ R′ ⊗R P
∼=
← R′ ⊗R′ E′ ⊗R′ R′ ⊗R P

ζ⊗1
←− R′ ⊗R E

′ ⊗R R
′ ⊗R P

and ζ : R′ ⊗R E
′ ⊗R R

′ → R′ ⊗R′ E′ ⊗R′ R′ is the canonical morphism, and
the isomorphisms are induced by the corresponding multiplications. The functor
Fφ maps each morphism f : (P1, e1) → (P2, e2) in ξ (R) onto Fφ (f) = 1 ⊗ f :
(R′ ⊗R P1, e

′
1)→ (R′ ⊗R P2, e

′
2).

Remark (2.5). Observe that composition above is equivalent to the composi-
tion

(αE′ ⊗ 1) (1⊗ φ1 ⊗ 1) (1⊗ e) : R′ ⊗R P → E′ ⊗R P

where αE′ : R′ ⊗R E
′ → E′ is the action of R′ on E′.
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As is shown in [6], an isomorphism of lift pairs φ : (R, ξ) → (R′, ξ′) induces
an equivalence of categories Fφ : ξ (R)→ ξ′ (R′) .

Now let (P, νω) be the object of ξ (R) determined by ω ∈ E and the dual
base (λi, xi) of P. Denote by α : R′ ⊗R R → R′ the canonical isomorphism.
Observe (α (1⊗ λi) , 1⊗ xi) is a dual base of R′ ⊗R P. This dual base and
the element φ1 (ω) induce the R′-morphism νφ1(ω), given by νφ1(ω) (t⊗ p) =
∑

i α (t⊗ λi (p))φ1 (ω) (1⊗ xi) =
∑

i tφ1 (λi (p)ω)⊗ (1⊗ xi) .
On the other hand, any morphism of lift pairs φ = (φ0, φ1) : (R, ξ)→ (R′, ξ′)

induces a commutative diagram of R-R-bimodules

0 → M
i
→ E

π
→ R → 0

↓φM ↓φ1 ↓φ0

0 → M ′ i′

→ E′ π′

→ R′ → 0

A straightforward computation shows that, if (P, e) ∈ ξ (R) where e = νω +
(i⊗ 1)u, then Fφ (P, e) = (P ′, e′) , where e′ = νφ1(ω) + (i′ ⊗ 1)u′, u′ is the
composition

R′ ⊗R P
1⊗u
→ R′ ⊗RM ⊗R P

1⊗φM⊗1
−→ R′ ⊗RM

′ ⊗R P
αM′⊗1
−→ M ′ ⊗R P

and αM ′ : R′ ⊗RM
′ →M ′ is the action of R′ on M ′.

Proposition (2.6). [9] The forgetful functor F0 : ξ (R) → R-Proj is faithful
and dense and reflects isomorphisms. Moreover, if f : P → P ′ is an isomorphism
of projective R-modules, and (P, e) is an object in ξ (R), then there is an object
(P ′, e′) in ξ (R) such that f induces an isomorphism (P, e)→ (P ′, e′) .

Now we recall some results about reduction functors between lift categories.

Let (R, ξ) be a lift pair and I an ideal of R, then there is an associated lift
pair

ξI : 0 → M
M∩(EI+IE) → E

EI+IE → R
I
→ 0

Moreover, the morphism of lift pairs

E
π
→ R

π1 ↓ ↓π0

E
EI+IE

π′

→ R
I

induces a functor FI : ξ (R)→ ξI (R/I) .
We recall that an ideal I in a ring R is said to be left T -nilpotent if, given

any sequence (i1, i2, ...) of elements of I , the product i1i2...in is zero for some n.
A ring is left perfect if and only if every left module has a projective cover. A
useful characterization is that R is left perfect if and only if R/ radR is artinian
and radR is left T -nilpotent.

Lemma (2.7). [9] Let I be a left T -nilpotent ideal of R. If M is a simple
R-R-bimodule then IM = MI = 0.

Theorem (2.8). [9] Let (R, ξ) be a lift pair and I an ideal of R. If I is a left
T -nilpotent ideal in R satisfying IM = MI = 0 then the functor FI : ξ (R) →
ξI (R/I) is a representation equivalence (full, dense and reflects isomorphisms)
which preserves coproducts. Moreover FI (P, e) is finite if and only if (P, e) is
finite.
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If (R, ξ) is a lift pair and N is an R-R-sub-bimodule of M, then there is an
associated lift pair

ξN : 0 → M
N
→ E

N
→ R → 0

a morphism of lift pairs

E
π
→ R

π1 ↓ ↓1

E
N

π′

→ R

and an induced functor FN : ξ (R)→ ξN (R).

Theorem (2.9). [9] Let (R, ξ) be a lift pair and N an R-R-sub-bimodule of M.
The functor FN : ξ (R) → ξN (R) is faithful and dense, reflects isomorphisms
and preserve coproducts. FN (P, e) is finite if and only if (P, e) is finite.

Let now (R, ξ) be a lift pair, N an R-R-sub-bimodule of M, and X = (P, e)

a finite object in ξN (R) . We denote RX =
(

EndξN (R) (X)
)op

. P is naturally an
R-RX -bimodule, and we obtain a lift pair through the pullback diagram

ξX : 0 → MX → EX → RX → 0
‖ ↓α ↓β

0 → R (P,N ⊗R P ) → R (P,E ⊗R P ) → R

(

P, E
N
⊗R P

)

→ 0

where each space is considered as an RX -RX -bimodule and β is the bimodule
map sending 1 to e.

In this situation there is a functor τX : ξX (RX)→ ξ (R) , given in objects by
τX (Q, g) = (P ⊗RX

Q, h) , where h is the composition

P ⊗RX
Q

1⊗g
−→ P ⊗RX

EX ⊗RX
Q

↓h ↓1⊗α⊗1

E ⊗R P ⊗RX
Q

v⊗1
←− P ⊗RX

HomR (P,E ⊗R P )⊗RX
Q

and v is the evaluation map. If f : (Q1, g1)→ (Q2, g2) is a morphism in ξX (RX)
then τX (f) = 1⊗ f : P ⊗RX

Q1 → P ⊗RX
Q2 is a morphism in ξ (R).

Theorem (2.10). [9] Let (R, ξ) be a lift pair and N an R-R-sub-bimodule of
M. The functor τX : ξX (RX)→ ξ (R) is fully faithful. It induces an equivalence
from ξX (RX) to the full subcategory of ξ (R) on those objects whose image un-
der FN is isomorphic to a summand of a coproduct of copies of X. Moreover,
τX (Q, g) is finite if and only if (Q, g) is finite. Additionally, if R is left perfect
then RX is left perfect.

Remark (2.11). [9] A lift category ξ (R) is an additive category, with arbitrary
coproducts and split idempotents. If R is semiperfect, i.e., any finitely generated
object has a projective cover, then the subcategory of finite objects constitutes
a Krull-Schmidt category.

3. Exact structures

Definition (3.1). Let ξ (R) be a lift category and F0 : ξ (R) → R-Proj the

forgetful functor. We define the class ε of sequences Y
i
→ Z

d
→ X in ξ (R) such

that the sequence 0 → F0 (Y ) → F0 (Z) → F0 (X) → 0 is exact. An element
(i, d) of ε will be called a conflation.
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Proposition (3.2). [7] ε is an exact structure.

Remark (3.3). An important fact about exact structures is that there is a
commutative diagram of conflations

Y → Z → X
‖ ↓θ ‖
Y → W → X

if and only if θ is an isomorphism, so we have the usual equivalence relation.

Definition (3.4). Let (R, ξ) be a lift pair, X and Y objects in ξ (R) . By

Extξ (X,Y ) will be denoted the equivalence classes of conflations Y
i
→ Z

d
→ X.

Remark (3.5). Another important fact on exact structures is the existence
of pullbacks and pushouts ([11]) thus Extξ (X,Y ) has the usual structure of
Endξ (Y ) − Endξ (X)-bimodule. In fact, more generally, there is a bifunctor
Extξ ( , ?) : ξ (R)

op
× ξ (R)→ Ab.

Proposition (3.6). [7] Let ξ (R) be a lift category and X = (P1, e1) and
Y = (P2, e2) objects in ξ (R).

There is an exact sequence

0→ Homξ (X,Y )
σX,Y

−→ HomR (P1, P2)
δX,Y

−→

HomR (P1,M ⊗R P2)
ηX,Y

−→ Extξ (X,Y ) → 0

where σX,Y is the canonical inclusion, δX,Y (f) = e2f − (1⊗ f) e1 and ηX,Y (h)

is the class of the sequence Y
(1P2 ,0)

t

−→ Z
(0,1P1)
−→ X where Z = (P2 ⊕ P1, e) and

e =

(

e2 (i⊗ 1)h
0 e1

)

.

Moreover, σ, δ and η are natural transformations in the variables X and Y.

4. Exact structures and reduction functors

In this section we study how conflations behave under reduction functors.
Most of the results were proved in [7] but here we present statements slightly
different, stressing the presevation of the bimodule structure. This new state-
ments can be obtained from the original ones.

Remark (4.1). A functor F : C → D between exact categories is said to be
exact if it sends conflations to conflations. By [11] it is known that an exact
functor sends pullbacks to pullbacks and pushouts to pushouts, therefore an
exact functor induces a morphism of bimodules between extensions.

It is immediate that the reduction functors are exact, so we will study the
properties of the induced morphisms.

Lemma (4.2). Let φ : (ξ, R) → (ξ′, R′) be a morphism of lift pairs, Fφ :
ξ (R) → ξ′ (R′) the induced functor, X = (P1, e1) , and Y = (P2, e2) objects in
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ξ (R) , and Fφ (X) = X ′, Fφ (Y ) = Y ′. There is a commutative diagram of exact
sequences

0→ Homξ (X,Y )
σX,Y

−→ HomR (P1, P2)
δX,Y

−→
↓Fφ ↓1⊗

0→ Homξ′ (X ′, Y ′)
σX′,Y ′

−→ HomR′ (R′ ⊗R P1, R
′ ⊗R P2)

δX′,Y ′

−→

HomR (P1,M ⊗R P2)
ηX,Y

−→ Extξ (X,Y ) → 0
↓θ ↓ψφ

HomR′ (R′ ⊗R P1,M
′ ⊗R P2)

ηX′,Y ′

−→ Extξ′ (X ′, Y ′) → 0

where θ (u) is the composition of Remark (2.5) and ψφ is the morphism of
Endξ(R) (Y )− Endξ(R) (X)-bimodules between extensions induced by Fφ.

Proof. It is easy to see the commutativity of the diagram. By Remark (2.5)

the functor Fφ sends a sequence of the form Y
(1P2 ,0)

t

−→ Z
(0,1P1)
−→ X where Z =

(P2 ⊕ P1, e) and e =

(

e2 (i⊗ 1)h
0 e1

)

, in the sequence

Y ′
(1R′⊗RP2

,0)t

−→ Z ′
(0,1R′⊗P1

)
−→ X ′ where Z = (R′ ⊗R P2 ⊕R

′ ⊗R P1, e
′) and

e′ =

(

e′2 (i′ ⊗ 1) θ (h)
0 e′1

)

. It follows that ψφ makes the diagram commutative

and by Proposition (3.6) it is a morphism of bimodules.

In order to simplify notation, in the next lemma we denote MJ = M
JM
∼= R

J
⊗R

M, by νP : P → P J the canonical epimorphism, and byGJ : R−Mod→ R
J
−Mod

the functor given in objects by GJ (M) = MJ , and in morphisms by sending the
R-morphism f : M → N in the induced R

J
-morphism f ′ : MJ → NJ .

The next lemma improves Theorem (4.1) of [7].

Lemma (4.3). Let (R, ξ) be a lift pair, J the radical of R, mJ = M ∩
(JE +EJ) , πJ : M → MJ = M/mJ the canonical epimorphism. Then, for
any X = (P1, e1) and Y = (P2, e2) in ξ (R) , there is a commutative diagram,
(FJ (X) = X ′, FJ (Y ) = Y ′),

0→ ξ(R) (X,Y )
σX,Y

−→ R (P1, P2)
δX,Y

−→
↓FJ ↓GJ

0→ ξJ (R) (X ′, Y ′)
σX′,Y ′

−→ R
J

(

P J1 , P
J
2

) δX′,Y ′

−→

R (P1,M ⊗R P2)
ηX,Y

−→ Extξ (X,Y ) → 0
↓GJ(πJ⊗1)∗ ↓ψJ

R
J

(

P J1 ,MJ ⊗R
J
P J2

)

ηX′,Y ′

−→ ExtξJ
(X ′, Y ′) → 0

where ψJ is the epimorphism of Endξ(R) (Y ) − Endξ(R) (X)-bimodules induced
by FJ .

If MJ = 0 = JM then ψJ is an isomorphism.

Proof. We recall that, if S → T is an epimorphism of rings, then the canon-
ical functor H : T − Mod → S − Mod is a full embedding. So we have

that HomR
J

(

P J1 ,MJ ⊗R
J
P J2

)

= HomR

(

P J1 ,MJ ⊗R
J
P J2

)

. Moreover, because
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P1 is projective, for any g in HomR

(

P J1 ,MJ ⊗R
J
P J2

)

there is an R-morphism

f : P1 →M ⊗R P2 such that the following diagram commutes:

P1
f
→ M ⊗R P2

↓νP1 ↓πJ⊗1

P J1
g
→ MJ ⊗R P2

∼= MJ ⊗R
J
P J2

Thus GJ (πJ ⊗ 1)
∗

is an epimorphism. In a similar way we prove that the
second vertical morphism is an epimorphism.

The commutativity of the diagram and the existence of ψJ follows by Lemma
(4.2).

It is easy to see that the kernel of ψJ is the image under ηX,Y of the kernel
of GJ (πJ ⊗ 1)

∗
.

Now let us assume that MJ = 0 = JM. We fix ω ∈ E in the preimage of 1R.
Then M ∩ (JE +EJ) = ∆(J) = mJ ⊂ M, where ∆ : R → M is the derivation
of Remark (2.1), given by rω = ωr + i∆(r). Observe that ∆ : J → mJ is a
surjective R-R-morphism.

If g0 : P1 → M ⊗R P2 is a morphism in the kernel of GJ (πJ ⊗ 1)
∗
, then

it factors through a morphism g : P1 → mJ ⊗R P2. Also there is a morphism
f0 : P1 → J ⊗R P2 such that (∆⊗ 1) f0 = g. We define f : P1 → P2 as the

composition P1
f0
→ J ⊗R P2

∼= JP2 ↪→ P2.
Now we fix dual bases (λl, xl) and (µj , yj) for P1 and P2 respectively. By

formula (2.2),

(e2f − (1⊗ f) e1) (p) =
∑

l,j λl (p) i∆ (µjf (xl))⊗ yj + (u2f − (i⊗ f)u1) (p)

=
∑

l,j i∆ (λl (p)µjf (xl))⊗ yj
= (i⊗ 1)

∑

j ∆ (µjf (p))⊗ yj
= (i⊗ 1) (∆⊗ 1) f0 (p) = (i⊗ 1) g (p) .

We have u2f = 0 = (i⊗ f)u1 because MJ = 0 = JM. It follows that
g ∈ Im δX,Y , so ψJ is injective.

Lemma (4.4). [7] Let (R, ξ) be a lift pair, N an R-R-sub-bimodule of M
and πN : M → M

N
the canonical epimorphism, and FN : ξ (R) → ξN (R) the

associated reduction functor. For any X = (P1, e1) and Y = (P2, e2) in ξ (R) ,
FN (X) = X ′ and FN (Y ) = Y ′, we have a commutative diagram,

0→ ξ(R) (X,Y )
σX,Y

−→ R (P1, P2)
δX,Y

−→ R (P1,M ⊗R P2)
↓FN ‖ ↓(πN⊗1)∗

0→ ξN (R) (X ′, Y ′)
σX′,Y ′

−→ R (P1, P2)
δX′,Y ′

−→ R

(

P1,
M
N
⊗R P2

)

ηX,Y

−→ Extξ(R) (X,Y ) → 0
↓ψN

ηX′,Y ′

−→ ExtξN (R) (X ′, Y ′) → 0

where ψN is the epimorphism of Endξ(R) (Y ) − Endξ(R) (X)-bimodules induced
by FN .

For the next lemma let C be an RX -module, A an RX -module, B an R-RX -
bimodule and P an R-RX-bimodule R-projective and finitely generated. The
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evaluation v : P ⊗RX
HomR (P,B)→ B induces a natural isomorphism

RX
(C,R (P,B) ⊗RX

A) ∼= R (P ⊗RX
C,B ⊗RX

A)

Now let Q1, Q2 be RX -projective modules and N an R-R-bimodule. The
previous isomorphism induces the morphisms

φ1 :RX
(Q1, Q2) ∼=RX

(Q1, 1p ⊗RX
Q2)→R (P ⊗RX

Q1, P ⊗RX
Q2) and

φ2 :RX
(Q1,R (P,N ⊗R P )⊗RX

Q2)
∼=
→R (P ⊗RX

Q1, N ⊗R P ⊗RX
Q2) .

Lemma (4.5). [7] Let (R, ξ) be a lift pair, N an R-R-sub-bimodule of M,
iN : N → M the inclusion and X = (P, eN ) a finite object in ξN (R) . Let
τX : ξX (RX )→ ξ (R) be the fully faithful functor of Theorem (2.9). Then there
is a canonical induced functor τX : ξX (RX)→ ξ (R) . For any Z = (Q1, v1) and
Y = (Q2, v2) in ξX (RX) , τX (Z) = Z ′ and τX (Y ) = Y ′, we have a commutative
diagram,

0→ ξX (RX) (Z, Y )
σZ,Y

−→ RX
(Q1, Q2)

δZ,Y

−→
↓τX ↓φ1

0→ ξ(R) (Z ′, Y ′)
σZ′,Y ′

−→ R (P ⊗RX
Q1, P ⊗RX

Q2)
δZ′,Y ′

−→

δZ,Y

−→ RX
(Q1,MX ⊗RX

Q2)
ηZ,Y

−→ ExtξX (RX ) (Z, Y ) → 0
↓(iN⊗1)∗φ2 ↓ψX

δZ′,Y ′

−→ R (P ⊗RX
Q1,M ⊗R P ⊗RX

Q2)
ηZ′,Y ′

−→ Extξ(R) (Z ′, Y ′) → 0

where ψX is the monomorphism of EndξX (RX) (Y ) − EndξX (RX ) (Z)-bimodules
induced by τX .

Theorem (4.6). [7] For any pair of objects Z, Y ∈ ξX (RX) there is a short
exact sequence of EndξX(RX ) (Y )− EndξX (RX) (Z)-bimodules (τX (?) =?′)

ExtξX (RX ) (Z, Y )
ψX
→ Extξ(R) (Z ′, Y ′)

ψN
→ ExtξN (RN ) (FN (Z ′) , FN (Y ′)) .

5. Tensor product and exact structures

In this section R is a k-algebra, where k is a field.

Lemma (5.1). Let R and S be k-algebras, M an R-module and P a finitely
generated projective R-module. There is an isomorphism of S − S-bimodules

ϕP,M : HomR (P,M)⊗k S → HomR⊗kS (P ⊗k S,M ⊗k S)

natural in P and M.
Let Q be a finitely generated projective R-module, f ⊗ s1 ∈ HomR (P,Q)⊗k S

and g ⊗ s2 ∈ HomR (Q,M)⊗k S, then

(ϕQ,M (g ⊗ s2)) (ϕP,Q (f ⊗ s1)) = ϕP,M (gf ⊗ s1s2)

Now let α : S → T be a morphism of k-algebras and consider the canonical
isomorphism of R⊗k T -bimodules (R⊗k T )⊗R⊗kS (P ⊗k S) ∼= P ⊗k T, and the
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functor (R⊗k T )⊗(R⊗kS) (?) : R ⊗k S −Mod → R ⊗k T −Mod, then we have
the commutative diagram

HomR (P,M)⊗k S
1⊗α
−→ HomR (P,M)⊗k T

↓ϕ
S
P,M ↓ϕ

T
P,M

HomR⊗kS (P ⊗k S,M ⊗k S)
(R⊗kT )⊗(R⊗kS)(?)

−→ HomR⊗kT (P ⊗k T,M ⊗k T )

Proof. Let ρ : S → HomS (S, S)
op

be the canonical isomorphism. Let ϕ be
the composition of the isomorphisms of S − S-bimodules natural in P and M

HomR (P,M)⊗k S → HomR (P,M ⊗k S)→ HomR⊗kS (P ⊗k S,M ⊗k S) .

This composition sends the element f ⊗ y to f ⊗ ρy.
The rest of the claim is immediate.

Remark (5.2). A lift pair (ξ, R) and a k-algebra S determine a new lift pair
(

ξS , R⊗k S
)

given by

ξS : 0→ M ⊗k S
i⊗1
−→ E ⊗k S

π⊗1
−→ R⊗k S → 0

where ? ⊗k S is an R ⊗k S-bimodule with action (r1 ⊗ s1) (x⊗ s) (r2 ⊗ s2) =
r1xr2 ⊗ s1ss2.

We are mainly interested in the full subcategory (ξ (R))
S

of the objects
(P ⊗k S, e) , where P is a finitely generated projective R-module. By the iso-
morphism of R ⊗k S-bimodules (E ⊗k S) ⊗R⊗kS (P ⊗k S) ∼= E ⊗R P ⊗k S, we
are going to consider that e : P ⊗k S → E ⊗R P ⊗k S. Then, by Lemma (5.1),
the exactness of ⊗k S and an argument similar to Remark (2.1)

e = νω ⊗ 1 +
∑

j

(i⊗ 1⊗ 1)
(

fj ⊗ ρsj

)

for ω ∈ E such that π (ω) = 1, and fi ∈ HomR (P,M ⊗R P ) .
If α : S → T is a morphism of k-algebras, then 1 ⊗ α induces a morphism

of lift categories (1E ⊗ α, 1R ⊗ α) : ξS (R ⊗k S) → ξT (R ⊗k T ) and a functor
Fα : ξS (R⊗k S) → ξT (R⊗k T ) , which in morphisms and underlying modules

is the functor (R⊗k T )⊗(R⊗kS) (?). We are going to denote by Gα : (ξ (R))
S
→

(ξ (R))
T

the restriction of Fα to (ξ (R))
S
.

In the particular case of the canonical morphism α : k → S we denote by F S

the composition of functors ξ (R) ∼= (ξ (R))
k Gα→ (ξ (R))

S
. Let us observe that

FS ((P, e)) = (P ⊗k S, e⊗ 1) and F S (f) = f ⊗ 1.

Proposition (5.3). Let ξ (R) be a lift category and α : S → T a morphism
of k-algebras.

1. Let X = (P1 ⊗k S, e1) and Y = (P2 ⊗k S, e2) be objects in (ξ (R))
S
. There

is a morphism of End
(

FS (Y )
)

−End
(

FS (X)
)

-bimodules Gα : ExtξS (X,Y )→
ExtξT (Gα (X) , Gα (Y )) . If α is surjective then Gα is surjective.

2. Let X,Y be objects in ξ (R) , and S a k-algebra. There are canonical
isomorphisms of End

(

FS (Y )
)

− End
(

FS (X)
)

-bimodules

Hom(ξ(R))S

(

FS (X) , FS (Y )
)

∼= Homξ (X,Y )⊗k S
op

Ext(ξ(R))S

(

FS (X) , FS (Y )
)

∼= Extξ (X,Y )⊗k S
op.
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Proof. For Remark (5.2) there is a commutative diagram (Gα (X) = X ′,
Gα (Y ) = Y ′)

R⊗kS (P1 ⊗k S, P2 ⊗k S)
δX,Y

−→ R⊗kS (P1 ⊗k S,M ⊗R P2 ⊗k S)
↓ ⊗ST ↓ ⊗ST

R⊗kT (P1 ⊗k T, P2 ⊗k T )
δX′,Y ′

−→ R⊗kT (P1 ⊗k T,M ⊗R P2 ⊗k T )

From this diagram it follows the first claim.
The second claim is true by the exactness of the functor ⊗k S

op and the
commutative diagram

R⊗kS (P1 ⊗k S, P2 ⊗k S)
δ

F S(X),F S(Y )
−→ R⊗kS (P1 ⊗k S,M ⊗R P2 ⊗k S)

↓
∼= ↓

∼=

HomR (P1, P2)⊗k S
op δX,Y ⊗1

−→ HomR (P1,M ⊗R P2)⊗k S
op

The goal of this section is to show that for a lift pair (R, ξ) and a k-algebra S,

we can consider the behavior of the lift category (ξ (R))S as componentwise-like.
The next proposition reinforces this idea; if we have a functor of lift categories

F : ξ1 (R1) → ξ2 (R2) , then by F ⊗ 1 : (ξ1 (R1))
S
→ (ξ2 (R2))

S
we mean

the functor given by (F ⊗ 1) (P ⊗k S, e) = (P ′ ⊗k S, e
′) where e = νω ⊗ 1 +

∑

j (i⊗ 1⊗ 1)
(

fj ⊗ ρsj

)

and e′ = F (νω) ⊗ 1 +
∑

j F ((i⊗ 1) fj) ⊗ ρsj
, and on

morphisms by (F ⊗ 1) (
∑

l gl ⊗ ρsl
) = (

∑

l F (gl)⊗ ρsl
) .

Proposition (5.4). Let φ : (R1, ξ1) → (R2, ξ2) be a morphism of lift pairs,
and α : S → T a morphism of k-algebras. Let Fφ : ξ1 (R1) → ξ2 (R2) , F

i
1⊗α :

ξSi (Ri ⊗k S) → ξTi (Ri ⊗k T ) and Giα : (ξi (Ri))
S
→ (ξi (Ri))

T
be the induced

functors.
1. There is a commutative diagram of functors

(ξ1 (R1))
S (Fφ)⊗1

−→ (ξ2 (R2))
S

↓G
1
α ↓G

2
α

(ξ1 (R1))
T (Fφ)⊗1

−→ (ξ2 (R2))
T

In particular, if N is a sub-bimodule of M and J is the radical of R, we have
(FN ⊗ 1)Gα = G′

α (FN ⊗ 1) and (FJ ⊗ 1)Gα = G′
α (FJ ⊗ 1) .

2. Let N be a sub-bimodule of M and X = (P, e) a finite object in ξN (R) .
There is a commutative diagram of functors

(ξX (RX))
S (τX)⊗1

−→ (ξ (R))
S

↓G
X
α ↓Gα

(ξX (RX))
T (τX)⊗1

−→ (ξ (R))
T

Proof. It is not hard to prove the commutativity of the diagram

ξS1 (R1 ⊗k S)
F(φ⊗1)
−→ ξS2 (R2 ⊗k S)

↑ ↑

(ξ1 (R1))
S (Fφ)⊗1

−→ (ξ2 (R2))
S
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where the vertical arrows are the canonical embeddings. This and the evident
identity Fφ⊗1F

1
1⊗α = F 2

1⊗αFφ⊗1 provide the proof for the first statement.
The last claim can be proved through easy computations.

Remark (5.5). Only for this remark we denote, for a left R-module L, ∗L =
HomR (L,R) , and for a right R-module M, M∗ = HomR (M,R) .

Now suppose ER is projective finitely generated; then there are natural iso-
morphisms

R (P,E ⊗R P )→R (P,∗ (E∗)⊗R P )→R (P,R (E∗, P ))→R (E∗ ⊗R P, P ) .
Let ψ : R (P,E ⊗R P )→R (E∗ ⊗R P, P ) be the composition above, (µi, xi) a

right dual base of ER and φ : R⊗R P → P the canonical isomorphism. Then for
f ∈R (P,E ⊗R P ) and µ⊗ p ∈ E∗⊗R P, we have ψ (f) (µ⊗ p) = φ (µ⊗ 1) f (p) ,
and for g ∈R (E∗ ⊗R P, P ) and p ∈ P we have ψ−1 (g) (p) =

∑

i xi ⊗ g (µi ⊗ p) .
Observe that (µi ⊗ IdS , xi ⊗ 1) is a right dual base for (E ⊗k S)R⊗kS

, and
that there is a natural isomorphism
ψ0 : R⊗kS (P ⊗k S, (E ⊗k S)⊗R⊗kS (P ⊗k S))→

R⊗kS

(

(E ⊗k S)
∗
⊗R⊗kS (P ⊗k S) , (P ⊗k S)

)

.
By Lemma (5.1), f ∈R⊗kS (P ⊗k S, (E ⊗k S)⊗R⊗kS (P ⊗k S)) corresponds

to
∑

fj ⊗ ρsj
where fj ∈R (P,E ⊗R P ) and ρsj

∈S (S, S) is right multiplication

by sj . In a similar way we have for θ ∈ (E ⊗k S)
∗

that it can be written as
∑

t (µt ⊗ λst
) , where µt ∈ E

∗ and λst
∈ (S, S)S is left multiplication by st. An

easy computation shows

ψ0 (f) (θ ⊗ p⊗ s) =
∑

j,t

φ ((µt ⊗ 1) fj (p))⊗ stssj .

Then e determines an object (P ⊗k S, e) of the lift pair
(

ξS , R⊗k S
)

if and
only if ψ0 (e) (π ⊗ 1⊗ p⊗ s) = p⊗ s.

Let be Aξ = TR (E∗) / (π − 1) , a notation similar to the one used in [6]. In
[9] it is proved that there is an equivalence of categories ψ : ξ (R) → PRAξ ,
where PRAξ is the full subcategory of left Aξ- modules which are projectives as
R-modules. The argument above proves, in a similar way, that there is an equiv-

alence of categories ψS : (ξ (R))
S ∼=
→ PRAξS where PRAξS is the full subcategory

of the modules of the k-algebra AξS = TR⊗kS

(

(E ⊗k S)
∗
)

/ (π ⊗ 1− 1⊗ 1) of
the form P ⊗k S.

Moreover, there is a canonical isomorphism of R ⊗k S-algebras
γ0 : TR⊗kS

(

(E ⊗k S)
∗
)

→ TR (E∗)⊗kS given by γ0 (µ1 ⊗ λs1 ⊗ ...⊗ µn ⊗ λsn
) =

(µ1 ⊗ ...⊗ µn)⊗ s1...sn, which induces an isomorphism

γ : AξS → (TR (E∗)⊗k S) / (π ⊗ 1− 1⊗ 1) ∼= Aξ ⊗k S .

Let ψf denotes the action of the algebra AξS on P ⊗k S induced by ψ0 (f) .
The formulas above prove, for µ ∈ E∗ and f ∼=

∑

fj ⊗ ρsj
that

ψf
(

γ−1 (µ⊗ s0)⊗ p⊗ s
)

=
∑

j

φ ((µ⊗ 1) fj (p))⊗ s0ssj .

Let α : S → T be a morphism of k-algebras, and Hα : PRAξS → PRAξT the
functor induced by 1⊗α : Aξ ⊗k S → Aξ ⊗k T. The last formula proves the next
claim.



LIFT CATEGORIES AND OBJECTS 13

Proposition (5.6). Let (R, ξ) be a lift pair with ER projective finitely gener-
ated, and α : S → T a morphism of k-algebras. The following diagram commutes,

(ξ (R))
S ψS
→ PRAξS

↓Gα ↓Hα

(ξ (R))
T ψT
→ PRAξT

where Hα is equivalent to the functor
(

AξT ⊗k T
)

⊗(AξS⊗kS)?.

Remark (5.7). The equivalences ξ (R) ∼= PRAξ and (ξ (R))
S ψS
→ PRAξS send

conflations to short exact sequences; moreover, they induce isomorphisms of
bimodules between extensions.

6. Parametrizations of objects with selfextensions of dimension one,

when k is algebraically closed

Definition (6.1). Let X = (P, e) be a finite object of ξ (R) . The norm of X is
defined as

‖X‖ = dimk HomR (P,M ⊗R P ) .

Lemma (6.2). [6] Let X1, ..., Xn be nonisomorphic indecomposable finite ob-
jects of ξN (R) . Denote X = ⊕iXi, and by hi the primitive idempotent deter-
mined by Xi in RX = EndξN (R) (X)

op
. Consider the lift pair (ξX , RX) and an

object Z = (Q, v) in ξX (RX ) . Then Q ∼= ⊕miRXhi if and only if FNτX (Z) ∼=
⊕miXi.

Remark (6.3). In [7] it is proved, for the reduction functors FN : ξ (R) →
ξN (R) and τX : ξX (RX) → ξ (R) , that if Y = (Q, g) and Z = (P, e) are
finite objects of ξX (RX) and ξ (R) respectively, then ‖Z‖ ≥ ‖FN (Z) ‖ and
‖τX (Y ) ‖ ≥ ‖Y ‖. If any indecomposable projective R-module is isomorphic to
a direct summand of P we will say that P is a-sincere. If P is a-sincere and
M ⊗R P 6= 0, the first inequality is strict. Also, the second inequality is strict if
P is a-sincere and M/N 6= 0.

As is shown in [6] it is possible to reduce the discussion on some categorical
property of ξ (R) to the case of a basic ring. Consider M = N and the induced
exact sequence

ξN : 0 −→ 0 −→ E
M

πN−→ R −→ 0

Then the forgetful functor F0 : ξN (R) → R-Proj is an equivalence of cate-
gories. Take the finite objects X1, ..., Xn of ξN (R) corresponding to the non-
isomorphic indecomposable projectives P1, ..., Pn in modR. If we make X =
X1 ⊕ ...⊕Xn, we obtain a basic algebra RX = EndξN

(X)op , the corresponding

lift pair (RX , ξX ) , and an equivalence of categories ξX (RX)
τX→ ξ (R) . Moreover,

if we are interested in a subcategory of finite objects with P fixed up to isomor-
phism, then we can select X = ⊕i

(

Pi, ν
i
1

)

where the Pi are the non-isomorphic
indecomposable projectives in modR which are a direct summand of P. Then,
by Lemma (6.2), the corresponding subcategory of ξX (RX), up to isomorphism
has a fixed, a-sincere Q.
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Lemma (6.4). Let ξ : M → E → R be a lift pair with R a basic finite
dimensional k-algebra, k algebraically closed, M a simple R-R-bimodule and
ψ : ξJ (R/J) → AξJ

as in Remark (5.5). Then AξJ
is isomorphic to one of the

following types of algebras:
1. k × ...× k × k,

2. k × ...× k ×

(

k k
0 k

)

,

3. k × ...× k × k [x].
In the last two cases, the R-morphism f : P → P ′ is a morphism in ξ (R)

from the object X = (P, e) to the object Y = (P ′, e′) , if and only if the induced
R/J-morphism fJ : P/JP → P ′/JP ′ is a morphism from ψFJ (X) to ψFJ (Y ) .

Proof. By Lemma (2.7), JM = MJ = 0 and then M is a simple R/J-R/J-
bimodule. We have R/J ∼= k × ...× k, so dimkM = 1.

If M ∩ (JE +EJ) = M , the functor FJ annihilates M , and the first case
follows.

If M ∩ (JE +EJ) = 0, then the last two cases follow by Lemma 8.5 of [6],
and formula (2.2) shows that e′f − (1⊗ f) e = FJ (e′) fJ −

(

1⊗ fJ
)

FJ (e′) .

Definition (6.5). Let F be a family of objects in ξ(R) closed under isomor-

phisms. Let W = (P ⊗k k[x], e) ∈ (ξ (R))
k[x]

and Gα(λ) : (ξ (R))
k[x]
→ ξ(R)k =

ξ(R) the functor induced by the evaluation α (λ) : k[x] → k for any λ ∈ k. We
will say that F is parametrized by W if

1. For almost all λ ∈ k, Gα(λ)(W ) ∈ F,
2. For almost all isomorphism class [X ] ∈ F there exists λ ∈ k such that

Gα(λ)(W ) ∼= X .

In this case we will say that F is one-parametrized.
For algebras we will use a similar concept.

Lemma (6.6). Let ξ (R) be a lift category with R a finite dimensional k-algebra
and k an arbitrary field. Let F be a family of objects parametrized by W =
(P ⊗k k[x], e) . Then the k-dimension of the selfextensions of Gα(λ)(W ) is a fixed

n for almost all λ ∈ k, and, in general, dimk

(

Gα(µ)(W )
)

≤ n for µ ∈ k.

Proof. Let Wλ = Gα(λ)(W ). By Remark (5.2) we can consider e = νω ⊗ 1 +
∑

j (i⊗ 1⊗ 1)
(

fj ⊗ ρsj

)

. Then we have a commutative diagram

R (P, P )⊗k k[x]
δW,W

−→ R (P,M ⊗R P )⊗k k[x]

↓1⊗
k[x]

〈x−λ〉 ↓1⊗
k[x]

〈x−λ〉

R (P, P )
δWλ,Wλ−→ R (P,M ⊗R P )

δW,W is a morphism between free finitely generated k[x]-modules, so its image
has a base, and the rank of this is, for almost all λ ∈ k, the same as the dimension
of the image of δWλ,Wλ

.

Proposition (6.7). Let ξ (R) be a lift category with R a finite dimensional
k-algebra and k algebraically closed. Let F be a family of objects parametrized by
W = (P ⊗k k[x], e) . Then the set of isoclasses of indecomposable objects in F is
finite or cofinite.
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Proof. ξ (R) is equivalent to the category of objects (P,∇) where P is an R-
projective module y ∇ : P →M ⊗R P is a k-linear function such that ∇ (rp) =
∆ (r)⊗ p+ r∇ (p) for all r ∈ R, p ∈ P and the morphisms f : (P,∇)→ (P ′,∇′)
are R-morphisms f : P → P ′ such that (1⊗ f)∇ = ∇′f [9].
P and M ⊗R P are k-spaces of finite dimension, so we can associate matrices

to the action of the morphisms and the multiplication by R. Then it is easy
to see that the set of matrices corresponding to the pairs (∇, f) where f is
invertible is constructible in the Zariski topology. The subset of pairs such that
(1⊗ f)∇f−1 is a block matrix is constructible, so the image under the projection
(∇, f)→ ∇ is a constructible set. The complement of this image corresponds to
the indecomposable objects.

Definition (6.8). Let ξ (R) be a lift category. By Hξ (P, n) we will denote the
full subcategory of indecomposable objects Z = (P, eZ) , where P is fixed up to
isomorphism and dimk Extξ (Z,Z) = n. The number ‖Hξ (P, n) ‖ = ‖Z‖, for any
Z ∈ Hξ (P, n) , will be called the norm of this subcategory.

Definition (6.9). Let H1 and H2 be families in the categories C1and C2 re-
spectively, and let F : C1 → C2 be a functor. We will say that H1 covers H2 via
F if:

1. For any X ∈ C1 there exists Y ∈ C2 such that F (X) ∼= Y
2. For almost all isomorphism class [Y ] ∈ H2 there exists X ∈ C1 such that

F (X) ∼= Y .

Theorem (6.10). Let ξ (R) be a lift category with R a finite dimensional
k-algebra and k algebraically closed.

1. Let X = (P1, e1) and Y = (P2, e2) be finite objects in ξ (R) such that
Extξ(R) (X,X) = 0 and Extξ(R) (Y, Y ) = 0. Then X ∼= Y if and only if P1

∼= P2.
2. Hξ (P, 1) has a finite number of isoclasess or is one-parametrized.

Proof. The first claim is a particular case of Theorem 5.1 of [7].
Suppose Hξ (P, 1) has infinite isoclasses. By Theorem (4.6), Lemma (6.2) and

Remark (6.3) we can obtain a functor τX : ξX (RX )→ ξ (R) with RX basic and
such that HξX

(Q, 1) is sent to Hξ (P, 1) , where Q is fixed and a-sincere, so in
the rest of the proof we will assume R basic and P a-sincere.

The proof will be done by induction on the norm of Hξ (P, 1) so assume the
claim proved for any Hξ′ (P ′, 1) with norm less than n = ‖Hξ (P, 1) ‖.

Let N be a maximal R-R-sub-bimodule of M, FN : ξ (R) → ξN (R) and
FJ : ξN (R) → ξNJ (R/J) the associated functors and ψ : ξNJ (R/J) → Aξ the
equivalence of categories of Remark (5.5).

First assume Aξ is of finite representation type. Then we choose X = ⊕siXi

where (X1, ..., Xs) is a complete and irreducible system of isoclasses of indecom-
posable objects in ξN (R) .

Let

Fi = {Z ∈ Hξ(P, 1)| dimk ExtξN (R)(FN (Z), FN (Z)) = i} ,

so Hξ(P, 1) = F0 ∪ F1.
For Z ∈ F1 we have FN (Z) ∼= ⊕ni m

′
iXi where the numbersm′

i are independent
of Z, only depending on P. By Lemma (6.2) and Theorem (4.6), the subcategory
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HξX(RX ) (⊕ni m
′
iRXhi, 0) covers F1 via τX : ξX (RX)→ ξ (R) ; it follows from the

first part of the statement that F1 has one isoclass.
If Z ∈ F0 we have FN (Z) ∼= ⊕nimiXi and as before the numbers mi only

depend of P. We have that the subcategory HξX(RX ) (⊕ni miRXhi, 1) covers F0

via τX : ξX (RX)→ ξ (R) ; the first subcategory is parametrized by the hypoth-
esis of induction, and by Proposition (5.4) F0 is parametrized, so Hξ (P, 1) is
parametrized.

Now suppose that Aξ is of infinite representation type. By the a-sincereness
of P and Lemma (6.4) it follows, for any Z ∈ Hξ (P, 1) , that
dimk

(

ExtξN (R) (FN (Z) , FN (Z))
)

= 1 and the vector dimension of ψFJFN (Z)
has fixed dimension (m1,m2, ...,ms−1, 1) where the last number corresponds to
a simple k[x]-module. We denote Xλ =

(

⊕s−1
i Xi

)

⊕ Xλ where (X1, ..., Xs−1)
is a complete and irreducible system of isoclasses of indecomposable objects in
ξN (R) with trivial selfextensions, and Xλ corresponds to the simple k[x]-module
in Aξ where the action of x is multiplication by λ ∈ k.

Let g : P → M ⊗R P be such that FN (P, νω + λg) ∈ addXλ, and u : P →
N⊗RP such that for some µ the object (P, νω + µg + u) is in Hξ(P, 1). It follows
by Lemma (6.6) and Theorem (4.6) that the dimension of the selfextensions
Wλ = (P, νω + λg + u) is one for almost all λ.

For the first part of the statement we have that in ξXλ (RXλ) there is at most
one isoclass of an object with underlying projective isomorphic to ⊕simiRXλhi
and with trivial group of selfextensions; then for any λ there is at most one
isoclass, let us call it Zλ, in Hξ (P, 1) such that FN (Zλ) ∈ addXλ. Moreover,
Wλ
∼= Zλ for infinite λ, so by Proposition (6.7) for almost all λ we have Wλ ∈

Hξ (P, 1) , so this subcategory it is parametrized by
(P ⊗k k[x], νω ⊗ 1 + g ⊗ x+ u⊗ 1) .

7. Lift categories and finite dimensional algebras

Now we apply the previous result to the category of f.g. modules on a finite
dimensional algebra.

Definition (7.1). Let Λ be an Artin algebra. P 1 (Λ) is the category with
objects the morphisms f : P1 → P0 with Im f ⊂ radP0. A morphism from
the object f : P1 → P0 to the object g : Q1 → Q0 is a pair of R-morphisms
ui : Pi → Qi such that u0f = gu1. P

2 (Λ) is the full subcategory of P 1 (Λ) with
objects f : P1 → P0 such that Ker f ⊂ radP1.

Definition (7.2). Let Λ be an Artin algebra. The associated lift pair
(

RΛ, ξΛ
)

,

where RΛ is the matrix algebra

(

Λ 0
0 Λ

)

and J = radΛ, is the exact short

sequence of RΛ-RΛ-bimodules

ξΛ : 0→

(

0 J
0 0

)

→

(

Λ J
0 Λ

)

→

(

Λ 0
0 Λ

)

→ 0 .

In 1.7 of [9] an equivalence G : ξΛ
(

RΛ
)

→ P 1 (Λ) is given as follows: let

Y = ((P1, P0) , e) be an object in ξΛ
(

RΛ
)

. The isomorphism
(

Λ J
0 Λ

)

⊗RΛ

(

P1

P0

)

∼=

(

P1 ⊕ JP0

P0

)
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shows that e is determined by 1(P1,P0) and a Λ-morphism f : P1 → JP0, so
G (Y ) = if, where i : JP0 → P0 is the inclusion, and G is the identity in
morphisms.

Also there is a bijection between the conflations in ξΛ
(

RΛ
)

and the pairs

((u0, u1) , (v0, v1)) of composables morphisms in P 1 (Λ) , such that P1
u0→ P ′

1
v0→

P ′′
1 and P0

u1→ P ′
0
v1→ P ′′

0 are short exact sequences, then we define the conflations
in P 1 (Λ) as those kind of composable pairs, so we have an exact structure by
section 3.

Corollary (7.3). [3] Let fL : QL → PL and fN : QN → PN be objects of
P 1 (Λ) . There is an exact sequence

0→ HomP 1(Λ) (fN , fL)
σN,L

−→ HomΛ (QN , QL)⊕HomΛ (PN , PL)
δN,L

−→

HomΛ (QN , JPL)
ηN,L

−→ ExtP 1(Λ) (fN , fL) → 0

where σN,L is the canonical inclusion, δN,L (u, v) = vfN − fLu and ηN,L (g) is

the object

(

fL g
0 fN

)

: QL ⊕QN → PL ⊕ PN .

Proof. This is a consequence of Proposition (3.6) using the equivalence G.

Proposition (7.4). [5] Let L,N be Λ-modules and QL
fL
→ PL

πL→ L and

QN
fN
→ PN

πN→ N the corresponding minimal projective presentations. Then

dimk ExtP 1(Λ) (fN , fL) = dimk HomΛ (L,DTrN) /S (L,DTrN) .

where S (L,DTrN) is the subspace of morphisms factorizing through semisimple
Λ-modules.

Definition (7.5). Let f : Q → P be an element of P 1 (Λ). Then we say

that dim (f) =
(

n1, ..., nj , n
′
1, ..., n

′
j

)

, when Q ∼= ⊕
j
i=1niPi, P

∼= ⊕
j
i=1n

′
iPi and

(P1, ..., Pj) is a complete and irreducible system of representatives of the iso-
classes of indecomposables projectives Λ-modules.

We will denote by F
((

n1, ..., nj , n
′
1, ..., n

′
j

)

,m
)

the family of indecomposables

Λ-modules M such that dim (fM ) =
(

n1, ..., nj , n
′
1, ..., n

′
j

)

and

dimk HomΛ (M,DTrM) /S (M,DTrM) = m.

Corollary (7.6). Let Λ be a finite dimensional k-algebra, with k algebraically
closed. F

((

n1, ..., nj , n
′
1, ..., n

′
j

)

, 1
)

has a finite number of isoclasses or is one-
parametrized.

Proof. By Theorem (6.10) H
((

n1, ..., nj , n
′
1, ..., n

′
j

)

, 1
)

has a finite number of

isoclasses or is one-parametrized. Then, by Lemma 6.1 of [6] the claim follows.

Example (7.7). Let Λ be the wild k-algebra (k algebraically closed)

◦1
α

⇒
β

◦2
γ
→ ◦3 .
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We will denote Pi = Λei. In this example we are interested in the morphisms
P3 → JP1, corresponding to indecomposable objects in P1 (Λ) , such that the
dimension of the selfextensions is one. By Definition (7.2) we are just looking
for the indecomposable objects

(

P3

P1

)

→

(

Λ J
0 Λ

)

⊗

(

P3

P1

)

in the associated lift category ξ (R (Λ)) with space of selfextensions of dimension
one.

We can save steps taking N =

(

0 〈γα, γβ〉
0 0

)

.

The composition of the functors ψFJFN : ξ (R (Λ))→ Aξ(R(Λ)) sends any ob-
jects with fixed projective (P3, P1) in some module with dimension (0, 0, 1, 1, 0, 0)
on the k-algebra

◦11 ◦12 ◦13
� ↓
◦21 ◦22 ◦23

There are two indecomposable objects in ξN (R (Λ)) which we need to use,
X1 and X2, with underlying projectives (P3, 0) and (0, P1) , respectively. Let
X = X1 ⊕ X2, then RX = k × k, ∆X = 0 and MX = u1 ⊕ u2, where u1

corresponds to λe3 7→ λγα⊗ e1 and u2 to λe3 7→ λγβ ⊗ e1.
Now let NX = u2. The composition ψ′F ′

JF
′
NX

: ξX (RX) → AξX (RX ) returns
the modules with vector dimension (1, 1) in the algebra

◦1 → ◦2 .

We take X ′ an object which is sent by ψ′F ′
J to the indecomposable mod-

ule (1, 1) , because then we get almost all the objects with selfextensions with
dimension one. Now R′

X = k, ∆X′ = 0 and MX′ is a single loop, and the
objects of H (k, 1) in ξX′ (RX′) are parametrized by

(

k [x] , eXx
)

where eXx (q) =
1RX′ ⊗ q +MX′ ⊗ qx.

The composition of the functors τXτX′ induces the parametrizer
((P3 ⊗ k [x] , P1 ⊗ k [x]) , ex) where

ex

(

λe3 ⊗ q1
λ′e1 ⊗ q2

)

=

(

1 0
0 1

)

⊗

(

λe3 ⊗ q1
λ′e1 ⊗ q2

)

+

(

0 λγα
0 0

)

⊗

(

0
e1 ⊗ q1x

)

+

(

0 λγβ
0 0

)

⊗

(

0
e1 ⊗ q1

)

Then the functor cokernel give us the parametrizer

k [x]

(1,0)t

−→
(0,1)t

−→
k [x]2

(1,−x)
−→ k [x]
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[13] J. Efrén Pérez Terrazas, Representaciones con grupo de autoextensiones simple, Doc-

toral Tesis UNAM 2002, 177 p.
[14] C. M. Ringel, Representations of k-species and bimodules, J. Algebra 41, (1976), 269–

302.
[15] L. H. Rowen, Ring Theory, Academic Press, Inc., San Diego, 1991.



Bol. Soc. Mat. Mexicana (3) Vol. 11, 2005

ZHAO F (p, q, s) FUNCTION SPACES AND HARMONIC MAJORANTS

E. RAMÍREZ DE ARELLANO, L. F. RESÉNDIS O., AND L. M. TOVAR S.

Abstract. We obtain harmonic majorants associated to analytic functions in
the weighted spaces F (p, q, s) introduced by Zhao in 1996.

1. Introduction

Let 0 < r. Define ∆(a, r) := {z ∈ C : |z − a| < r} and ∆(r) := ∆(0, r). We
denote by ∆ = ∆(1) the open unit disk in the complex plane C and by T its
boundary. Let A be the class of analytic functions in ∆ and let 0 < α < ∞. The
α-Bloch spaces are defined by (see [Zha1])

Bα := {f ∈ A : [f ]Bα := sup
z∈∆

(1 − |z|2)α|f ′(z)| < ∞}.

For α = 1 we obtain the well known Bloch space B = B1. R. Aulaskari, J. Xiao,
and R. Zhao introduced in 1995 the Qp-spaces, 0 ≤ p < ∞ (see [AuXiZh]) as

Qp := {f ∈ A : {f}Qp := sup
a∈∆

∫∫
∆

|f ′(z)|2g(z, a)p dx dy < ∞}

where g(z, a), defined by

g(z, a) = ln
∣∣∣∣1 − az

a − z

∣∣∣∣ ,

is the Green’s function of the unit disk with logarithmic singularity at a ∈ ∆.
If 0 < p < q < ∞ we have Bp ⊂ Bq and Qp ⊂ Qq ⊂ B. Aulaskari, Xiao and

Zhao proved the following in [AuXiZh].

Theorem (1.1). Let f ∈ A and let p ≥ 0. Then f ∈ Qp if and only if

[f ]Qp := sup
a∈∆

∫∫
∆

|f ′(z)|2(1 − |φa(z)|2)p dx dy < +∞

where
φa(z) =

a − z

1 − az
is a Möbius transformation of ∆ with |a| < 1.

For −∞ < p < ∞ consider the space Dp defined by

Dp = {f (z) =
∞∑

n=0

anzn ∈ A :
∞∑

n=1

n1−p|an|2 < ∞}.
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It can be shown (see [Ste]) that for −1 < p, one has f ∈ Dp if and only if∫∫
∆

|f ′(z)|2(1 − |z|2)p dx dy < ∞.

Thus for p = 0 we obtain the classical Dirichlet space and it follows immedi-
ately that if p < q then Dp ⊂ Dq and for 0 ≤ p, one has Qp ⊂ Dp.

Consider now the Besov-type spaces ([Mi], [St]) for 0 < p < ∞:

Bp := {f ∈ A : sup
a∈∆

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2(1 − |φa(z)|2) dx dy < ∞}.

For 0 < p < q < ∞, they satisfy Bp ⊂ Bq. In [AuTo] it is shown that

(1.2)
⋃

0<p≤1

Qp ⊂
⋂

0<q≤2

Bq,

and Zhao has proved in [Zha1], Theorem 1.3, the following.

Theorem (1.3). Let 0 < α < ∞, 0 < p < ∞, 1 < s < ∞. Then if f ∈ A, the
following statements are equivalent:

(a) [f ]Bα < ∞,

(b) supa∈∆

∫∫
∆
|f ′(z)|p(1 − |z|2)αp−2(1 − |φa(z)|2)s dx dy < ∞,

(c) supa∈∆

∫∫
∆
|f ′(z)|p(1 − |z|2)αp−2gs(z, a) dx dy < ∞.

Thus the spaces Bp are included in Bα for α ≥ 1. All these spaces Bα, Qp, Dp

and Bp have been extensively studied by many authors in the recent years,
because they are Banach spaces with many interesting properties.

With the aim of generalizing these spaces, Zhao in [Zha2] introduced for
0 < p < ∞, −2 < q < ∞, 0 ≤ s < ∞, the spaces F (p, q, s) defined as

F (p, q, s) = {f ∈ A : {f}p,q,s = sup
a∈∆

∫∫
∆

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy < ∞}.

All the spaces mentioned previously can be studied in the framework of the
spaces F (p, q, s) and this opens several lines of research. Thus for instance

Bα = F (p, αp − 2, s), 1 < s < ∞;

Qs = F (2, 0, s);

Dq = F (2, q, 0), 0 ≤ q < ∞;

Bp = F (p, p − 2, 1).

In his paper Zhao generalizes Theorem (1.1) for functions in F (p, q, s) (see
[Zha2], Theorem 2.4).

Theorem (1.4). Let 0 < p < ∞, −2 < q < ∞, 0 < s < ∞ and let f ∈ A.
Then f ∈ F (p, q, s) if and only if

[f ]p,q,s = sup
a∈∆

∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy < ∞.
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Observe that {f}1/p
p,q,s and [f ]1/p

p,q,s define corresponding seminorms in such a
way that F (p, q, s) turns out to be a Banach space for p ≥ 1, even under the
norms {f}1/p

p,q,s + |f (0)| or [f ]1/p
p,q,s + |f (0)|. Rättyä in [Ra1] has obtained several

important generalizations in F (p, q, s) spaces. Inequality (1.2) is generalized
as follows (see [Ra1] Theorem 2.2.3).

Theorem (1.5). Let 0 < p∗ < ∞, 0 < α < ∞. Then⋃
0<s<1

F (p∗, αp∗ − 2, s) ⊂
⋂

0<p<p∗
F (p, αp − 2, 1).

Theorem (1.4) is also generalized for the n-th derivative of f (see [Ra1],
Theorem 4.2.1, [Ra2], Theorem 3.2).

Theorem (1.6). Let f ∈ A and let 0 < p < ∞, −2 < q < ∞, 0 ≤ s < ∞ and
n ∈ N with q + s > −1. Then the following conditions are equivalent:

(a) f ∈ F (p, q, s);

(b) supa∈∆

∫∫
∆
|f (n)(z)|p(1 − |z|2)np−p+q(1 − |φa(z)|2)s dx dy < ∞;

(c) supa∈∆

∫∫
∆
|f (n)(z)|p(1 − |z|2)np−p+qg(z, a)s dx dy < ∞.

In [AuReTo], harmonic majorants characterizing functions in Qp were in-
troduced. These majorants constitute a new tool for studying the behaviour of
functions in Qp in the boundary T of ∆. The aim of this paper is to show how
the main results on F (p, q, s) developed up to date have corresponding ones in
terms of harmonic majorants characterizing functions in F (p, q, s).

In Section 2 we present the construction of the harmonic majorants associ-
ated to a continuous function in ∆, which we will use throughout this work.

In Section 3 we apply the method and the results of Section 2 for construct-
ing a harmonic majorant characterizing a function in F (p, q, s). In Section 4 we
associate a harmonic majorant to every expression characterizing functions in
F (p, q, s) appearing in Theorems (1.3), (1.4), (1.5) and (1.6) and furthermore
we see how these theorems and several important relationships among func-
tions in F (p, q, s) can be translated in terms of the corresponding harmonic
majorants characterizing functions on these spaces. Finally, in Section 5 we
associate to every harmonic majorant –through its corresponding conjugate
function– its analytic completion. We study to which of the weighted spaces of
functions quoted in the previous sections this completion belongs. This method
of characterizing and studying weighted functions spaces in terms of harmonic
majorants gives rise to a new line of problems.

2. Harmonic majorants and continuous functions

In this section we present several results related to continuous functions,
the classical solution of the Dirichlet problem in the unit disk and harmonic
majorants. Although the idea for constructing the majorants is similar to the
one used in [AuReTo], in this paper we improve the method; some results and
proofs are different from those presented in that paper.
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Let h : T → R be an integrable function on T , and P [h] its Poisson extension
to ∆, explicitly given by

(2.1) P [h](z) =
1

2π

∫ π

−π

P1,r(θ − t)h(eit) dt,

where z = reiθ, 0 ≤ r < 1, 0 ≤ θ ≤ 2π, and

PR,r(θ) =
R2 − r2

R2 − 2rR cos θ + r2

is the well-known Poisson kernel.

Proposition (2.2). [AxBoRa] Let h : T → R be an integrable function on
T . Then its Poisson extension P [h] has a nontangential limit h(eiθ) at almost
every eiθ ∈ T .

Proposition (2.3). [AuReTo] Let h : ∆ → R be a continuous function and
0 < R < 1. Let hR : T → R be the function defined by

(2.4) hR(eiθ) = max
0≤r≤R

h(reiθ), θ ∈ [0, 2π).

Then hR is a continuous function. Moreover, if 0 < R1 < R2 < 1, then

(2.5) hR1 (e
iθ) ≤ hR2 (e

iθ) for every θ ∈ [0, 2π) .

Corollary (2.6). Let h : ∆ → R be a continuous function. Let h1 : T → R

be defined by

(2.7) h1(eiθ) = sup
0≤r<1

h(reiθ), θ ∈ [0, 2π).

If h1(eiθ) < ∞ then

(2.8) lim
R→1−

hR(eiθ) = h1(eiθ).

Let h : ∆ → R be a continuous function and 0 < R < 1. Let P [hR] : ∆∪T → R

be a harmonic function on ∆ such that

P [hR]|T = hR,

where hR is defined by (2.4); that is, P [hR] is the classical solution of the
Dirichlet problem with boundary values hR on T . For 0 < R1 < R2 < 1, by
(2.5), (2.1) and the fact that P1,r(θ) > 0 for all θ, there holds

(2.9) P [hR1 ](z) ≤ P [hR2 ](z) ≤ sup
z∈∆

h(z) for all z ∈ ∆.

With the above notation, we have the following result as a consequence of
Harnack’s theorem.

Theorem (2.10). Let h : ∆ → R be a continuous function. Let h1 : T → R be
defined by (2.7) and let H1 : ∆ → R be defined by

H1(z) = sup
0≤R<1

P [hR](z) for every z ∈ ∆.

Then H1 ≡ ∞ or H1 is a harmonic function on ∆ and

H1(z) = P [h1](z) =
1

2π

∫ π

−π

P1,r(θ − t)h1(eit)dt
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where z = reiθ and H1 has nontangential limit

lim
w→eiθ

H1(w) = h1(eiθ) for a.e. θ ∈ [−π, π).

Proof. Suppose that H1 is not identically ∞. Then by (2.9) and Harnack’s
Theorem, H1 is a harmonic function on ∆. We consider a sequence {Rk} ⊂ [ 1

2 , 1)
with lim Rk = 1. Observe that h 1

2
is an integrable function. Then by (2.5)

and the positivity of the Poisson kernel, {hRk
(eit)P1,r(θ − t)} is an increasing

sequence of measurable functions with

lim
k→∞

hRk
(eit)P1,r(θ − t) = h1(eit)P1,r(θ − t) for all t ∈ [−π, π].

Now applying a special version of the monotone convergence theorem ([WhZy],
p. 172), we obtain for all z = reiθ ∈ ∆

H1(z) = lim
k→∞

P [hRk
](z) = lim

k→∞
1

2π

∫ π

−π

P1,r(θ − t)hRk
(eit) dt

=
1

2π

∫ π

−π

lim
k→∞

P1,r(θ − t)hRk
(eit) dt =

1
2π

∫ π

−π

P1,r(θ − t)h1(eit) dt.

Also it follows that

H1(0) =
1

2π

∫ π

−π

P1,0(θ − t)h1(eit) dt =
1

2π

∫ π

−π

h1(eit) dt,

and so h1 is an integrable function on T . By Proposition (2.2), H1 has a non-
tangential limit h1(eiθ) at almost every eiθ ∈ T .

We also obtain a converse result.

Theorem (2.11). Let h : ∆ → R be a continuous function. Let h1 : T → R be
defined by (2.7) and let H1 : ∆ → R be defined by

H1(z) = sup
0≤R<1

P [hR](z) for every z ∈ ∆.

If there exists an integrable function g : T → R such that |h1(eiθ)| ≤ g(eiθ) for
almost every eiθ ∈ T , then H1 is a harmonic function on ∆ and

H1(z) = P [h1](z) =
1

2π

∫ π

−π

P1,r(θ − t)h1(eit)dt

where z = reiθ and H1 has nontangential limit

lim
w→eiθ

H1(w) = h1(eiθ) for a.e. θ ∈ [−π, π).

Proof. Consider a sequence {Rk} ⊂ [ 1
2 , 1) with lim Rk = 1. Observe that h 1

2

is an integrable function and

|hRk
(eit)P1,r(θ − t)| ≤ max{|h 1

2
(eit)|, g(eit)}P1,r(θ − t)
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for all t ∈ [0, 2π). Applying Lebesgue’s Dominated Convergence Theorem we
have

lim
k→∞

1
2π

∫ π

−π

P1,r(θ − t)hRk
(eit) dt =

1
2π

∫ π

−π

lim
k→∞

P1,r(θ − t)hRk
(eit) dt

=
1

2π

∫ π

−π

P1,r(θ − t)h1(eit) dt < ∞.

Then
H1(z) = lim

k→∞
P [hRk

](z) < ∞
and by Harnack’s theorem H1(z) is a harmonic function. The existence of
nontangential limits is justified as before.

As a corollary we obtain the following.

Corollary (2.12). Let h : ∆ → R be a continuous function. Let h1 : T → R

be defined by (2.7) and let H1 : ∆ → R be defined by

H1(z) = sup
0≤R<1

P [hR](z) for every z ∈ ∆.

Then H1 is a harmonic function if and only if h1 is an integrable function on
T . Moreover

H1(z) = P [h1](z) =
1

2π

∫ π

−π

P1,r(θ − t)h1(eit)dt

where z = reiθ, and H1 has nontangential limit

lim
w→eiθ

H1(w) = h1(eiθ) for a.e. θ ∈ [−π, π).

3. The harmonic majorant associated to a function in F (p, q, s)

With the aim of applying the previous construction of harmonic majorants to
the expressions that characterize –after Theorem (1.4)– functions in F (p, q, s)
we first prove the following.

Theorem (3.1). Let 0 < p < ∞, −2 < q < ∞, 0 < s < ∞, 0 < r < 1. Let
f ∈ A. Then

(a) the function gh : ∆(r) → R defined by

gh(a) =
∫∫

∆(r)
|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy

is continuous on ∆(r);

(b) the function φh : ∆ → R defined by

φh(a) =
∫∫

∆
|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy

is continuous on ∆.

Proof. The proof consists of several steps.
(a) Let a ∈ ∆(r). Let 0 < η < r−|a|

3 and define Ω as the compact set [0, 2π] ×
[0, η] × ∆(a, η). Then the following lemma is immediate.
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Lemma (3.2). Let f ∈ A, a ∈ ∆ be fixed, 0 < p < ∞, and 0 < s ≤ 1. Define
t : Ω → R by

t(θ, ρ, b) = |f ′(b + ρeiθ)|p(1 − |b + ρeiθ|2)qρ logs

∣∣∣∣∣
1 − |b|2 − bρeiθ

ρ

∣∣∣∣∣
for ρ > 0 and t(θ, 0, b) = 0. Then t is uniformly continuous on Ω.

Proposition (3.3). Let a, η be as above and 0 < ρ0 ≤ η. Given ε > 0 there
exists δ > 0 such that if b, c ∈ ∆(a, η) with |b − c| < δ then∣∣∣∣

∫∫
∆(b,ρ0)

|f ′(z)|p(1 − |z|2)qgs(z, b) dx dy −
∫∫

∆(c,ρ0)

|f ′(z)|p(1 − |z|2)qgs(z, c) dx dy

∣∣∣∣ < ε.

Proof. We note that
∫∫

∆(d,ρ0)
|f ′(z)|p(1 − |z|2)qgs(z, d) dx dy =

∫ ρ0

0

∫ 2π

0
t(θ, ρ, d) dθdρ.

By Lemma (3.2), given
ε

2πη
> 0 there exists δ > 0 such that |(θ, ρ, b) −

(θ′, ρ′, c)| < δ implies

|t(θ, ρ, b) − t(θ′, ρ′, c)| <
ε

2πη
.

Therefore ∫ ρ0

0

∫ 2π

0
|t(θ, ρ, b) − t(θ, ρ, c)| dθdρ < ε.

Let a ∈ ∆(r) be fixed. We know that if f ∈ F (p, q, s) then
∫∫

∆
|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy < +∞.

By the absolute continuity of the integral, given ε > 0 there exists η > 0 as
before such that

(3.4)
∫∫

∆(a,η)
|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy <

ε

6
.

Without loss of generality, by Proposition (3.3) there exists 0 < δ′ <
η

2
such

that |b − a| < δ′ implies
(3.5)∣∣∣∣

∫∫
∆(b,η)

|f ′(z)|p(1 − |z|2)qgs(z, b) dx dy −
∫∫

∆(a,η)

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy

∣∣∣∣ <
ε

6
.

We consider now the function defined on D =
[
∆(r) − ∆(a, η

3 )
]

× ∆(a, η
6 ) by

(z, b) → |f ′(z)|p(1 − |z|2)qgs(z, b).
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This function is uniformly continuous on D, so as in Proposition (3.3) there
exists 0 < δ′′ < min{δ′,

η

6
} such that |b − a| < δ′′ implies

∣∣∣
∫∫

∆(r)−∆(a,
η
3 )

|f ′(z)|p(1 − |z|2)qgs(z, b) dx dy

−
∫∫

∆(r)−∆(a,
η
3 )

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy
∣∣∣ <

ε

3
.

Since ∆(a, η
3 ) ⊂ ∆(a, η), by (3.4)∫∫

∆(a, η
3 )

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy <
ε

6
.

In a similar form, since ∆(a, η
3 ) ⊂ ∆(b, 2η

3 ), by (3.4) and (3.5)∫∫
∆(a, η

3 )
|f ′(z)|p(1 − |z|2)qgs(z, b) dx dy <

ε

3
.

The continuity of gh(a) follows.
(b) Let a ∈ ∆ be fixed and let δ > 0 be such that ∆(a, δ) ⊂ ∆. The function

l : ∆ × ∆(a, δ) → R defined by

(z, ξ) 	→ (1 − |ξ|2)s

|1 − ξz|2s

is uniformly continuous on ∆ × ∆(a, δ). Then, assuming that f is not constant,
for given ε > 0 there exists ρ > 0 such that if |z′ − z| < ρ and |ξ′ − ξ| < ρ then

|l(z′, ξ′) − l(z, ξ)| <
ε∫∫

∆ |f ′(z)|p(1 − |z|2)q+s dx dy
.

Note that ∫∫
∆

|f ′(z)|p(1 − |z|2)q+s dx dy =φ h(0) < ∞
because f ∈ F (p, q, s). Therefore if |a − b| < ρ then

| φh(a) − φh(b)| ≤
∫∫

∆
|f ′(z)|p(1 − |z|2)q+s|l(z, a) − l(z, b)| dx dy < ε.

Therefore the theorem follows.

Following the same line used in [AuReTo], consider an analytic function
f ∈ F (p, q, s), 0 < R < 1, and a = reiθ with 0 < r < R. We introduce the
family of functions ghR : T → R defined by

ghR(eiθ) := max
0≤r≤R

gh(reiθ) = max
a=reiθ, 0≤r≤R

∫∫
∆(R)

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy.

Observe that the function ghR is well defined, and moreover, by Theorem (3.1)
each function ghR is continuous. Further as f ∈ F (p, q, s), we have for 0 <
R1 < R2 < 1

ghR1 (e
iθ) ≤ ghR2 (e

iθ) ≤ gh1(eiθ) ≤ sup
θ∈[0,2π]

gh1(eiθ) = {f}p,q,s.

Let gHR be the corresponding harmonic function associated to ghR, that is, the
solution of the Dirichlet Problem with boundary values given by ghR. It follows
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from Proposition (2.3) and Corollary (2.6) that if gH1 is the corresponding
function defined by Theorem (2.10) then

sup
z∈∆

gHR(z) ≤ sup
z∈∆

gH1(z) = {f}p,q,s.

and we are in position to give an analogue of Theorem 3.1 in [AuReTo] for
characterizing functions in F (p, q, s).

Theorem (3.6). Let 0 < p < ∞, −2 < q < ∞, 0 < s < ∞ and let f ∈ A.
Then f belongs to the class F (p, q, s) if and only if the function gh1 : T → R

defined by

gh1(eiθ) = sup
a=reiθ, 0≤r<1

∫∫
∆

|f ′(z)|p(1 − |z|2)qgs(z, a) dx dy

is bounded. The function gH1 is then the Dirichlet solution with boundary
values given by gh1. Further gH1 is the least harmonic majorant of the family
of harmonic functions {gHR}, 0 < R < 1.

In the same way as for gh, by Theorem (3.1) b) φh is continuous in ∆, so we
introduce also the family of functions φhR : T → R defined by

φhR(eiθ) := max
0≤r≤R

φh(reiθ) = max
a=reiθ, 0≤r≤R

∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy.

As before, by Theorem (3.1) the functions φhR are well defined, and induce
corresponding Dirichlet solutions φHR in the disk ∆, with boundary values
given by φhR. If φh1 and φH1 are now the functions associated by Theorem
(2.10) we have likewise

(3.7) φh1(eiθ) := sup
0≤r≤1

φh(reiθ) = sup
a=reiθ, 0≤r≤1

∫∫
∆

|f ′(z)|p(1−|z|2)q(1−|φa(z)|2)s dx dy,

(3.8) φH1(z) =
1

2π

∫ π

−π
φh1(eiθ)P1,r(θ − t) dt,

and
sup
z∈∆

φHR(z) ≤ sup
z∈∆

φH1(z) = sup
eiθ∈T

φh1(eiθ) = [f ]p,q,s.

Thus we are in a position to give another version of Zhao’s Theorem (1.4)
in terms of the harmonic majorants gH1 and φH1 and their corresponding
boundary functions gh1 and φh1.

Theorem (3.9). Let 0 < p < ∞, −2 < q < ∞, 0 < s < ∞. Let f ∈ A. Then
the following conditions are equivalent:

(a) f ∈ F (p, q, s);

(b) gh1 is bounded and gH1 is the classical Dirichlet solution with boundary
values given by gh1;

(c) φh1 is bounded and φH1 is the classical Dirichlet solution with boundary
values given by φh1.

Observe now that if in the proof of Theorem (3.1) we replace f ′ by f (n) the
same conclusion follows. Thus we obtain the following.
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Corollary (3.10). Let 0 < p < ∞, −2 < q < ∞, 0 < s < ∞, 0 < r < 1 and
n ∈ N. Let f ∈ A. Then

(a) the function ghn : ∆(r) → R defined by

ghn(a) =
∫∫

∆(r)
|f (n)(z)|p(1 − |z|2)qgs(z, a) dx dy

is continuous on ∆(r);

(b) the function φhn : ∆ → R defined by

φhn(a) =
∫∫

∆
|f (n)(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy

is continuous on ∆.

Thus if f ∈ F (p, q, s), the functions ghn and φhn also induce corresponding
integrable functions ghn

1 , φhn
1 through the Poisson kernel. So after the previ-

ous Corollary and Theorem (1.6) we can translate Rättyä’s result in terms of
harmonic majorants.

Theorem (3.11). Let 0 < p < ∞, −2 < q < ∞, 0 ≤ s < ∞ be with q+s > −1.
Let f ∈ A. Then the following conditions are equivalent:

(a) f ∈ F (p, q, s);

(b) ghn
1 is bounded and gHn

1 is the classical Dirichlet solution with boundary
values given by ghn

1 ;

(c) φhn
1 is bounded and φHn

1 is the classical Dirichlet solution with boundary
values given by φhn

1 .

4. Inclusions among F (p, q, s) spaces and harmonic majorants

We will now see how several important inclusions among F (p, q, s) spaces
can be translated in terms of the harmonic majorants characterizing functions
on these spaces.

Consider the parameters p, q, s. If we fix two of them and we let the third
vary we obtain

(a) For 0 < p < ∞, −2 < q < ∞, 0 < s < s∗ < s′ ≤ 1, with q + s > −1, as
(1 − |φa(z)|2)s∗ ≤ (1 − |φa(z)|2)s we have F (p, q, s) ⊂ F (p, q, s∗). Furthermore
we have

(4.1)
⋃

0<s≤s∗<1

F (p, q, s) ⊂ F (p, q, s∗) ⊂
⋂

s∗<s′≤1

F (p, q, s′).

(b) For 0 < p < ∞, 0 < s < s∗ ≤ 1, −2 < q < q∗ < q′ < ∞, q + s > −1. As
(1 − |z|2)q∗ ≤ (1 − |z|2)q we have F (p, q, s) ⊂ F (p, q∗, s). Furthermore we have

(4.2)
⋃

−2<q≤q∗<∞
F (p, q, s) ⊂ F (p, q∗, s) ⊂

⋂
q∗<q′<∞

F (p, q′, s).

(c) For 0 < p < p∗ < p′ < ∞, 0 < s < s∗ ≤ 1, −2 < q < ∞ with q + s > −1.
As ∫∫

∆
(1 − |z|2)q(1 − |φa(z)|2)s dx dy < C for all a ∈ ∆
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by Hölder’s inequality (see [Zha2], Proposition 6.2), we obtain∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy < C

∫∫
∆

|f ′(z)|p∗
(1 − |z|2)q(1 − |φa(z)|2)s dx dy,

so F (p∗, q, s) ⊂ F (p, q, s). Furthermore we have

(4.3)
⋃

0<p∗≤p′<∞
F (p′, q, s) ⊂ F (p∗, q, s) ⊂

⋂
0<p<p∗<∞

F (p, q, s).

It follows from the condition in (a) that for every a ∈ ∆,∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s∗
dx dy ≤

∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy.

Thus if 0 < R < 1 and φhR,s and φhR,s∗ are the functions given in (2.4) as-
sociated to a function in F (p, q, s) and F (p, q, s∗) respectively and defined for
θ ∈ [0, 2π] by

φhR,s(eiθ) = max
a=reiθ, 0≤r≤R

∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s dx dy

and

φhR,s∗ (eiθ) = max
a=reiθ, 0≤r≤R

∫∫
∆

|f ′(z)|p(1 − |z|2)q(1 − |φa(z)|2)s∗
dx dy,

then we have φhR,s∗ (eiθ) ≤ φhR,s(eiθ) and their limit functions φh1,s and φh1,s∗

(see Theorem 2.10) also satisfy φh1,s∗ (eiθ) ≤φ h1,s(eiθ) for all θ ∈ [0, 2π]. If
we now consider their corresponding Dirichlet solutions φH1,s and φH1,s∗ , for
every z = reiθ ∈ ∆ we have

φH1,s∗ (z) =
1

2π

∫ π

−π

φh1,s∗ (eiθ)P1,r(θ − t) dt ≤ 1
2π

∫ π

−π

φh1,s(e
iθ)P1,r(θ − t) dt =φ H1,s(z).

Thus we arrive at the next proposition.

Proposition (4.4). Let 0 < p < ∞, −2 < q < ∞, 0 ≤ s < s∗ < 1, with
q + s > −1, and let f ∈ A be a function in F (p, q, s). Moreover let φH1,s and
φH1,s∗ be the Dirichlet solutions with boundary values given by φh1,s and φh1,s∗

respectively, associated to f (see (3.7) and (3.8)). Then for every z ∈ ∆ and
θ ∈ [0, 2π],

(4.5) φh1,s∗ (eiθ) ≤ φh1,s(eiθ) and φH1,s∗ (z) ≤ φH1,s(z).

It follows from Theorem (3.9) that if φh1,s is bounded on T , the inequalities
(4.5) imply the same conclusion in (a).

If we apply the same kind of arguments to conditions (b) and (c), and change
appropriately the corresponding indices, we obtain:

Proposition (4.6). Let 0 < p < ∞, −2 < q < q∗ < ∞, 0 ≤ s < 1, with
q + s > −1, and let f ∈ A be a function in F (p, q, s). Moreover, let φH1,q and
φH1,q∗ be the Dirichlet solutions with boundary values given by φh1,q and φh1,q∗

respectively, associated to f (see (3.7) and (3.8)). Then for every z ∈ ∆ and
θ ∈ [0, 2π],

φh1,q∗ (eiθ) ≤ φh1,q(eiθ) and φH1,q∗ (z) ≤ φH1,q(z).
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Proposition (4.7). Let 0 < p < p∗ < ∞, −2 < q < ∞, 0 ≤ s < 1, with
q + s > −1, and let f ∈ A be a function in F (p∗, q, s). Moreover, let φH1,p

and φH1,p∗ be the Dirichlet solutions with boundary values given by φh1,p and
φh1,p∗ respectively, associated to f (see (3.7) and (3.8)). Then for every z ∈ ∆
and θ ∈ [0, 2π],

φh1,p(eiθ) ≤ C φh1,p∗ (eiθ) and φH1,p(z) ≤ C φH1,p∗ (z).

Now we translate Theorem (1.5) into the language of harmonic majorants.
Let 0 < p < ∞, 0 < α < ∞ and 0 < s ≤ 1. As we know from Theorem (3.1),

the function

ghp,αp−2,s(a) =
∫∫

∆(r)
|f ′(z)|p(1 − |z|2)αp−2gs(z, a) dx dy

is continuous on ∆(r) for each 0 < r < 1. So if f ∈ F (p, αp − 2, s), the func-
tion ghp,αp−2,s induces by Theorem (2.11) a pair gh1,p,αp−2,s, gH1,p,αp−2,s, where
gH1,p,αp−2,s is a harmonic majorant characterizing f , with boundary values
given by gh1,p,αp−2,s and satisfying

sup
θ∈[0,2π]

gh1,p,αp−2,s(eiθ) = sup
z∈∆

gH1,p,αp−2,s(z) = {f}p,αp−2,s.

Consider now Theorem (1.5). In particular it follows from the proof of this
theorem (see Theorem 2.2.3 in [Ra1]) that for every a ∈ ∆, 0 < p < p∗ < ∞,
0 < s < 1,
∫∫

∆

|f ′(z)|p(1 − |z|2)αp−2g(z, a) dx dy≤C

(∫∫
∆

|f ′(z)|p∗
(1 − |z|2)αp∗−2gs(z, a) dx dy

)p/p∗
.

We deduce from this the inequality

gh1,p,αp−2,s(eiθ) ≤ C
(

g
h1,p∗,αp∗−2,s(eiθ)

)p/p∗
.

Consider now the well known inequality for r > 1 and α, β > 0

(4.8) αβ ≤ αr + βr′
where r′ =

r

r − 1
.

If we take now the Dirichlet solutions gH1,p,αp−2,s and gH1,p∗,αp∗−2,s associated
to gh1,p,αp−2,s and gh1,p∗,αp∗−2,s respectively and if z = reiθ, then

gH1,p,αp−2,s(z) =
1

2π

∫ π

−π

gh1,p,αp−2,s(e
iθ)P1,r(θ − t) dt

≤ C
1

2π

∫ π

−π

(
gh1,p∗ ,αp∗−2,s

) p
p∗ (eiθ)P1,r(θ − t) dt

≤ C

{
1

2π

∫ π

−π

gh1,p∗ ,αp∗−2,s(e
iθ)P1,r(θ − t) dt +

1
2π

∫ π

−π

P1,r(θ − t) dt

}

≤ C
(

g
H1,p∗ ,αp∗−2,s(z) + 1

)
where we have applied (4.8) with r = p/p∗. Thus we arrive at the next result.

Theorem (4.9). Let 0 < p < p∗ < ∞, 0 < s ≤ 1, 0 < α < ∞, and
let f ∈ F (p∗, αp∗ − 2, s). Let gH1,p∗,αp∗−2,s and gH1,p,αp−2,s be the associated
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harmonic functions through the corresponding seminorms in F (p∗, αp∗ − 2, s)
and F (p, αp − 2, s) respectively. Then

(4.10) gH1,p,αp−2,s(z) ≤ K
(

g
H1,p∗,αp∗−2,s(z) + 1

)
where K is a constant.

It follows from Theorem (4.9) that if gH1,p∗,αp∗−2,s is bounded, then inequal-
ity (4.10) implies Theorem (1.5). Thus we have shown that Theorem (1.5) and
Theorem (4.9) are equivalent.

Now we see what Theorem (1.3) looks like in terms of harmonic majorants.

Proposition (4.11). Let 0 < p < ∞, 0 < α < ∞, 0 < s < ∞, and let
f ∈ F (p, αp − 2, s). Then for all a ∈ ∆ and 0 < R we have

(1 − |a|2)αp|f ′(z)|p ≤ (s + 1)s+1

πss
K

∫∫
∆

|f ′(z)|p(1 − |z|2)αp−2(1 − |φa(z)|2)s dx dy

where K = K(α, p) is a constant.

Proof. Let U(a, R) = {z ∈ C : |φa(z)| < R} be a pseudohyperbolic disk with
center at a ∈ ∆ and radius R > 0. Then it follows from the proof of Lemma 2.9
in [Zha2] that∫∫

∆

|f ′(z)|p(1 − |z|2)αp−2(1 − |φa(z)|2)s dx dy

≥ (1 − R2)s

∫∫
U(a,R)

|f ′(z)|p(1 − |z|2)αp−2 dx dy

≥ π(1 − R2)sCR2

16
|f ′(a)|p(1 − |a|2)αp,

where C = C(α, p) is a constant depending only on α and p. Thus

(1 − |a|2)αp|f ′(a)|p ≤ 16
πCR2(1 − R2)s

∫∫
∆

|f ′(z)|p(1 − |z|2)αp−2(1 − |φa(z)|2)s dx dy

for all a ∈ ∆. The function πx2(1 − x2)s takes its maximum at x = ± 1√
1+s

, and
so

(1−|a|2)αp|f ′(a)|p ≤ 16
πC 1

1+s (1− 1
1+s )s

∫∫
∆
|f ′(z)|p(1−|z|2)αp−2(1 − |φa(z)|2)sdx dy

≤ 16(1+s)1+s

πCss

∫∫
∆
|f ′(z)|p(1−|z|2)αp−2(1−|φa(z)|2)sdx dy.

Corollary (4.12). Let 0 < p < ∞, 0 < α < ∞, 0 < s < ∞. Then

(
[f ]Bα

)p ≤ 16(1 + s)1+s

πC(α, p)ss
[f ]p,αp−2,s.

As we did in Section 3 for every function in F (p, q, s), we can construct
a least harmonic majorant denoted by HBα , associated to a function in Bα.
For the previous parameters p, α, s, let φH1,p,αp−2,s be the corresponding one
associated to the seminorm [f ]p,αp−2,s (see Section 2). Then we have

(
HBα (z)

)p ≤ 16(1 + s)1+s

πC(α, p)ss φH1,p,αp−2,s(z).
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Proposition (4.13). Let 0 < p < ∞, 0 < α < ∞, 1 < s < ∞ and let f ∈ A.
Then there exist positive constants C1, C2 and C3 such that

φH1,p,αp−2,s(z)≤C1 gH1,p,αp−2,s(z)≤C2 sup
z∈∆

(
HBα (z)

)p

≤ C3 sup
z∈∆

φH1,p,αp−2,s(z).

Proof. We know that for every a and z in ∆, 1 − |φa(z)|2 ≤ 2g(z, a) (see
[AuXiZh]). Then∫∫

∆
|f ′(z)|p(1 − |z|2)αp−2(1 − |φa(z)|2)s dx dy

≤ 2s

∫∫
∆

|f ′(z)|p(1 − |z|2)αp−2gs(z, a) dx dy

≤ 2s

∫∫
∆

|f ′(φa(w))|p(1 − |φa(w)|2)αp−2 logs 1
|w| |φ

′
a(w)|2 dσ(w)

= 2s

∫∫
∆

|f ′(φa(w))|p(1 − |φa(w)|2)αp logs 1
|w| (1 − |w|2)−2 dσ(w)

= 2s
(
[f ]Bα

)p
∫∫

∆

(
logs 1

|w|
)

(1 − |w|2)−2 dσ(w)

= C2
(
[f ]Bα

)p ≤ C3[f ]p,αp−2,s.

The result follows from these inequalities.

As a consequence of the previous Proposition, the next theorem is equivalent
to Theorem (1.3).

Theorem (4.14). Let 0 < p < ∞, 0 < α < ∞, 1 < s < ∞ and f ∈ A. Then
the following conditions are equivalent.

(a) HBα < ∞,

(b) gH1,p,αp−2,s < ∞,

(c) φH1,p,αp−2,s < ∞.

5. The analytic completion of H1

In Section 3 we obtained the harmonic majorant H1 that characterizes a
function f ∈ F (p, q, s) with s > 0. Consider the harmonic conjugate of H1,
which we will denote by H̃1. Then G = H1 + iH̃1 is an analytic function in
∆. The question is, to which of the weighted spaces F (p, q, s) G belongs. The
“nice” question would be: If f belongs to F (p, q, s) and H1 is the corresponding
harmonic majorant, then does G = H1 + iH̃1 belong to F (p, q, s) also? In this
section we analyse these questions and we give several results about it. Thus
we show that a new line of problems arises from this new way of characterizing
weighted spaces of functions in terms of harmonic majorants.

Let u : ∆ → R be a harmonic function and p > 0. Define

Mp(r, u) :=
(

1
2π

∫ π

−π

|u(reiθ) |pdθ

) 1
p

, 0 < r < 1.
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The function u is said to be of class hp if Mp(r, u) is uniformly bounded for all
0 < r < 1. We observe that if u is bounded then u ∈ hp for all p > 0. An
analytic function belongs to the Hardy space Hp, 0 < p, if and only if its real
and imaginary parts belong to hp.

Theorem (5.1). [Zy] Let u : ∆ → R be a harmonic function.

(a) (M. Riesz) If u ∈ hp for some p ∈ (1, ∞) then its harmonic conjugate ũ is
also of class hp.

(b) (Kolmogorov) If u ∈ h1, then its conjugate ũ is in hp for all p < 1.

(c) (Zygmund) If u ∈ hp for some p ∈ (1, ∞) then its harmonic conjugate ũ is
also of class h1.

We obtain immediately the following result.

Theorem (5.2). Let h : ∆ → R be a bounded continuous function and let
H1 : ∆ → R be the harmonic function defined for z = reiθ as

(5.3) H1(z) =
1

2π

∫ π

−π

P1,r(θ − t) sup
0≤r<1

h(reit)dt.

Then H1, H̃1 is in hp for all p > 0. In particular, for each p > 0, the holomorphic
function H1 + iH̃1 is in Hp, where Hp is the Hardy space.

The following theorem of Zygmund gives us more information about the
analytic function H1 + iH̃1.

Theorem (5.4). [Zy] Let u : ∆ → R be a harmonic function and ũ its conju-
gate. If f (z) = u(z) + iũ(z) and z = reiθ then

(5.5) |f ′(z)| ≤ 2
1 − r

u∗(z)

where u∗(z) is the Poisson integral of |u|.
Theorem (5.6). Let h : ∆ → R be a bounded continuous function and let

H1 : ∆ → R be defined by (5.3). Then the holomorphic function H1+iH̃1 belongs
to the Bloch space.

Corollary (5.7). Let f : ∆ → C be an analytic function belonging to Bα,
α ≥ 1, and let H1 and G = H1 + iH̃1 be the harmonic majorant corresponding
to the Bα seminorm of f and the analytic completion of H1 respectively. Then
G belongs to the Bα space also.

Consider now the next theorem (See [La] p.150)

Theorem (5.8). Let f ∈ A. If f is univalent (or multivalent) in ∆ then f ∈ Qp

if and only if f ∈ B for all 0 < p < 1.

It follows immediately that

Corollary (5.9). Let f ∈ A be a function in Qp for some p > 0. Let H1

and G = H1 + iH̃1 be its harmonic majorant and the analytic completion of H1

respectively. If G is univalent (or multivalent) then G is in Qp.

We need the next lemma.
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Lemma (5.10) ([Zh], Chapter 4). Let t > −1, c ∈ R and define It,c : ∆ → R by

It,c(a) =
∫∫

∆

(1 − |z|2)t

|1 − az|2+t+c
dxdy.

Then

(a) If c < 0, then It,c(a) is bounded in a.

(b) If c > 0, then It,c(a) ∼ 1
(1 − |a|2)c

(|a| → 1−).

(c) If c = 0, then It,c(a) ∼ log
1

1 − |a|2 (|a| → 1−).

Suppose now that f ∈ F (p, q, s) for 0 < p < ∞, −2 < q < ∞, 0 < s < ∞,
and let H1 be its associated harmonic majorant (recall H1 = |H1|) and let
G1 = H1 + iH̃1 be the analytic completion of H1. By (5.5) we have the estimate

(5.11) |G′(z)|p ≤ 4p

(1 − |z|2)p
Hp

1 (z) ≤ 4p

(1 − |z|2)p
[f ]p

p,q,s.

Then ∫∫
∆

|G′(z)|p(1 − |z|2)q(1 − |φa(z)|2)sdx dy

≤ 4p[f ]p
p,q,s

∫∫
∆

(1 − |z|2)q

(1 − |z|2)p
(1 − |φa(z)|2)sdx dy

= 4p[f ]p
p,q,s(1 − |a|2)s

∫∫
∆

(1 − |z|2)q−p+s

|1 − az|2s
dx dy .

(5.12)

If q − p + s > −1, by Lemma (5.10) it follows that if

I(p, q, s)(a) =
∫∫

∆

(1 − |z|2)q−p+s

|1 − az|2s
dx dy

then
(a) I(p, q, s)(a) is bounded if s + p − q − 2 < 0,

(b) I(p, q, s)(a) ∼ 1
(1 − |a|2)s+p−q−2 if s + p − q − 2 > 0 (|a| → 1−),

(c) I(p, q, s)(a) ∼ log
1

(1 − |a|2)
if s + p − q − 2 = 0 (|a| → 1−).

Thus if s + p − q − 2 ≤ 0 we have that the right side of (5.12) is bounded in
a, G ∈ F (p, q, s) and [G]p,q,s ≤ C[f ]p

p,q,s. If s + p − q − 2 > 0, to bound the right
side in (5.12) it is sufficient that p − q ≤ 2.

If 0 < s ≤ 1 and q + s − p > −1 it follows that p − q ≤ 1 + s ≤ 2. If s > 1
and p − q ≤ 2, then −1 ≤ s − 2 ≤ q + s − p. We arrive at the next result.

Theorem (5.13). Let f ∈ A. Suppose that f belongs to F (p, q, s) for some
0 < p < ∞, −2 < q < ∞, 0 < s < ∞. Let H1 and G = H1 + iH̃1 be its harmonic
majorant and the analytic completion of H1, respectively. Then G belongs to
F (p, q, s) if

(a) 0 < s ≤ 1 and q + s − p > −1,

(b) s > 1 and p − q ≤ 2.
In both cases [G]p,q,s ≤ C[f ]p

p,q,s.
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Open Problem. In general let f ∈ F (p, q, s) and H1 be the corresponding
harmonic majorant characterizing f . If G = H1 + iH̃1 then does G belong to
F (p, q, s) also?
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ON THE GENERAL QUADRATIC FUNCTIONAL EQUATION

JOHN MICHAEL RASSIAS

Abstract. In 1940 and in 1964 S. M. Ulam proposed the general problem:
“When is it true that by changing a little the hypotheses of a theorem one
can still assert that the thesis of the theorem remains true or approximately
true?”. In 1941 D. H. Hyers solved this stability problem for linear mappings.
In 1951 D. G. Bourgin was the second author to treat the same problem for
additive mappings. According to P. M. Gruber (1978) this kind of stability
problems are of particular interest in probability theory and in the case of
functional equations of different types. In 1981 F. Skof was the first author
to solve the Ulam problem for quadratic mappings. In 1982–2002 we solved
the above Ulam problem for linear and nonlinear mappings and established
analogous stability problems even on restricted domains. Further, we applied
some of our recent results to the asymptotic behavior of functional equations of
different types. The purpose of this paper is the stability result for generalized
quadratic mappings.

1. Introduction

In 1940 and in 1964 S. M. Ulam [27] proposed the general problem:
“When is it true that by changing a little the hypotheses of a theorem one

can still assert that the thesis of the theorem remains true or approximately
true?”.

In 1941 D. H. Hyers [13] solved this stability problem for linear mappings.
In 1951 D. G. Bourgin [3] was the second author to treat the same problem for
additive mappings. According to P. M. Gruber [12] (1978), this kind of stability
problems are of particular interest in probability theory and in the case of
functional equations of different types. In 1978 Th. M. Rassias [22] employed
Hyers’ ideas to new additive mappings. In 1981 and 1983 F. Skof [23], [24] was
the first author to solve the Ulam problem for quadratic mappings. In 1982-
2002 we ([16], [17], [18], [19], [20], [21]) solved the above Ulam problem for
linear and nonlinear mappings and established analogous stability problems
on restricted domains (see also [14]). Further, we applied some of our recent
results to the asymptotic behavior of functional equations of different types. In
1999 P. Gavruta [11] answered a question of ours [16] concerning the stability
of Cauchy equation. In 1996 and 1998 we [19], [20] solved the Ulam stability
problem for quadratic mappings Q : X → Y satisfying the functional equation

Q(a1x1 + a2x2) + Q(a2x1 − a1x2) = (a2
1 + a2

2)[Q(x1) + Q(x2)]

for every x1, x2 ∈ X, and fixed reals a1, a2 �= 0, where X and Y are real normed
linear spaces. The purpose of this paper is the stability result for generalized

2000 Mathematics Subject Classification: 39B.
Keywords and phrases: Ulam problem, stability, general quadratic mapping.
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quadratic mappings Q : X → Y satisfying Q(0) = 0 and the following quadratic
functional equation

(*) Q

(
p∑

i=1

aixi

)
+

∑
1≤i<j≤p

Q(ajxi − aixj) = m

p∑
i=1

Q(xi)

for every xi ∈ X(i = 1, 2, . . . , p), and fixed ai �= 0 (i = 1, 2, . . . , p), ai ∈ R (i =
1, 2, . . . , p), where R := set of reals and p is arbitrary but fixed and equals to

2, 3, 4, . . . , such that 0 < m =
p∑

i=1
a2

i .

If X and Y are normed linear spaces and Y is complete, then we establish an
approximation of approximately quadratic mappings f : X → Y by quadratic
mappings Q : X → Y , such that f (0) = 0 and the corresponding approximately
quadratic functional inequality

(**)

∣∣∣∣∣∣
∣∣∣∣∣∣f
(

p∑
i=1

aixi

)
+
∑

1≤i<j≤p

f (ajxi − aixj)−
(

p∑
i=1

a2
i

)[
p∑

i=1

f (xi)

]∣∣∣∣∣∣
∣∣∣∣∣∣≤c

p∏
i=1

||xi||ri

holds with constants c ≥ 0 (independent of xi ∈ X : i = 1, 2, . . . , p), and any
fixed reals ai and ri > 0(i = 1, 2, . . . , p). Denote

I1 = {(r, m) ∈ R
2 : 0 < r < 2, m > 1 or r > 2, 0 < m < 1},

I2 = {(r, m) ∈ R
2 : 0 < r < 2, 0 < m < 1 or r > 2, m > 1},

I3 = {(r, m) ∈ R
2 : 0 < r < 2, m = 1 = pb2, ai = b = p−1/2 : i = 1, 2, . . . , p},

I4 = {(r, m) ∈ R
2 : r > 2, m = 1 = pb2, ai = b = p−1/2 : i = 2, . . . , p},

where r =
p∑

i=1
ri > 0, where p is arbitrary but fixed and equals to 2, 3, 4, . . ..

Note that mr−2 < 1 if (r, m) ∈ I1, m2−r < 1 if (r, m) ∈ I2, pr−2 < 1 if (r, m) ∈ I3,

and p2−r < 1 if (r, m) ∈ I4. Also denote γ =
p∏

i=1
|ai|ri > 0. Also denote

fn(x) =

⎧⎪⎪⎨
⎪⎪⎩

m−2nf (mnx), if (r, m) ∈ I1

m2nf (m−nx), if (r, m) ∈ I2

p−nf (pn/2x), if (r, m) ∈ I3

pnf (p−n/2x), if (r, m) ∈ I4

for all x ∈ X and n ∈ N : p = 2, 3, 4, . . ..

Definition (1.1). Let X and Y be real normed linear spaces. Let a = (a1, a2,
. . . , ap) �= (0, 0, . . . , 0) with ai ∈ R (i = 1, 2, . . . , p). Then a mapping Q : X → Y

is called quadratic with respect to a : |a| =
(

p∑
i=1

a2
i

)1/2

, if the generalized

quadratic functional equation (*) holds for every xi ∈ X(i = 1, 2, . . . , p). Denote

(1.2) Q(x) =

⎧⎪⎪⎨
⎪⎪⎩

p∑
i=1

Q(aix)/
p∑

i=1
a2

i , if (r, m) ∈ I1,

(
p∑

i=1
a2

i )
[

p∑
i=1

Q
(
aix/

∑p
i=1 a2

i

)]
, if (r, m) ∈ I2,

for all x ∈ X.
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2. Quadratic functional stability

Theorem (2.1). Let X and Y be normed linear spaces. Assume that Y is
complete. Assume in addition that the mapping f : X → Y satisfies f (0) = 0
and the approximately quadratic functional inequality (**) for every xi ∈ X (i =
1, 2, . . . , p). If r �= 2 and p ≥ 2, then the limit

(2.2) Q(x) = lim
n→∞ fn(x)

exists for all x ∈ X and Q : X → Y is the unique quadratic mapping such that

(2.3) ||f (x) − Q(x)|| ≤ ||x||r

⎧⎪⎪⎨
⎪⎪⎩

γc/(m2 − mr), if (r, m) ∈ I1

γc/(mr − m2), if (r, m) ∈ I2

c/(p − pr/2), if (r, m) ∈ I3

c/(pr/2 − p), if (r, m) ∈ I4

holds for all x ∈ X.

Proof. From the hypotheses of this theorem, the following condition

(2.4) f (0) = 0

is useful to hold. We claim for each n ∈ N that

(2.5) ||f (x) − fn(x)|| ≤ ||x||r

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γc
m2−mr (1 − mn(r−2)), if (r, m) ∈ I1,

γc
mr−m2 (1 − mn(2−r)), if (r, m) ∈ I2,

c
p−pr/2 (1 − pn(r−2)/2), if (r, m) ∈ I3,

c
pr/2−p

(1 − pn(2−r)/2), if (r, m) ∈ I4

for all x ∈ X. By replacing Q, Q of (1.2) with f, f , respectively, one denotes:

(2.6) f (x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

p∑
i=1

f (aix)/
p∑

i=1
a2

i , if (r, m) ∈ I1

(
p∑

i=1
a2

i )
[

p∑
i=1

f

(
aix/

p∑
i=1

a2
i

)]
, if (r, m) ∈ I2

holds for all x ∈ X. From (2.4), (2.6) and (**), with xi = aix (i = 1, 2, . . . , p),
we obtain ∥∥∥∥∥f (mx) +

(
p

2

)
f (0) − m

p∑
i=1

f (aix)

∥∥∥∥∥ ≤ γc‖x‖r, or

∣∣∣∣∣
∣∣∣∣∣f (mx) − m

[
p∑

i=1

f (aix)

]∣∣∣∣∣
∣∣∣∣∣ ≤ γc||x||r, or

(2.7) ||m−2f (mx) − f (x)|| ≤ γc

m2 ||x||r,
if I1 holds. Besides from (2.4), (2.6) and (**), with x1 = x, xj = 0
(j = 2, 3, . . . , p), we get∣∣∣∣∣∣

∣∣∣∣∣∣f (a1x) +
p∑

j=2

f (ajx) − m[f (x) + (p − 1)f (0)]

∣∣∣∣∣∣
∣∣∣∣∣∣ ≤ 0 ,
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or

∣∣∣∣∣
∣∣∣∣∣

p∑
i=1

f (aix) − mf (x)

∣∣∣∣∣
∣∣∣∣∣ ≤ 0, or

(2.8) f (x) = f (x),

if I1 holds. Therefore from (2) and (2.8) we have

(2.9) ||f (x) − m−2f (mx)|| ≤ γc

m2 ||x||r =
γc

m2 − mr
(1 − mr−2)||x||r ,

which is (2.5) for n = 1, if I1 holds.
Similarly, from (2.4), (2.6) and (**), with xi = ai

m x(i = 1, 2, . . . , p), we obtain∥∥∥∥∥f (x) +
(

p

2

)
f (0) − m

p∑
i=1

f
(ai

m
x
)∥∥∥∥∥ ≤ γc

mr
||x||r, or

(2.10) ||f (x) − f (x)|| ≤ γc

mr
||x||r ,

if I2 holds. Further from (2.4), (2.6) and (**), with x1 = x
m , xj = 0

(j = 2, 3, . . . , p), we get∣∣∣∣∣∣
∣∣∣∣∣∣f
(a1

m
x
)

+
p∑

j=2

f
(aj

m
x
)

− m[f (m−1x) + (p − 1)f (0)]

∣∣∣∣∣∣
∣∣∣∣∣∣ ≤ 0, or

∣∣∣∣∣
∣∣∣∣∣

p∑
i=1

f
(ai

m
x
)

− mf (m−1x)

∣∣∣∣∣
∣∣∣∣∣ ≤ 0, or

(2.11) f (x) = m2f (m−1x) ,

if I2 holds. Therefore from (2.10) and (2.11) we have

(2.12) ||f (x) − m2f (m−1x)|| ≤ γc

mr
||x||r =

γc

mr − m2 (1 − m2−r)||x||r ,

which is (2.5) for n = 1, if I2 holds.
Also, with xi = x (i = 1, 2, . . . , p) in (**) and ai = b = p−1/2 (i = 1, 2, . . . , p),

we obtain ∣∣∣∣∣∣f (p1/2x) − pf (x)
∣∣∣∣∣∣ ≤ c||x||r, or

(2.13)
∥∥∥f (x) − p−1f (p1/2x)

∥∥∥ ≤ c

p
‖x‖r =

c

p − pr/2

[
1 − p(r−2)/2

]
‖x‖r,

which is (2.5) for n = 1, if I3 holds.
In addition, with xi = p−1/2x (i = 1, 2, . . . , p) in (**) and ai = b = p−1/2

(i = 1, 2, . . . , p), we obtain∣∣∣∣∣∣f (x) − pf (p−1/2x)
∣∣∣∣∣∣ ≤ cp−r/2||x||r, or

(2.13a)
∣∣∣∣f (x) − pf (p−1/2x)

∣∣∣∣ ≤ cp−r/2||x||r = c
pr/2−p

[1 − p(2−r)/2]||x||r,

which is (2.5) for n = 1, if I4 holds.
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Assume (2.5) is true if (r, m) ∈ I1. From (2.9), with mnx in place of x, and
from the triangle inequality, we have

||f (x) − fn+1(x)|| = ||f (x) − m−2(n+1)f (mn+1x)||

(2.14)

≤ ||f (x) − m−2nf (mnx)|| + ||m−2nf (mnx) − m−2(n+1)f (mn+1x)||
≤ γc

m2 − mr
[(1 − mn(r−2)) + m−2n(1 − mr−2)mnr]||x||r

=
γc

m2 − mr
(1 − m(n+1)(r−2))||x||r ,

if I1 holds.
Similarly assume (2.5) is true if (r, m) ∈ I2. From (2.12), with m−nx in place

of x, and the triangle inequality, we have

||f (x) − fn+1(x)|| = ||f (x) − m2(n+1)f (m−(n+1)x)||

≤ ||f (x) − m2nf (m−nx)|| + ||m2nf (m−nx) − m2(n+1)f (m−(n+1)x)||
≤ γc

mr − m2 [(1 − mn(2−r)) + m2n(1 − m2−r)m−nr]||x||r(2.15)

=
γc

mr − m2 (1 − m(n+1)(2−r))||x||r,

if I2 holds.
Also, assume (2.5) is true if (r, m) ∈ I3. From (2.13), with (pb)nx (= pn/2x)

in place of x, and the triangle inequality, we have

||f (x) − fn+1(x)|| =
∣∣∣∣∣∣f (x) − p−(n+1)f

(
p

n+1
2 x
)∣∣∣∣∣∣ = ||f (x) − p−(n+1)f ((pb)n+1x)||

≤ ||f (x) − p−nf ((pb)nx)|| + ||p−nf ((pb)nx) − p−(n+1)f ((pb)n+1x)||
≤ c

p − pr/2 {[1 − pn(r−2)/2] + p−n[1 − p(r−2)/2](pb)nr}||x||r(2.16)

=
c

p − pr/2 [1 − p(n+1)(r−2)/2]||x||r,

if I3 holds.
In addition, assume (2.5) is true if (r, m) ∈ I4. From (2.13a), with (pb)nx (=

pn/2x) in place of x, and the triangle inequality, we have

||f (x) − fn+1(x)|| =
∣∣∣∣∣∣f (x) − pn+1f

(
p

n+1
2 x
)∣∣∣∣∣∣ = ||f (x) − pn+1f ((pb)−(n+1)x)||

≤ ||f (x) − pnf ((pb)−nx)|| + ||pnf ((pb)−nx) − pn+1f ((pb)−(n+1)x)||
≤ c

pr/2 − p
{[1 − pn(2−r)/2] + pn[1 − p(2−r)/2](pb)−nr}||x||r

=
c

pr/2 − p
[1 − p(n+1)(2−r)/2]||x||r,

(2.16a)

if I4 holds.
Therefore inequalities (2.14), (2.15) and (2.16) and (2.16a) prove inequality

(2.5) for any n ∈ N.



264 JOHN MICHAEL RASSIAS

We claim now that the sequence {fn(x)} converges. To do this it suffices to
prove that it is a Cauchy sequence. Inequality (2.5) is involved if (r, m) ∈ I1.
In fact, if i > j > 0 and h1 = mjx, we have:

||fi(x)−fj(x)||=||m−2if (mix)−m−2jf (mjx)||=m−2j ||m−2(i−j)f (mi−jh1)−f (h1)||

≤ m−2j γc

m2 − mr
(1 − m(i−j)(r−2))||h1||r <

γc

m2 − mr
m−2j ||h1||r −→

j→∞
0,(2.17)

if I1 holds: mr−2 < 1.
Similarly, if h2 = m−jx in I2, we have:

||fi(x)−fj(x)||=||m2if (m−ix)−m2jf (m−jx)||=m2j ||m2(i−j)f (m−(i−j)h2)−f (h2)||

≤ m2j γc

mr − m2 (1 − m(i−j)(2−r))||h2||r <
γc

mr − m2 m2j ||h2||r −→
j→∞

0,(2.18)

if I2 holds: m2−r < 1.
Also, if h3 = pj/2x in I3, we have:

‖fi(x) − fj(x)‖ = ‖p−if (pi/2x) − p−jf (pj/2x)‖
= p−j‖p−(i−j)f (p(i−j)/2h3) − f (h3)‖
≤ p−j c

p−pr/2 (1 − p(i−j)(r−2)/2)‖h3‖r <
c

p − pr/2 p−j‖h3‖r −→
j→∞

0,(2.19)

if I3 holds: pr−2 < 1.
In addition, if h4 = p−j/2x in I4, we have:

||fi(x) − fj(x)|| = ||pif (p−i/2x) − pjf (p−j/2x)||
= pj ||pi−jf (p−(i−j)/2h4) − f (h4)||

(2.19a) ≤ pj c

pr/2 − p
(1 − p(i−j)(2−r)/2)||h4||r <

c

pr/2 − p
pj ||h4||r −→

j→∞
0 ,

if I4 holds: p2−r < 1.
Then inequalities (2.17), (2.18) and (2.19) and (2.19a) define a mapping Q :

X → Y in p variables xi ∈ X (i = 1, 2, . . . , p), given by (2.2).
Claim that from (**) and (2.2) we can get (*), or equivalently that the afore-

mentioned well–defined mapping Q : X → Y is quadratic with respect to a
(�= 0). In fact, it is clear from the functional inequality (**) and the limit (2.2)
for (r, m) ∈ I1 that the following functional inequality

m−2n
∣∣∣∣∣∣f( p∑

i=1

aim
nxi

)
+

∑
1≤i<j≤p

f (ajm
nxi − aim

nxj) −
( p∑

i=1

a2
i

)[ p∑
i=1

f (mnxi)
]∣∣∣∣∣∣∣∣∣

≤ m−2nc

p∏
i=1

||mnxi||ri ,

holds for all vectors (x1, x2, . . . , xp) ∈ Xp, and all n ∈ N with p = 2, 3, 4, . . . and
fn(x) = m−2nf (mnx) : I1 holds. Therefore∣∣∣∣
∣∣∣∣ lim
n→∞ fn

( p∑
i=1

aixi

)
+ lim

n→∞

∑
1≤i<j≤p

fn(ajxi − aixj) −
( p∑

i=1

a2
i

)[ p∑
i=1

lim
n→∞ fn(xi)

]∣∣∣∣
∣∣∣∣
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≤ ( lim
n→∞ mn(r−2))c

p∏
i=1

||xi||ri = 0 ,

because mr−2 < 1 or

(2.20)
∣∣∣∣
∣∣∣∣Q
( p∑

i=1

aixi

)
+

∑
1≤i<j≤p

Q(ajxi − aixj) −
( p∑

i=1

a2
i

)[ p∑
i=1

Q(xi)
]∣∣∣∣
∣∣∣∣ = 0,

i.e., the mapping Q satisfies the quadratic functional equation (*).
Similarly, from (**) and (2.2) for (r, m) ∈ I2 we get that

m2n

∣∣∣∣
∣∣∣∣f
( p∑

i=1

aim
−nxi

)
+
∑

1≤i<j≤p

f (ajm
−nxi−ajm

−nxj)=
( p∑

i=1

a2
i

)[ p∑
i=1

f (m−nxi)
]∣∣∣∣
∣∣∣∣

≤ m2nc

p∏
i=1

||m−nxi||ri ,

holds for all vectors (x1, x2, . . . , xp)∈Xp, and all n∈N with fn(x) = m2nf (m−nx) :
I2 holds. Thus∣∣∣∣
∣∣∣∣ lim
n→∞ fn

( p∑
i=1

aixi

)
+ lim

n→∞

∑
1≤i<j≤p

fn(ajxi − aixj) −
( p∑

i=1

a2
i

)[ p∑
i=1

lim
n→∞ fn(xi)

]∣∣∣∣
∣∣∣∣

≤ ( lim
n→∞ mn(2−r))c

p∏
i=1

||xi||ri = 0 ,

because m2−r < 1, i.e., (2.20) holds and the mapping Q satisfies (*).
Also, from (**) and (2.2) for (r, m) ∈ I3 we obtain that

p−n

∣∣∣∣
∣∣∣∣f
( p∑

i=1

aip
n/2xi

)
+
∑

1≤i<j≤p

f (aip
n/2xj − ajp

n/2xi) −
( p∑

i=1

a2
i

)[ p∑
i=1

f (pn/2xi)
]∣∣∣∣
∣∣∣∣

≤ p−nc

p∏
i=1

||pn/2xi||ri ,

holds for all vectors (x1, x2, . . . , xp)∈Xp, and all n ∈ N with fn(x) = p−nf (pn/2x) :
I3 holds. Hence∣∣∣∣
∣∣∣∣ lim
n→∞ fn

( p∑
i=1

aixi

)
+ lim

n→∞

∑
1≤i<j≤p

fn(ajxi − aixj) −
( p∑

i=1

a2
i

)[ p∑
i=1

lim
n→∞ fn(xi)

]∣∣∣∣
∣∣∣∣

≤ ( lim
n→∞ pn(r−2)/2)c

p∏
i=1

||xi||ri = 0 ,

because pr−2 < 1, i.e., (2.20) holds and the mapping Q satisfies (*).
In addition, from (**) and (2.2) for (r, m) ∈ I4 we obtain that

pn

∣∣∣∣
∣∣∣∣f
( p∑

i=1

aip
−n/2xi

)
+

∑
1≤i<j≤p

f (ajp
−n/2xi − aip

−n/2xj)

−
( p∑

i=1

a2
i

)[ p∑
i=1

f (p−n/2xi)
]∣∣∣∣
∣∣∣∣ ≤ pnc

p∏
i=1

||p−n/2xi||ri ,
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holds for all vectors (x1, x2, . . . , xp)∈Xp, and all n ∈ N with fn(x) = pnf (p−n/2x) :
I4 holds. Hence

∣∣∣∣
∣∣∣∣ lim
n→∞ fn

( p∑
i=1

aixi

)
+ lim

n→∞

∑
1≤i<j≤p

fn(ajxi − aixj) −
( p∑

i=1

a2
i

)[ p∑
i=1

lim
n→∞ fn(xi)

]∣∣∣∣
∣∣∣∣

≤ ( lim
n→∞ pn(2−r)/2)c

p∏
i=1

||xi||ri = 0 ,

because p2−r < 1, i.e., (2.20) holds and the mapping Q satisfies (*).
Therefore (2.20) holds if Ij (j = 1, 2, 3, 4) hold or the mapping Q satisfies the

quadratic functional equation (*), completing the proof that Q is a quadratic
mapping with respect to a in X. It is now clear from (2.5) with n → ∞, as well
as from the formula (2.2) that the functional inequality (2.3) holds in X. This
completes the existence proof of the afore-mentioned Theorem (2.1).

It remains to prove the uniqueness: Let Q′ : X → Y be a quadratic mapping
with respect to a satisfying (2.3), as well as Q. Then Q′ = Q.

In fact, the condition

(2.21) Q(x) =

⎧⎪⎪⎨
⎪⎪⎩

m−2nQ(mnx), if (r, m) ∈ I1,
m2nQ(m−nx), if (r, m) ∈ I2,
p−nQ(pn/2x), if (r, m) ∈ I3,
pnQ(p−n/2x), if (r, m) ∈ I4

holds for all x ∈ X and n ∈ N where p is arbitrary but fixed and equals
2, 3, 4, . . ., as a consequence of (2.5) with c = 0. Remember Q′ satisfies (2.21)
as well for (r, m) ∈ I1. Then for every x ∈ X and n ∈ N,

||Q(x) − Q′(x)|| = ||m−2nQ(mnx) − m−2nQ′(mnx)||
≤ m−2n

{
||Q(mnx) − f (mnx)|| + ||Q′(mnx) − f (mnx)||

}
(2.22)

≤ m−2n 2γc

m2 − mr
||mnx||r = mn(r−2) 2γc

m2 − mr
||x||r → 0

as n → ∞,

if I1 holds: mr−2 < 1.
Similarly for (r, m) ∈ I2, we establish

||Q(x) − Q′(x)|| = ||m2nQ(m−nx) − m2nQ′(m−nx)||
≤ m2n

{
||Q(m−nx) − f (m−nx)|| + ||Q′(m−nx) − f (m−nx)||

}
(2.23)

≤ m2n 2γc

mr − m2 ||m−nx||r = mn(2−r) 2γc

mr − m2 ||x||r → 0 ,

as n → ∞,

if I2 holds: m2−r < 1.



ON THE GENERAL QUADRATIC FUNCTIONAL EQUATION 267

Also for (r, m) ∈ I3, we get

||Q(x) − Q′(x)|| = ||p−nQ(pn/2x) − p−nQ′(pn/2x)||
≤ p−n

{
||Q(pn/2x) − f (pn/2x)|| + ||Q′(pn/2x) − f (pn/2x)||

}
(2.24)

≤ p−n 2c

p − pr/2 ||pn/2x||r = pn(r−2)/2 2c

p − pr/2 ||x||r → 0 ,

as n → ∞,

if I3 holds: pr−2 < 1.
In addition, for (r, m) ∈ I4, we get

‖Q(x) − Q′(x)‖ = ‖pnQ(p−n/2x) − pnQ′(p−n/2x)‖

≤ pn

{
‖Q(p−n/2x) − f (p−n/2x)‖ + ‖Q′(p−n/2x) − f (p−n/2x)‖

}
(2.25)

≤ pn 2c

pr/2 − p
‖p−n/2x‖r = pn(2−r)/2 2c

pr/2 − p
‖x‖r → 0,

as n → ∞,

if I4 holds: p2−r < 1.
Thus from (2.22), (2.23), (2.24) and (2.25) we find Q(x) = Q′(x) for all x ∈ X.
This completes the proof of the uniqueness and stability of the quadratic

functional equation (*).
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[8] I. Fenyö, On an inequality of P.W. Cholewa, In: General Inequalities, 5.[Internat. Schriften-
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BASICITY OF WEIGHTED SHIFT OPERATORS ON LOCALLY

CONVEX SPACES

M. MALDONADO AND J. PRADA

Abstract. Conditions for a weighted shift to be a basis operator on Köthe
spaces are given.

1. Introduction

Weighted shift operators on Hilbert space, on `p and Banach spaces have been
studied in many papers such as [2], [4], [5], [6], [8], [11], [13], [14], [15], [17], [19],
[20]. The relationship between weighted shifts and Banach algebras has mainly
been treated by Grabiner [7].

In [14] the concept of a basis operator on the space `p, 1 ≤ p < ∞, or c0 is
introduced and criteria for a weighted shift operator to be a basis operator are
given. In this paper similar techniques to those used in [14] allow us to deduce
necessary and sufficient conditions for a weighted shift operator to be a basis
operator in the more general context of certain locally convex spaces, precisely
Köthe spaces (such as infinite and finite power series spaces that include, in
particular, the space of analytic functions on a disc) which are projective limits
of Banach sequence spaces.

2. Terminology and basic results

Denote by λp(A), 1 ≤ p < ∞, the Köthe (echelon) space given by the matrix
A = ((an,k)), n, k = 0, 1, 2, . . . , an,k > 0, an,k ≤ an,k+1, for all k, n, that is,

λp(A) =

{

x = (xn)∞n=0, xn ∈ C,

∞
∑

n=0

(|xn| an,k)
p

< ∞, ∀ k = 0, 1, 2, . . .

}

with the norms

‖x‖k =
(

∞
∑

n=0

(|xn| an,k)
p
)

1
p

so that λp(A) is a Fréchet space. If p = ∞, λ∞(A) is

λ∞(A) =

{

x = (xn)∞n=0, xn ∈ C, sup
n

(|xn| an,k) < ∞, ∀ k = 0, 1, 2, . . .

}

and

λ0(A) =
{

x = (xn)∞n=0, xn ∈ C, lim
n

|xn| an,k = 0, ∀ k = 0, 1, 2, . . .
}

.
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Keywords and phrases: weighted shift, Köthe.
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We define `p({an}) (respectively c0({an})), the weighted `p (respectively c0)
space corresponding to a positive sequence {an} as

`p({an}) = {x = (xn)∞n=0 : (xnan)∞n=0 ∈ `p} .

c0({an}) = {x = (xn)∞n=0 : (xnan)∞n=0 ∈ c0} .

Observe that in case an,k = an for all k, then `p({an}) = λp(A).
λp(A) (respectively λ0(A)) is the projective limit of the weighted `p spaces

`p({an,k}) (respectively c0({an,k})) corresponding to the sequence {an,k}n, with
the usual topology.

The canonical basis in these spaces is denoted by δn = (δn,k)∞k=0, where δn,k

is the Kronecker delta; ϕ = span {δn : n ∈ N0}.
The space λ1(A) is nuclear if and only if

∀ k, ∃N(k) such that

(

an,k

an,N(k)

)

∈ `1

[12] and then λp(A) = λ1(A) = λ0(A), p ∈ [1,∞).
Well-known examples of echelon spaces are the infinite and finite power series

spaces; in the first type, the matrix is (an,k = ekαn) while in the second (an,k =

e−
1
k

αn), where (αn) is a monotonically increasing sequence of real numbers going
to infinity. Examples of nuclear infinite (respectively finite) power series spaces
are H(C), the space of entire functions on the complex plane and H(D), the
space of holomorphic functions on the unit disc (in both cases αn = n). When
αn = log n, the corresponding nuclear infinite power series space is very well-
known, in fact, the space s of sequences rapidly decreasing to zero.

A linear map T from λp(A) to λp(A) is continuous if and only if for all k ∈ N

there exist r = r(k) ∈ N and C = Ck > 0 such that

‖Tx‖k ≤ C ‖x‖r , ∀ x ∈ λp(A).

If T is a continuous operator from λp(A) to λp(A), then for all k ∈ N, there
exists r ∈ N such that T extends into a continuous operator from `p({an,r}) to
`p({an,k}).

Denote by S the shift operator

S(x) = S(x0, x1,x2, . . . ) = (0, x0, x1,x2, . . . ) .

formally

S
(

∞
∑

n=0

xnzn
)

=

∞
∑

n=0

xnzn+1 ;

and by T the weighted shift operator

T (x0, x1,x2...) = (0, λ0x0, λ1x1, λ2x2, . . . ) ;

that is,

T
(

∞
∑

n=0

xnzn
)

=
∞
∑

n=0

λnxnzn+1 ,

where the sequence (λn) is taken of real positive numbers to simplify computa-
tions. It is assumed that S and T are continuous operators on λp(A).
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By λp
m(A), m = 0, 1, 2, . . . , p ∈ [1,∞] are denoted the following subspaces of

λp(A) (which are Fréchet spaces also):

λp
m(A) = {x = (xn)∞n=0 ∈ λp(A) such that xn = 0, n < m} .

Analogously, we define

`p
m({an}) = {x = (xn)∞n=0 ∈ `p({an}) such that xn = 0, n < m} .

c0,m({an}) = {x = (xn)∞n=0 ∈ c0({an}) such that xn = 0, n < m} .

The concept of basis operator is central in this work. In [14] the following
definition is given,

Definition (2.1). Let T be a linear operator on the space `p. T is a basis
operator if and only if it is cyclic and for any x 6= 0, x ∈ `p, there exists a linear
isomorphism V of `p onto itself, an integer i, i ≥ 0, and a sequence of complex
numbers (tn)∞n=0 such that V δn+i = tnT n(x), n ≥ 0.

A characterization of basis operators was given by Nikol’skii [14] in the fol-
lowing Lemma,

Lemma (2.2). A weighted shift operator T with r(T ) = lim inf |λ0 . . . λn|
1/n

=
0 is a basis operator in `p, 1 ≤ p < ∞, if and only if for any x = (xn), x 6= 0,
x ∈ `p, the operator V (x) defined on the unit vectors δn, n ≥ 1, by the equations

V (x)δn = δn, n < i(x) ,

V (x)δi = δi +

∞
∑

j=i+1

xj

xi
δj ,

V (x)δn = δn +

∞
∑

j=i+1

λj . . . λj+n−i−1

λi . . . λn−1

xj

xi
δj+n−i, n > i(x),

with i = i(x) = min {n : xn 6= 0}, extends (by linearity) to an isomorphism of
the space `

p
i onto itself.

Remark (2.3). Note that Definition (2.1) makes sense on c0 and that Lemma
(2.2) remains in effect for c0 as well.

We are going to take the previous result, adapted to locally convex spaces, as
a definition, which is enough for our purposes.

The concept of basicity on `p spaces is strongly related to various problems
in function theory, such as the study of invariant subspaces of weighted shift
operators, unicellularity of linear operators and the existence of Riesz bases for
the subspaces `p

n of `p.

The condition r(T ) = lim inf |λ0 . . . λn|
1/n

= 0 plays an important role in
the investigation of basis operators. When r(T ) = 0 the basis operator T is
unicellular and the next corollary follows [14].

Corollary (2.4). If T is a basis weighted shift operator in the space `p,
1 ≤ p < ∞, or in c0, if r(T ) = 0 and the triple {V, i, {tn}

∞

n=0} corresponds to
an element x = (xn) 6= 0, according to the definition of basicity, then i = i(x) is
the smallest number n for which xn 6= 0.
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If r(T ) > 0 it is an open question (as far as we know) if the previous result is
true.

Definition (2.5). Let T be a weighted shift operator on λp(A), p ∈ {0}∪[1,∞);
T is a basis operator if and only if for any x 6= 0, x ∈ λp(A), the operator V (x)
defined by

V (x)δn = δn, n < i(x) ,

V (x)δi = δi +

∞
∑

j=i+1

xj

xi
δj ,

V (x)δn = δn +

∞
∑

j=i+1

λj · · ·λj+n−i−1

λi · · ·λn−1

xj

xi
δj+n−i, n > i(x)

gives an isomorphism from λ
p
i (A) to λ

p
i (A) (i = i(x) = min{n : xn 6= 0}).

This definition can be given in the same way for two different Köthe spaces.

Remark (2.6). If we consider two weighted `p spaces, p ∈ [1,∞) (when p = ∞
take c0), following the commutative diagram

`p({an,r})
V (x)
−→ `p({an,k})

Fr ↓ ↓ Fk

`p V
−→ `p

with Fj(xn) = (xnan,j), j = 0, 1, . . . we can observe that the weighted shift
operator T from `p({an,r}) to `p({an,k}) is a basis operator if and only if the
operator

V δn =
an,k

an,r
δn, n < i(y) ,

V δi =
ai,k

ai,r
δi +

∞
∑

j=i+1

yj

yi

aj,k

aj,r
δj ,

V δn =
an,k

an,r
δn +

ai,r

an,r

∞
∑

j=i+1

λj · · ·λj+n−i−1

λi · · ·λn−1

yj

yi

aj+n−i,k

aj,r
δj+n−i, n > i(y)

where (yn) = (xnan,r), is an isomorphism of the space `
p
i onto itself.

Observe also that if r = k, then T is a basis operator from `p({an,k}) to
`p({an,k}) if and only if Φ(x) = (0, λn

an+1,k

an,k
xn) is a basis operator from `p to

`p, while if k 6= r both conditions are not, in general, equivalent; in fact, the
operator Φ(x) = (0, λn

an+1,k

an,r
xn) from `p to `p is a basis operator if and only if,

for all x ∈ `p, the operator

V δn =δn +

∞
∑

j=i+1

λj · · ·λj+n−i−1

λi · · ·λn−1

aj+1,k · · · aj+n−i,k

ai+1,k · · · an,k

ai,r · · · an−1,r

aj,r · · · aj+n−i−1,r

xj

xi
δj+n−i,

n > i ,

V δi= δi +
∞
∑

j=i+1

xjδj

is an isomorphism from `
p
i onto `

p
i .
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The next Lemma about linear operators between `p spaces is easily extended
to weighted `p spaces; it is stated below and will be used later on.

Lemma (2.7). If B is a linear operator from `1 to `1 given by the matrix
(tm,q)

∞
m,q=0, then

‖B‖ = sup
q≥0

{

∞
∑

m=0

|tm,q|

}

.

If B is a linear operator from `∞ to `∞ (respectively from c0 to c0) with matrix
(tm,q)

∞
m,q=0, then

‖B‖ = sup
m≥0

{

∞
∑

q=0

|tm,q|

}

.

If B is a linear operator from `1 to c0 given by the matrix (ti,j)
∞
i,j=0, then

‖B‖ = sup
i,j≥0

{|ti,j |} .

Lemma (2.8). If B is a continuous linear operator from `
1({an,r}) to `

1({an,k})

given by the matrix (tm,q)
∞
m,q=0, then

‖B‖ = sup
q≥0

{

∞
∑

m=0

|tm,q|
am,k

aq,r

}

.

If B is a continuous linear operator from c0({an,r}) to c0({an,k}) given by the
matrix (tm,q)

∞
m,q=0, then

‖B‖ = sup
m≥0

{

∞
∑

q=0

|tm,q |
am,k

aq,r

}

.

If B is a continuous linear operator from `1({an,r}) to c0({an,k}) given by the
matrix (ti,j)

∞
i,j=0, then

‖B‖ = sup
i,j≥0

{

|ti,j |
ai,k

aj,r

}

.

3. Basis operators on Köthe spaces

Some extra notation will be needed: if x = (xn) ∈ λp(A), the coordinate
projections are denoted by Pn; that is,

Pnx = xn, n ≥ 0.

For x ∈ λ
p
i (A), that is, Pnx = 0, n < i and Pix 6= 0 (i ≥ 0) we set

Γi(x) = (V (x) − I)Pix.

This operator Γi(x) has the following properties:
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1. It is a linear operator for any i, given by the formulas

Γi(x)δn =

∞
∑

j=i+1

λj · · ·λj+n−i−1

λi · · ·λn−1
xjδj+n−i , n > i ,

Γi(x)δi =
∞
∑

j=i+1

xjδj ,

Γi(x)δn = 0 , n < i .

2. Γi(λx + µy) = λΓi(x) + µΓ(y), x, y ∈ λp(A), λ, µ ∈ C. Then, for a fixed
i ≥ 0, the mapping Γ defined by Γ(x) = Γi(x), for all x ∈ λ

p
i (A) is again a linear

mapping from λp(A) to L(ϕ, ϕ).

3. For all x ∈ λ
p
i (A) the matrix (tm,q(x))∞m,q=0 of the operator Γi(x) is

tm,q(x) =



















0 if m ≤ q ,

0 if 0 ≤ q ≤ i − 1 ,

xm if q = i and m ≥ i + 1 ,
λm−q+i ···λm−1

λi···λq−1
xm−q+i if q ≥ i + 1 and m ≥ q + 1.

As the Köthe space λp(A), p = 0, 1 ≤ p < ∞, is the projective limit of the
Banach spaces `p({an,k}), we have

Theorem (3.1). If T is a basis operator on λ1(A), then
∀ k ∈ N, ∃ r = r(k) ∈ N, r ≥ k and s = s(k) ∈ N such that

Ki = sup
j≥1

sup
q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1

aq+j,k

aq,r ai+j,s

}

< ∞

for all i = 0, 1, 2, . . .

Proof. Fix an integer i, i ≥ 0; let us consider the linear map Γ from λ1
i+1(A)

to L(λ1(A)) (the space of all linear continuous operators on λ1(A)) taking an
element x ∈ λ1

i+1(A) into the operator Γi(δi + x).

If x ∈ λ1
i+1(A), as Γi(δi + x) ∈ L(λ1(A)), then for every k ∈ N there exist

rx(k) ∈ N and Cx,k > 0 so that

‖Γi(δi + x)δm‖k ≤ Cx,k ‖δm‖rx(k)

for all m = 0, 1, 2, . . .

Let k ∈ N be a fixed number and for every r ∈ N, r ≥ k consider the linear
subspaces

Xi,r =
{

x ∈ λ1
i+1(A) such that rx(k) = r

}

.

Therefore if x ∈ Xi,r, the mapping Γi(δi + x) from `1({an,r}) to `1({an,k}) is
continuous.

As λ1
i+1(A) is a Baire space (Proposition 1.2.9 of [16]) and λ1

i+1(A)=
⋃

r∈N,r≥k

Xi,r,

there exists r ∈ N, r ≥ k such that Xi,r is a Baire space dense in λ1
i+1(A)

(Proposition 1.2.3. of [16]).
From the Closed Graph Theorem (Theorem 1.2.19 of [16]), the linear map

Γ: λ1
i+1(A) −→ L

(

`1({an,r}), `
1({an,k})

)
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is continuous: if {xn}n∈N
is a sequence that converges to x in λ1

i+1(A) and
Γi(δi + xn) converges to an operator Υ in the operator norm, then

(Υδq)m =
(

lim
n→∞

Γi(δi + xn)δq

)

m
= (Γi(δi + x)δq)m

for q ≥ i and m ≥ i + 1, that is Υ = Γi(δi + x).
So Xi,r = λ1

i+1(A) and moreover, there exist s = s(k) ∈ N and C = C(k) > 0
so that

‖Γi(δi + x)‖ ≤ C ‖x‖s , for all x ∈ λ1
i+1(A).

By Lemma (2.8),

‖Γi(δi + x)‖= sup
q≥i+1

{

∞
∑

m=i+1

|xm|
am,k

ai,r
,

∞
∑

m=q+1

λm−q+i · · ·λm−1

λi · · ·λq−1
|xm−q+i|

am,k

aq,r

}

≥ sup
q≥i+1







∞
∑

j=1

λj+i · · ·λj+q−1

λi · · ·λq−1
|xj+i|

aj+q,k

aq,r







.

Then

sup
q≥i+1







∞
∑

j=1

λj+i · · ·λj+q−1

λi · · ·λq−1
|xj+i|

aj+q,k

aq,r







≤ ‖Γi(δi + x)‖ ≤ C ‖x‖s .

Taking xj = 1
ai+j,s

δi+j , j = 1, 2, 3, . . . in the previous inequality, it follows

that

sup
j≥1

sup
q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1

aj+q,k

aq,r ai+j,s

}

< ∞,

for all i = 0, 1, 2, . . . , or equivalently

sup
q≥i+1

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,r am−q+i,s

}

< ∞,

for all i = 0, 1, 2, . . .

Theorem (3.2). If

lim
n→∞

λn
an+1,k

an,k
= 0

and ∀ k ∈ N, ∃ r = r(k) ∈ N such that

Ki = sup
q≥i+1

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,kam−q+i,r

}

< ∞

for all i = 0, 1, 2, . . . , then the operator T is a basis operator on λ1(A).

Proof. Let i ≥ 0 be a fixed integer. For every k ∈ N we have

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,r

}

≤
λq

λi

aq+1,k

aq,k
sup

m≥q+2

{

1

ai+1,r
,
λm−(q+1)+(i+1) · · ·λm−1

λi+1 · · ·λq

am,k

aq+1,k am−(q+1)+(i+1),r

}

.
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As lim
n→∞

λn
an+1,k

an,k
= 0, then

sup
q≥n

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,r

}

≤ sup
q≥n

{

λq

λi

aq+1,k

aq,k

}(

1

ai+1,r
+ Ki+1

)

n→∞
−→ 0.

Therefore if x ∈ λ1
i (A) with xi = 1, there exists n ∈ N such that

sup
q≥n

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,r

}

‖x‖r < 1.

Consider now the operator Γi(x), which is continuous from `1
n({am,k}) to itself

for any k ∈ N, since for q ≥ n,

‖Γi(x)δq‖k≤ sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,r

}

‖δq‖k

∞
∑

m=q+1

|xm−q+i| am−q+i,r

≤ Ki ‖δq‖k ‖x‖r .

Then the norm of the restriction of Γi(x) to `1
n({am,k}) satisfies

‖Γi(x)‖ ≤ sup
q≥n

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,r

}

‖x‖r < 1.

The restriction of the operator V (x) = I + Γi(x) to `1
n({am,k}) is an isomor-

phism, so V (x) is an isomorphism from `1
i ({am,k}) onto itself, for every k, and

the Theorem is proved.

Similarly to the two previous Theorems we have

Theorem (3.3). If T is a basis operator on λ0(A), then the following condi-
tion is true:

∀ k ∈ N, ∃ r = r(k) ∈ N, r ≥ k and s = s(k) ∈ N such that

sup
m≥i+2







m−i−2
∑

j=0

λm−j−1 · · ·λm−1

λi · · ·λi+j

am,k

aj+i+1,ram−j−1,s







< ∞

for all i = 0, 1, 2, . . .

Theorem (3.4). If

lim
n→∞

λn
an+1,k

an,k
= 0

and ∀ k ∈ N, ∃ r = r(k) ∈ N, r ≥ k, such that

Ki = sup
m≥i+2







m−i−2
∑

j=0

λm−j−1 · · ·λm−1

λi · · ·λi+j

am,k

aj+i+1,kam−j−1,r







< ∞

for all i = 0, 1, 2, . . . , then the operator T is a basis operator on λ0(A).

We can extend these results to λp(A) as follows.
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Theorem (3.5). If T is a basis operator on λp(A), p = 0, 1 ≤ p < ∞, then
∀ k ∈ N, ∃ r = r(k) ∈ N, r ≥ k and s = s(k) ∈ N such that

sup
j≥1

sup
q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1

aq+j,k

aq,r ai+j,s

}

< ∞

for all i = 0, 1, 2, . . .

Proof. For a fixed integer i, i ≥ 0, we have the linear map

Γ: λ
p
i+1(A) −→ L (λp(A), λp(A))

x 7−→ Γ(x) = Γi(δi + x).

As Γi(δi +x), x ∈ λ
p
i+1(A), is a linear and continuous operator, then ∀ k there

exist rx(k) and Cx,k > 0 such that

‖Γi(δi + x)δm‖k ≤ Cx,k ‖δm‖rx(k) , ∀m = 0, 1, 2, . . .

For a fixed k ∈ N, for every r ∈ N, r ≥ k, let us consider

Xi,r =
{

x ∈ λ
p
i+1(A) such that rx(k) = r

}

.

Therefore if x ∈ Xi,r, the mapping

Γi(δi + x) : `p({an,r}) −→ `p({an,k})

is linear and continuous, so the restriction of Γi(δi+x) to `1({an,r}) is continuous
too.

As λ
p
i+1(A) is a Baire space and λ

p
i+1(A) =

⋃

r∈N,r≥k

Xi,r, by Proposition 1.2.3.

of [16], there exists r ∈ N such that Xi,r is a Baire space dense in λ
p
i+1(A).

As in Theorem (3.1), from the Closed Graph Theorem, the linear map

Γ: λ
p
i+1(A) −→ L (`p({an,r}), `

p({an,k}))

is continuous. Then there exist s = s(k) ∈ N and C > 0 such that

‖Γi(δi + x)‖p,p ≤ C ‖x‖s,p ,

and it follows that

‖Γi(δi + x)‖1,∞ ≤ C ‖x‖s,p .

By Lemma (2.8),

‖Γi(δi + x)‖1,∞

= sup
q≥i+1

{

sup
m≥i+1

{

|xm|
am,k

ai,r

}

, sup
m≥q+1

{

λm−q+i . . . λm−1

λi . . . λq−1
|xm−q+i|

am,k

aq,r

}}

≥ sup
q≥i+1
m≥q+1

{

λm−q+i . . . λm−1

λi . . . λq−1
|xm−q+i|

am,k

aq,r

}

= sup
q≥i+1
j≥1

{

λj+q−1 . . . λj+i

λi . . . λq−1
|xj+i|

aj+q,k

aq,r

}

.
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Then

sup
q≥i+1
j≥1

{

λj+q−1 . . . λj+i

λi . . . λq−1
|xj+i|

aj+q,k

aq,r

}

≤ ‖Γi(δi + x)‖1,∞ ≤ C ‖x‖s,p .

Taking xj = 1
as

j+i

δj+i, j = 1, 2, 3, . . . , in the previous inequality, we obtain

the result.

Theorem (3.6). If

lim
n→∞

λn
an+1,k

an,k
= 0

and ∀ k ∈ N

(3.7) Ki = sup
m≥i+2







m−i−2
∑

j=0

λm−j−1 · · ·λm−1

λi · · ·λi+j

am,k

aj+i+1,kam−j−1,k







< ∞

for all i = 0, 1, 2, . . . , then the weighted shift T is a basis operator on λp(A).

Proof. Condition (3.7) clearly implies

Ci = sup
q≥i+1

sup
m≥q+1

{

λm−q+i · · ·λm−1

λi · · ·λq−1

am,k

aq,k am−q+i,k

}

< ∞.

We consider the application B : λ1(A) × λ1(A) −→ λ1(A) defined by B(x, y) =
Γi(x)(y), i = i(x) = min {n : xn 6= 0}.

If x = (xn), y = (yn) ∈ λp(A) and k ∈ N, we have

‖B(x, y)‖k,1 = ‖Γi(x)y‖k,1

=

∥

∥

∥

∥

∥

∥

yi

∞
∑

j=i+1

xjδj +
∞
∑

q=i+1

yq

∞
∑

m=q+1

λm−q+i . . . λm−1

λi . . . λq−1
xm−q+iδm

∥

∥

∥

∥

∥

∥

k,1

≤ |yi|

∞
∑

j=i+1

|xj | aj,k +

∞
∑

q=i+1

|yq |

∞
∑

m=q+1

λm−q+i . . . λm−1

λi . . . λq−1
|xm−q+i| am,k

≤

(

1

ai,k
+ Ci

)

‖x‖k,1 ‖y‖k,1 .

Therefore, for any k ∈ N, the above bilinear mapping B extends to a bilinear
map

B : `1({am,k}) × `1({am,k}) −→ `1({am,k}),

which verifies that for all x ∈ `1
i ({am,k}) and y ∈ `1({am,k})

‖B(x, y)‖k,1 = ‖Γi(x)y‖k,1 ≤ Mi ‖x‖k,1 ‖y‖k,1 , Mi =
1

ai,k
+ Ci.

Proceeding as in Theorem (3.2) we obtain that for k ∈ N, x ∈ `1
i ({am,k}) and

y ∈ `1
n({am,k}), n > i

‖B(x, y)‖k,1 = ‖Γi(x)y‖k,1 ≤ Cn ‖x‖k,1 ‖y‖k,1
n→∞
−→ 0.
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Analogously, if we consider B : λ0(A) × λ0(A) −→ λ0(A) defined as before, for
any k ∈ N it extends to a bilinear mapping

B : c0({am,k}) × c0({am,k}) −→ c0({am,k}),

such that if x ∈ c0,i({am,k}) and y ∈ c0({am,k}), then

‖B(x, y)‖k,∞ ≤ M ′
i ‖x‖k,∞ ‖y‖k,∞ , M ′

i =
1

ai,k
+ Ki.

Furthermore, if x ∈ c0,i({am,k}) and y ∈ c0,n({am,k}),

‖B(x, y)‖k,∞ ≤ Kn ‖x‖k,∞ ‖y‖k,∞ .

By the Interpolation Theorem (Theorem 2.7 of [1]), B can be extended to a
bilinear operator

B : `p({am,k}) × `p({am,k}) −→ `p({am,k}),

with

(3.8) ‖B(x, y)‖k,p ≤ M t
i (M

′
i)

1−t ‖x‖k,p ‖y‖k,p ,

x, y ∈ `p({am,k}), 1 < p < ∞, 0 < t < 1.
If we consider x ∈ `

p
i ({am,k}) and y ∈ `p

n({am,k}), n > i, then

‖B(x, y)‖k,p ≤ Ct
nK1−t

n ‖x‖k,p ‖y‖k,p .

If x ∈ λ
p
i (A), let be n ∈ N, n > i, such that Ct

nKt−1
n ‖x‖k,p < 1. For any

k ∈ N, if y ∈ `p
n({am,k}), by (3.8) we have

‖Γi(x)y‖k,p = ‖B(x, y)‖k,p ≤ Ct
nKt−1

n ‖x‖k,p ‖y‖k,p < ‖y‖k,p ,

that is, the operator Γi(x) : `
p
n({am,k}) −→ `

p
n({am,k}) is continuous with ‖Γi(x)‖

< 1. Then, V (x) = I + Γi(x) is an isomorphism from `p
n({am,k}) to itself, for all

k, and the Theorem follows.

Remark (3.9). In analytic spaces the previous results read:
1. Assume λ1(A) = λ0(A) = H(D). Then:
a. If T is a basis operator, it follows that ∀ k ∈ N

sup
j≥1

q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1
e−

q+j

k

}

< ∞,

for all i = 0, 1, 2, . . .

b. If lim
n→∞

λn = 0 and

sup
j≥1

q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1

}

< ∞,

for all i = 0, 1, 2, . . . , then T is a basis operator.
2. Assume λ1(A) = λ0(A) = H(C). Then:
a. If T is a basis operator, it follows that ∃ r, s ∈ N and such that

sup
j≥1

q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1
e−qre−(i+j)s

}

< ∞,

for all i = 0, 1, 2, . . .
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b. If lim
n→∞

λn = 0 and

sup
j≥1

q≥i+1

{

λj+i · · ·λj+q−1

λi · · ·λq−1

}

< ∞,

for all i = 0, 1, 2, . . . , then T is a basis operator.
Therefore the operator T given by λn = 1

n+1 (integration operator) is a basis

operator on both spaces H(D) and H(C) as

sup
j≥1
q≥i+1

{

1
i+j+1 · · · 1

j+q
1

i+1 · · · 1
q

}

≤ 1.

and so the system {n!T nx}, x0 6= 0 is a basis.

As corollaries of the Theorems of Section (3), we can obtain an extension of
Theorem 1 and Theorem 2 of [14] for weighted `p an c0 spaces.

Proposition (3.10). Let T be a weighted shift operator from c0({an,r}) to
c0({an,k}).

1. If T is a basis operator, then the following condition is true:

∀ i ≥ 0, sup
m≥i+2

m−i−2
∑

s=0

λm−s−1 · · ·λm−1

λi · · ·λi+s

am,k

am−s−1,ras+i+1,r
< ∞

2. Suppose that

lim
n→∞

λn
an+1,k

an,r
= 0

and an,r ≤ C an,k. Then the condition stated in part 1 implies

lim
n→∞

(

sup
m≥n

m−i−2
∑

s=0

λm−s−1 · · ·λm−1

λi · · ·λi+s

am,k

am−s−1,ras+i+1,r

)

= 0, ∀ i = 0, 1, 2, . . .

3. Assuming the first condition of part 2 and k = r, then the inequality stated
in part 1 is also sufficient for the operator T to be a basis operator.

For weighted `1 spaces we have

Proposition (3.11). Let T be a weighted shift operator from `1({an,r}) to
`1({an,k}).

1. If T is a basis operator, then

∀ i ≥ 0, sup
s≥1,m≥0

{

λs+i · · ·λs+i+m

λi · · ·λi+m

as+i+m+1,k

ai+s,rai+m+1,r

}

< ∞.

2. The conditions

∀ i ≥ 0, sup
s≥1,m≥0

{

λs+i · · ·λs+i+m

λi · · ·λi+m

as+i+m+1,k

ai+s,kai+m+1,k

}

< ∞.

and

lim
n→∞

λn
an+1,k

an,k
= 0.

imply that the operator T is a basis operator when r = k.
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Remark (3.12). Note that taking lim
n→∞

(λ0λ1 · · ·λnan,k)
1
n = 0 instead of

lim
n→∞

λn
an+1,k

an,k
= 0 the previous result is still true. The proof is similar to Theo-

rem 2 of [14].

Proposition (3.13). Suppose that

lim
n→∞

λn
an+1,k

an,k
= 0.

Then the condition

∀ i ≥ 0, sup
m≥i+2

m−i−2
∑

s=0

λm−s−1 · · ·λm−1

λi · · ·λi+s

am,k

am−s−1,kas+i+1,k
< ∞

is necessary and sufficient for the operator T to be a basis operator on `p({an,k}),
p ∈ [1,∞) (for p = ∞ take c0).

Remark (3.14). Note that the condition lim inf |λ0 . . . λn|
1/n

= 0 or equiva-

lently lim (λ0 . . . λnan,k)1/n = 0 may certainly not hold for several important
shifts. It would be nice to have some examples of those, as well as “some direct
converses” of the necessary conditions obtained in Theorems (3.1), (3.3), (3.5).
These problems open an interesting line of research that we intend to pursue in
the near future.

Received March 07, 2005

Final version received July 13, 2005

Departamento de Matemáticas
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ON WALLMAN BASES AND COMPACTIFICATIONS

A. GARCÍA-MÁYNEZ C.

Abstract. We consider three types of compactifications of a T1-topological
space X: a) perfect ones; b) compactifications in which X is locally connected
and c) Hausdorff compactifications of X (in case X is completely regular) in
which X is Gδ-dense. We give necessary and sufficient conditions on a Wall-
man basis B of X for the induced compactification to be of type a) or b) (when
B is not necessarily normal) and characterize compactifications of type c) in
terms of the existence of a normal Wallman basis on X which satisfies a certain
condition.

1. Introduction

Wallman bases exist in every T1-topological space X and each one of them
induces a compactification of X. The old problem as to whether every Hausdorff
compactification of a Tychonoff space is induced by a normal Wallman basis of
X was solved in the negative by V.M. Uljanov [U]. However, if we require the
compactification to satisfy an extra condition, the answer may be affirmative.
For instance, if Z is a Hausdorff compactification in which X is Gδ-dense, then
Z is induced by a certain normal Wallman basis of X (See (4.3) below). We
do not know if every perfect or locally connected compactification of X is of
Wallman type. However, if we know that the compactification Z is induced by
a Wallman basis B of X, we describe necessary and sufficient conditions on B

for Z to be perfect and for X to be locally connected in Z. These problems have
already been solved when Z is Hausdorff (See [G1] and [G2]).

2. Definitions and preliminary results

Definitions (2.1). a) If X is a set and if G ⊆ P(X), C(G) denotes the family of
complements in X of elements of G, i.e.,

C(G) = {X −G |G∈G} .

b) Let X be a topological space and let B be a basis for the open sets of X.
We say B is a ring basis of X if B, B′∈B implies B ∩ B′∈B and B ∪ B′∈B.

c) A Wallman basis for a topological space X is a ring basis B of X which
satisfies the additional condition:
∗) If x∈B∈B, there exists an element Hx∈C (B) such that x∈Hx ⊆ B.
d) A topological space (X, τ) is R0 if τ is a Wallman basis of X, i.e., if every

open set is a union of closed sets.
e) A Wallman basis B for a topological space (X, τ) is said to be normal if

every two disjoint members of C(B) are contained in disjoint members of B.

2000 Mathematics Subject Classification: 54C25, 54D05, 54D80.
Keywords and phrases: Wallman basis, perfect compactification, locally connected extension,

pre-fine, R-embedded, R-bounded.
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f) A non-empty subfamily ξ of C(B) is a Wallman ultrafilter if ξ satisfies the
following conditions:

1) Each element H∈ξ is non-empty.
2) For every pair of elements H, K∈ξ, H ∩K also belongs to ξ.
3) If H∈ξ and H ⊆ K∈C(B), then K∈ξ.
4) An element K∈C(B) belongs to ξ if and only if K ∩H 6= ∅ for every H∈ξ.

Observe that for a Wallman basis B of X, every point p ∈ X determines
a Wallman ultrafilter, namely ξp = {H∈C(B) |p∈H}. The collection of all
Wallman ultrafilters is denoted as X(B). There is a natural map v : X → X(B)
which assigns to every p∈X its fixed ultrafilter ξp. For every A ⊆ X we define
a subset A∗ of X(B) by means of the formula

A∗ = {ξ∈X(B) | for some F ∈ξ, F ⊆ A} .

Clearly A ⊆ C ⊆ X implies A∗ ⊆ C∗ ⊆ X∗ = X(B) and for every pair of
subsets C, D of X we have: (

C ∩D
)∗

= C∗ ∩D∗.

The formula
(
C ∪D

)∗
= C∗∪D∗ also holds provided that C and D both belong

to B ∪ C(B) (see [GT]). The family B∗ =
{

B∗ |B∈B
}

is a basis for a compact
topology τB of X(B). The natural mapping v : (X, τ) → (X (B) , τB) is then
continuous, open onto its range, with fibers v

−1
v(p) = {p}− and its range v(X)

is dense in X(B). Therefore, if (X, τ) is a T1-space, the pair (v, X(B)) is a T1-
compactification of X, called the associated Wallman compactification of X
with respect to the basis B.

The following results are well known:

(2.2). A topological space is R0 if and only if the closures of two points are
either the same or disjoint.

(2.3). A topological space is completely regular if and only if its topology
admits a normal Wallman basis.

(2.4). The Wallman compactification X(B) of a T1-space X with Wallman
basis B is a Hausdorff space if and only if B is a normal basis.

(2.5). If X is a completely regular Hausdorff space (i.e., a Tychonoff space),
then the family of cozero sets in X is a normal Wallman basis of X whose
induced compactification is homeomorphic to the Stone-Čech compactification
βX.

(2.6). If B is a normal Wallman basis of a Tychonoff space (X, τ), then the
family U(B) of finite covers of X with elements of B is a compatible uniformity
basis of (X, τ) and the uniform completion (X, U(B))̂ is a compactification of X
homeomorphic to the Wallman compactification (v, X(B)) (see [GT], 4.46 ).

We recall now some definitions.

(2.7). a) A space Z is an extension of a space X if X is a dense subspace of Z.
A compact extension of X is called a compactification of Z.
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b) Two extensions Z1, Z2 of a space X are equivalent if there exists an home-
omorphism ϕ : Z1 → Z2 such that ϕ|X is the identity map of X.

c) Let H, A, B be subsets of a space X. We say that H separates A, B in X
if there exist two subsets L, M ⊆ X such that X −H = L ∪M , A ⊆ L, B ⊆ M
and L ∩ C`X (M) = ∅ =

[
C`X (L)

]
∩M .

d) An extension Z of X is perfect if whenever a closed subset H of X separates
two sets A, B ⊆ X in X, the set C`Z (H) (i.e., the closure of H in Z) separates
A, B in Z.

e) Let Z be an extension of X. For every set A ⊆ X, define a subset A1 ⊆ Z
by means of the formula:

A1 = Z − C`Z(X −A) .

f) X is locally connected in one of its extensions Z if Z has a basis {Wi | i∈J}
such that each restriction Wi ∩ X is a connected subset of X. Each Wi is then
connected and Z is locally connected.

Theorem (2.8). Consider the operator A 7→ A1 defined in (2.7) e). Then:
i) For every A ⊆ X, A1∩X is the interior of A with respect to X. Also, A ⊆ B

implies A1 ⊆ B1.
ii) If A is open in X, W is open in Z and if W ∩X = A, then W ⊆ A1.
iii) For every pair of subsets A, B ⊆ X, we have (A ∩ B)1 = A1 ∩ B1.
iv) Z is a perfect extension of X if and only if for every pair of disjoint open

subsets A, B of X, we have (A ∪ B)1 = A1 ∪ B1.

Proof. We prove only iv). Suppose Z is a perfect extension of X. By i), we
have only to prove that (A ∪ B)1 ⊆ A1 ∪ B1. Let z ∈ (A ∪ B)1. Consider the
closed subset of X:

K = X − (A ∪ B) .

By hypothesis, K separates A and B in X. Since Z is a perfect extension
of X, C`Z (K) separates A and B in Z. Hence there exist two disjoint open
sets U, V in Z such that U ⊇ A, V ⊇ B and Z − C`Z (K) = U ∪ V . But
z∈ (A ∪ B)1 = Z − C`Z (K) = U ∪ V . Then z∈U or z∈V . If z∈U, then z∈A1

because U∩ (B∪K) = ∅ and hence z 6∈C`Z

(
X −A

)
. Similarly, if z∈V , we have

z∈B1. Therefore (A ∪ B)1 ⊆ A1 ∪ B1 and the proof of this part is complete.
Assume now that (A ∪ B)1 = A1 ∪ B1 whenever A and B are disjoint open

subsets of X. Let K be a closed subset of X separating two sets C, D ⊆ X.
Then there exist disjoint open sets A, B in X such that C ⊆ A, D ⊆ B and
X −K = A ∪ B. We have C`Z (K) ∩ (A1 ∪ B1) = ∅. Indeed, if z∈C`Z (K), then
z 6∈ (A ∪ B)1 = A1 ∪ B1 and hence z 6∈A1 ∪ B1. But on the other hand, the fact
that X = K∪A∪B implies that Z =

[
C`Z (K)

]
∪(A∪B)1 =

[
C`Z (K)

]
∪A1∪B1.

Hence C`Z (K) separates C and D in Z and the proof is complete.

3. Main results

We first characterize perfect Wallman compactifications.

Theorem (3.1). Let B be a Wallman basis of a T1-space (X, τ). Then the
following conditions are equivalent:

i) X(B) is a perfect extension of v(X).
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ii) If K ⊆ B, where K∈C(B) and B∈B and if L is an open set in X such that
B ∩ Fr (L) = ∅, then there exists a set BL∈B such that K ∩ L ⊆ BL ⊆ B ∩ L.

iii) If K ⊆ L ∪ M = B, where K ∈C(B), B ∈B and L, M are disjoint open
sets of X, then there exist basic sets BL, BM ∈B such that K ∩L ⊆ BL ⊆ L and
K ∩M ⊆ BM ⊆ M .

Proof. i) ⇒ ii) Let K, L, B be as in condition ii). Define C = X − B and
M = X−C` (L). Obviously C is closed in X and C separates B ∩L and B ∩M
in X. Since X(B) is a perfect extension of v(X), there exist two disjoint open
sets L0, M0 in X(B) such that L0 ∩ v(X) = v(B ∩L), M0 ∩ v(X) = v(B ∩M) and
X(B)− C`X(B)

(
v(C)

)
= L0 ∪M0. From Theorem (2.8), part iv), we know that

X(B)− C`X(B)
(
v(C)

)
= (B ∩ L)1 ∪ (B ∩M)1 .

But since L0 ∩ v(X) = v(B ∩ L) = (B ∩ L)1 ∩ v(X) and M0 ∩ v(X) = v(B ∩
M) = (B ∩ M)1 ∩ v(X), we must have L0 = (B ∩ L)1 and M0 = (B ∩ M)1.
Since (B ∩ L)1 ∩ C`X(B)

(
v(K)

)
= (B ∩ L)1 ∩ K∗ is closed in X(B) (because

K∗ ⊂ B∗ = B1 = (B ∩L)1 ∪ (B ∩M)1) and since X(B) is compact, there exists
a set BL∈B such that:

(B ∩ L)1 ∩K∗ ⊆ B∗L ⊆ (B ∩ L)1 .

Intersecting with v(X) and applying v
−1

, we have:

K ∩ L ⊆ BL ⊂ B ∩ L ,

as required.
ii) ⇒ iii) (Obvious).
iii) ⇒ i) Let L, M be disjoint open sets in X. By Remark 2.5 iv), it is enough
to prove that (L ∪ M)1 ⊆ L1 ∪ M1. Let ξ ∈ (L ∪ M)1. Hence, there exists a
basic set B∈B such that ξ∈B∗ ⊆ (L ∪M)1. Let F ∈ξ be such that F ⊆ B. By
hypothesis, there exist basic sets BL, BM such that F ∩ L ⊆ BL ⊆ B ∩ L and
F∩M ⊆ BM ⊆ B∩M . Then ξ∈ (BL∪BM )∗ = B∗L∪B∗M = (BL)1∪(BM )1 ⊆ L1∪M1

and the proof is complete.

Corollary (3.2). Let (X, τ) be a T1-space. Then X(τ) is perfect compactifi-
cation of X.

We now obtain a better result, but we need a definition:

Definition (3.3). A Wallman basis B on a space X is said to be fine if whenever
C ⊆ B∈B, where C is open and closed with respect to B, we have C∈B.

Theorem (3.4). Let B be a fine Wallman basis on a T1-space X. Then X(B)
is a perfect compactification of X (we have identified X with v(X)).

Proof. It is enough to take BL = B ∩ L in condition ii).

Since the family of cozero sets in a Tychonoff space X is a fine normal Wall-
man basis on X, we deduce that βX is a perfect Hausdorff compactification of
X, a well known fact in general topology.

We now set ourselves the following problem:
Let B be a Wallman basis of a T1-space (X, τ). Find necessary and sufficient

conditions on B which insure that v(X) is locally connected in X(B).
We need some definitions.
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Definition (3.5). a) A Wallman basis B for a space (X, τ) is locally connected
if for every B∈B and every component C of B, we have C∈B.

b) A subspace L of a topological space X is said to be insular if L has only
a finite number of (connected) components.

c) A Wallman basis B for a space (X, τ) is pre-fine if whenever C ⊆ B, where
C∈C(B) and B∈B, there exists an insular set L such that C ⊆ L ⊆ B.

For example, the topology τ of a T1 locally connected space (X, τ) is a locally
connected Wallman basis for (X, τ). However, τ is pre-fine only if every closed
discrete subset of X is finite; i.e., only if X is countably compact.

We observe also that if every element of a Wallman basis B of an insular
space (X, τ) has compact boundary, then B is pre-fine.

It is also easy to prove, using Theorem (3.1), that every locally connected
pre-fine Wallman basis is perfect.

We may now prove the following:

Theorem (3.6). Let B be a locally connected Wallman basis of a T1-space
(X, τ). Then v(X) is locally connected in X(B) if and only if B is pre-fine.

Proof. (Sufficiency). It is enough to prove that
{

B∗ |B∈B, B connected
}

is a
basis for X (B). (Recall B∗ ∩ v(X) = v(B) for every B∈B). Suppose that ξ∈D∗,
where D∈B. There exists then an element H ∈ ξ such that H ⊆ D. Since B

is pre-fine, there exists a finite collection {D1, D2, . . . , Dn} of components of D

covering H. Therefore, ξ∈ (
n⋃

i=1
Di)∗=

n⋃
i=1

D∗i and, for some i0∈{1, 2, . . . , n}, we

have ξ∈D∗i0
⊆ D∗.

(Necessity). Proceeding by contradiction, suppose there exist elements H ∈
C(B), B∈B, with H ⊆ B and an infinite collection {Bi | i∈J} of components of
B intersecting H and such that H ⊆

⋃
{Bi | i∈J}. For each finite set L ⊆ J ,

the set KL = H−
⋃

i∈L

Bi is non-empty and belongs to C(B). Besides, if L, L′ ⊆ J

are both finite, then:

KL∪L′ = KL ∩KL′ .

Therefore, using Zorn’s Lemma, we may find a Wallman ultrafilter ξ ∈X(B)
such that KL ∈ ξ for each L ⊆ J finite. Therefore, ξ must belong to B∗. Let
{Ws | s ∈ S} be a basis for the open sets in X(B) such that each intersection
Ws ∩ v(X) is a region in v(X) (this basis exists by hypothesis). Let s∈S be such
that ξ∈Ws ⊆ B∗. Since v

−1
(Ws) is connected and is contained in B, there exists

a component E of B such that v
−1

(Ws) ⊆ E. Let D∈B be such that ξ∈D∗ ⊆ Ws

and let H
′ ∈ξ be such that H

′ ⊆ D. Therefore

H
′
⊆ D = v

−1
(D∗) ⊆ v

−1
(Ws) ⊆ E .

However, E = Bi0 for some i0 ∈ J , because E ∩ H ⊃ H
′ ∩ H 6= ∅. Therefore,

K{i0} = H − E belongs also to ξ and is disjoint from H
′
. This contradiction

proves that the family of components of B intersecting H is finite.

This theorem has an interesting corollary:
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Corollary (3.7). Let B be a normal and locally connected Wallman basis
of a Tychonoff space (X, τ). Let U, U

′
be the collections of finite covers of X

consisting of elements of B (respectively, of connected elements of B). Then U

and U
′

generate the same uniformity if and only if B is pre-fine.

Proof. Suppose B is pre-fine. We have only to prove that every cover α∈U

is refined by a cover α
′ ∈U

′
. Suppose α = {B1, B2, . . . , Bn}, where each Bi∈B.

Since B is normal, there exist co-basic sets H1, H2, . . . , Hn ∈ C(B) such that
X = H1∪H2∪· · ·∪Hn and Hi ⊆ Bi for each i = 1, 2, . . . , n. Since B is pre-fine,
there exist insular sets D1, . . . , Dn ∈ B such that Hi ⊆ Di ⊆ Bi. Hence, the
family of components of the Di’s constitute a cover α

′ ∈U
′

which refines α.
Suppose now that U and U

′
generate the same uniformity. Let K ∈ C(B),

B ∈ B be such that K ⊆ B. Since α = {B, X − K} ∈ U, there exists a cover
α′ = {E1, E2, . . . , En} in U′ which refines α. With no loss of generality, we may
suppose that E1, E2, . . . , Es is the complete list of elements of α′ which intersect

K. Then K ⊆
s⋃

j=1
Ej ⊆ B and B is pre-fine.

It is now our purpose to find conditions which insure that certain Wallman
bases are pre-fine. We need some definitions:

Definition (3.8). Let (X, τ) be a topological space, let A ⊆ X and B ⊆ τ.
1) We say that A is C-bounded with respect to B if for every discrete family

{Bi | i∈J} consisting of elements of B, the set {i∈J |A ∩ Bi 6= ∅} is finite.
2) Suppose A ⊆ B ⊆ X. We say that A is R-embedded in B if there exists

an insular set K such that A ⊆ K ⊆ B.
3) A is R-bounded with respect to B if for every discrete family {Bi | i∈J},

consisting of elements of B and covering A, there exists a finite set J0 ⊆ J
such that A ⊆

⋃
{Bi | i∈J0}.

4) A is C-discrete respect to B if there exists a discrete family {Bi | i ∈ J} ⊆
B covering A such that each Bi contains exactly one point of A.

5) If (X, τ) is completely regular, we say that A is C-bounded (respectively,
R-bounded, C-discrete) in X if A is C-bounded (respectively, R-bounded, C-
discrete) with respect to the family of cozero sets of (X, τ).

The following results are now obvious:

Remarks (3.9). a) Every set which is C-bounded with respect to B is also
R-bounded with respect to B.

b) Every insular set A ⊆ X is R-embedded in every set in which it is con-
tained and it is R-bounded with respect to any family B ⊆ τ.

c) Every compact set A ⊆ X is R-bounded with respect to any family B ⊆ τ
and it is R-embedded in every set with open components which contains it.

We prove now the following:

Lemma (3.10). Let B be a locally connected Wallman basis in an insular
space (X, τ) and let H∈C(B), B∈B be such that H ⊆ B.

a) If Fr (H) is R-embedded in B, then H is R-embedded in B.
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b) If B is normal and Fr (H) is R-bounded with respect to B, then H is
R-embedded in B.

Proof. a) Let {Bi | i ∈ J} be the components of B intersecting H and let
J0 = {i∈J |Bi ∩ Fr (H) 6= ∅}. Any component Bi, with i∈J − J0, is open and
closed in X, because Fr (Bi) ⊆ Fr (B), by local connectedness, and Fr (Bi) ⊆ H
because Bi ∩ H 6= ∅, Bi ∩ Fr (H) = ∅ imply that Bi ⊆ H. Since X is insular,
the set J − J0 is finite. But by hypothesis, the set J0 is also finite. Hence J is
finite and H is R-embedded in B.

b) Since B is normal, there exist sets E ∈B and K ∈ C(B) such that H ⊆
E ⊆ K ⊆ B. The family {E ∩ Bi | i ∈ J} is discrete in X: to prove this, take
any point x ∈ X. If x ∈ B and Bi0 is the component of B containing x, Bi0

is a neighborhood of x which intersects, at most, one element of the family
{E ∩ Bi | i ∈ J}. If x /∈ B, X − K is a neighborhood of x which intersects no
member of the family {E ∩ Bi | i∈J}. Since Fr (H) is R-bounded with respect

to B, there exist indices i1, i2, . . . , in ∈ J such that Fr (H) ⊆
n⋃

k=1
(E ∩ Bik

) and

hence the set J0 is finite. We already know that J − J0 is finite. Hence J is
finite and H is R-embedded in B.

4. Applications

The final problem we attack is the following:
Let B be a normal Wallman basis of a Tychonoff space (X, τ). Under what

conditions is v(X) Gδ-dense in X(B)?
Recall a space X is Gδ-dense in an extension Z if every non-empty Gδ subset

of Z intersects X.

We define now some new types of Wallman bases:

Definition (4.1). Let B be a normal Wallman basis of a Tychonoff space (X, τ).
1) B is countably paracompact if for every countable cover {B1, B2, . . . } of X

with elements of B, there exists a sequence {H1, H2, . . . } of elements of C(B)

such that Hn ⊆ Bn for every n∈N and such that X =
∞⋃

n=1
Hn.

2) B is special if for every discrete family {Bi | i∈J} with respect to X and
consisting of elements of B and for every choice {Hi | i∈J} of sets in C(B) with
Hi ⊆ Bi for every i∈J , we have

⋃
i∈J

Hi∈C(B) and
⋃

i∈J

Bi∈B.

3) B is countably compact if every countable cover of X with elements of B

has a finite subcover.
4) A decreasing sequence B1 ⊇ B2 ⊇ . . . of non-empty elements of B is a

regular Wallman sequence if for every n there exists a cobasic set Hn ∈ C(B)
such that Bn+1 ⊆ Hn ⊆ Bn.

We prove the following results:

Theorem (4.2). a) Every countably compact Wallman basis is countably
paracompact.

b) Every countably compact, locally connected, special Wallman basis is pre-
fine.
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c) Every prefine, countably paracompact, special Wallman basis is countably
compact.

Proof. a) (Obvious).
b) Let H ∈ C(B) and B ∈B be such that H ⊆ B. Let D ∈B and K ∈ C(B)

be such that H ⊆ D ⊆ K ⊆ B. Let {Bi | i ∈ J} be the components of B
intersecting H. As in 3.10 b), we prove that the family {D ∩ Bi | i ∈ J} is
discrete with respect to X. In fact, this family is finite: assuming the contrary,
select different indices i1, i2, · · · ∈J and choose points xk and cobasic sets Hk

such that xk ∈ Hk ⊆ D ∩ Bik
. By hypothesis, H0 =

∞⋃
k=1

Hk ∈ C(B). Also, by

hypothesis, the countable cover

α = {D ∩ Bi1 , D ∩ Bi2 , . . . } ∪ {X −H0}
has a finite subcover. But this contradicts the fact that α is an irreducible cover
of X. Therefore, J is finite and L =

⋃
{Bi | i∈ J} is an insular set such that

H ⊆ L ⊆ B.
c) Let α = {B1, B2, . . . } be a countable cover of X by elements of B. Suppose,

contrary to what we want to prove, that X 6=
s⋃

n=1
Bn for every s∈N. We may

then find an infinite sequence A = {x1, x2, . . . } such that for each n∈N, {k | xk∈
Bn} is a finite set. Since by hypothesis the cover α satisfies the conditions in
[G3], 2.4, the set A is C-discrete. Hence, we may find basic sets D1, D2, . . . and
cobasic sets E1, E2, . . . such that xk∈Ek ⊆ Dk for each k∈N and such that the
family {D1, D2, . . . } is discrete. Since B is prefine and special, there exists an

insular set L such that
∞⋃

k=1
Ek ⊆ L ⊆

∞⋃
k=1

Dk. But then L ⊆
s⋃

k=1
Dk for some

s∈N, contradicting the fact that xs+1∈Es+1 ⊆ L −
s⋃

k=1
Dk. Therefore, α has a

finite subcover and B is countably compact.

We prove now our final result (compare with Theorem 3.4 [GG]):

Theorem (4.3). Let Z be a compact Hausdorff extension of a space X. Then
the following three conditions are equivalent:

1) X is Gδ-dense in Z.
2) There exists a countably compact Wallman basis B0 of X such that Z and

X(B0) are equivalent compactifications of X.
3) Z is a Wallman type compactification of X and for every normal Wallman

basis B of X such that Z and X(B) are equivalent compactifications of X and
for every regular Wallman sequence B1 ⊇ B2 ⊇ . . . of elements of B, the set
∞⋂

n=1
Bn is non-empty.

Proof. 1) ⇒ 2). Define B0 = {G ∩X | G is a cozero set in Z}. Clearly B0 is
a Wallman basis of X. We prove now that B0 is normal. Let H, K be zero sets
in Z such that (H ∩ X) ∩ (K ∩ X) = ∅. Hence H ∩ K ⊆ Z − X. But being a
zero set of Z, H ∩K is a Gδ subset of Z disjoint from X. Since X is Gδ-dense in
Z, we must have H ∩K = ∅. Hence, there exists disjoint cozero subsets G, G′

of Z such that H ⊆ G and K ⊆ G′. Therefore, G ∩ X and G′ ∩ X are disjoint
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elements of B0 containing H ∩ X and K ∩ X, respectively, and B0 is normal.
Since the only Fδ subset of Z which contains X is Z, [GT], 3.48.7 implies that
Z and X(B0) are equivalent compactifications of X. We finally prove that B0 is
countably compact. Let G1, G2, . . . be a sequence of cozero sets of Z such that

X ⊆
∞⋃
i=1

Gi. Since
∞⋃
i=1

Gi is also a cozero set in Z and since X is Gδ-dense in

Z, we must have Z =
∞⋃
i=1

Gi. The compactness of Z implies the existence of a

natural number n such that Z =
n⋃

i=1
Gi. Hence, B0 is countably compact.

2) ⇒ 3) Let B1 ⊇ B2 ⊇ . . . be a regular Wallman sequence (with respect

to B0). Suppose, contrary to what we want to prove, that
∞⋂

n=1
Bn = ∅. By

assumption, there exist cobasic sets H1, H2, · · · ∈C(B) such that Bn+1 ⊆ Hn ⊆
Bn for every n = 1, 2, . . . . The sets H∗

n and (X−Bn)∗ are compact and disjoint
for every n = 1, 2, . . . . (We have identified Z with X(B)). Using 2), we may find
disjoint elements Dn, En in B0 such that Hn ⊆ Dn and X − Bn ⊆ En (Observe
the bases B and B0 are equivalent). Since B0 is countably compact and since
∞⋃

n=1
En ⊇

∞⋃
n=1

(X−Bn) = X−
∞⋂

n=1
Bn = X−∅ = X, we have X = E1∪E2∪· · ·∪En0

for some integer n0. But then Hn0 ⊆
n0⋂

n=1
Dn ⊆

n0⋂
n=1

(X−En) = X−
n0⋃

n=1
En = ∅, a

contradiction.
3) ⇒ 1) Let V1 ⊇ V2 ⊇ . . . be open sets in Z with non-empty intersection.

We have to prove that X ∩
∞⋂

n=1
Vn 6= ∅. By hypothesis, Z is a Wallman type

compactification of X. Hence, there exists a normal Wallman basis B of X
such that Z and X(B) are equivalent compactifications of X. Select a point

z∈
∞⋂

n=1
Vm. Let B1∈B be such that

z∈B∗1 ⊆ C`Z

(
B∗1

)
⊆ V1 .

Since Z − V1 is compact and since Z − V1 ⊆ Z −C`Z

(
B∗1

)
, there exists a basic

set D1∈B such that Z − V1 ⊆ D∗1 ⊆ Z − C`Z

(
B∗1

)
. Then H1 = X −D1∈C(B)

and C`Z

(
B∗1

)
⊆ Z−D∗1 = H∗

1 ⊆ V1. Assuming the sets Bk∈B, Hk∈C(B) have
already been defined for k < n, let Bn∈B be such that:

z∈B∗n ⊆ C`Z

(
B∗n

)
⊆ Vn ∩ B∗n−1 .

Using the same argument as before, we may find a basic set Dn∈B such that
Z − (Vn ∩ B∗n−1) ⊆ D∗n ⊆ Z − C`Z

(
B∗n

)
. If we define Hn = X −Dn, we have:

C`Z

(
B∗n

)
⊆ H∗

n ⊆ Vn ∩ B∗n−1 .

The sequence B1 ⊇ B2 ⊇ . . . is then a regular Wallman sequence and, by

hypothesis, there exists a point x ∈
∞⋂

n=1
Bn. Therefore x ∈X ∩

∞⋂
n=1

Vn and the

proof is complete.
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HOMOTOPY PERIODIC SETS OF SELFMAPS OF REAL

PROJECTIVE SPACES

JERZY JEZIERSKI

Abstract. We say that a natural number k is the homotopy period of a
self-map f : X → X if each map homotopic to f has a periodic point with
the minimal period k : we denote the set of these numbers HPer (f). Boju
Jiang gave a necessary condition for k ∈ HPer(f). Here we show that in the
case of compact manifolds of dimension ≥ 3 this condition is also sufficient.
We also give a formula for HPer(f) for self-maps of real projective space
RP n.

1. Definitions

Let f : X → X be a self-map and n ∈ N a natural number. We denote
Fix(f) = {x ∈ X : f(x) = x}, the fixed point set P n(f) = Fix(fn), and Pn(f) =
{x ∈ X ; fn(x) = x, fk(x) 6= x for k < n}, the set of points of the pure period n.
One of the basic problems in the theory of Dynamical Systems is the existence
of periodic points of a prescribed pure period. Boju Jiang [Ji1] gave an algebraic
sufficient condition for the existence of periodic points of the given pure periods
(existence of essential and irreducible Nielsen classes). In this paper we show
that in the case of compact PL manifolds of dimension ≥ 3 this condition is
also necessary in the sense that the lack of existence of essential and irreducible
Nielsen classes implies a homotopy from f to a map g satisfying Pn(g) = ∅. We
will use this result to describe the set of homotopy periods HPer (f) in the case
of self-maps of real projective spaces.

The method of the proof will follow the proof of the Wecken Theorem for
periodic points: [Je3] , [Je4]. In fact the proof will be a consequence of several
procedures proved in these papers.

We recall briefly some definitions. For the details see [Ji1]. Let f : X → X be
a selfmap of a compact ANR. We define the Nielsen relation on the fixed point
set Fix(f). The points x, y ∈ Fix(f) are Nielsen related if there is a path ω from
x to y such that f(ω) is homotopic to ω by a homotopy keeping the end points
fixed. This relation divides Fix(f) into a finite number of Nielsen classes. We
denote the quotient set by N(f). On the other hand we consider the action of
the fundamental group π1(X, x0) on itself defined as follows. Choosing a path γ
from x0 to f(x0), the action is defined by

α ◦ ω = αωγf(α−1)γ−1.

The quotient set is called the set of Reidemeister classes and denoted R(f).
There is a natural inclusion i : N(f) → R(f) defined as follows. For a fixed point
x ∈ Fix(f) we choose a path η from the base point x0 to x. Then ηf(η−1)γ−1

2000 Mathematics Subject Classification: Primary 55M20 , Secondary 37C25.
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2 JERZY JEZIERSKI

is a path representing an element in π1(X ; x0). For A ∈ N(f), the Nielsen
class containing x, we define i(A) to be the Reidemeister class represented by
ηf(η−1)γ−1; i.e., i(A) = [ηf(η−1)γ−1].

The natural inclusion Fix(f) ⊂ Fix(fk) induces the map N(f) → N(fk). On
the other hand we have a map j : R(f) → R(fk) given by

j[α] = [αγf(αγ)...fk−2(αγ)fk−1(α)(γf(γ)...fk−2(γ))−1].

Then we have the commutative diagram (see Chapter 3 in [Ji1])

N(f) −−−−→ N(fk)

i





y





y
i

R(f)
j

−−−−→ R(fk)

Let us note that the formula R(fk) 3 [α] → [fα] ∈ R(fk) defines a map whose
k-iterate is the identity; hence it defines an action of Zk on R(fk). Its orbits
will be called orbits of Reidemeister classes. The set of these orbits is denoted
OR(fk) Let l be a divisor of n and let jkl : R(f l) → R(fk) denote the induced
map of Reidemeister sets. We have the commutative diagram

R(f l)
jkl−−−−→ R(fk)





y





y

R(f l)
jkl−−−−→ R(fk)

where vertical arrows denote the natural actions of the groups Zl and Zk re-
spectively. This gives the induced maps between the orbit sets of these actions
j̄kl : OR(f l) → OR(fk). We define the depth of an orbit A ∈ OR(fk) as the small-
est number l such that A belongs to the image of j̄kl. Then we write d(A) = l.
We say that A ∈ OR(f l) precedes B ∈ OR(fk) if l divides k and jkl(A) = B.

Definition (1.1). An orbit of Reidemeister classes A ∈ OR(f k) is called irre-
ducible iff d(A) = k; i.e., A is not preceded by any other orbit of smaller depth.
An orbit of Reidemeister classes is called essential iff the index of the orbit of
Nielsen classes corresponding to it is not zero.

Let us notice that an essential irreducible orbit in A ∈ OR(f k) contains at
least k points of pure period k.

2. Procedures

We will consider a self-map f : M → M and a fixed natural number n. We
will try to deform this map to get Pn(f) = ∅. First we are going to make the set
of periodic points finite and a PL homeomorphism near each n-periodic point.
We start by presenting some “model” maps of Rm.

Lemma (2.1). For each k ∈ Z and m ≥ 2 there is a map f : Rm → Rm

satisfying

1. Fix(f) = {0}

2. ‖f(x)‖ = λ‖x‖ for an arbitrarily prescribed λ > 1;
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3. f(αx) = αf(x) for any α > 0 hence f sends semi-lines starting from 0
into semi-lines;

4. for any l the number of semi-lines, starting from 0, which are sent by f l

into itself is finite;

5. ind(f) = k.

Proof. The maps are given by the formulae: f(z, v) = λ(ρk′ (z), v) where
(z, v) ∈ C × Rm−2 = Rm, k ∈ Z, λ > 1 and ρk′ : C → C is given by (in polar
coordinates r ∈ [0,∞) and φ ∈ R regarded modulo πZ).

ρk′(r, φ) =



















(r, k′φ) for |k′| ≥ 2,

(r, φ + α0) for k′ = 1,

(r, χ−1(φ)) for k′ = −1,

(r, χ0(φ)) for k′ = 0,

where k′ = (−1)mk and

1. For k′ = 1: α0 > 0, denotes an irrational angle; i.e., α0/π is irrational,
2. For k′ = −1 we define χ−1 : [−π, π] → [−π, π] as a homeomorphism satis-

fying −χ−1(x) > x for 0 < x < π, χ−1(x) = −x for −π ≤ x ≤ 0,
3. For r = 0, we define χ0 : [−π, π] → [−π, π] by the formula χ0(x) = χ−1(|x|).
For the details see [Je4].

We will call such a map f a standard map. By Section 4 in [Je2] we may
assume that any selfmap of a manifold is homotopic to a map which is standard
near each of its periodic points (in a chart). In fact this can be achieved by
combining the Cancelling and the Creating Procedures given in the next section.
We will say that Sk

l is satisfied at a periodic point if l is the period of this point
and k equals the fixed point index of fk at this point. This property will allow
to control periodic points during deformations of f .

Theorem (2.2). [Je1] Let M ⊂ RN be a compact PL-submanifold with the
metric inherited from a Euclidean metric in RN . Let n ∈ N be a fixed number.
Then any continuous map f : M → M is homotopic to a map g such that Fix (gn)
is finite and g is a PL-homeomorphism near any point x ∈ Fix (gn). Moreover,
for any ε > 0 we may choose a g satisfying d(f, g) < ε. ut

The next Theorem is the main result of [Je3] (compare [Je1]). It allows
removing two Nielsen related orbits of opposite indices.

Theorem (2.3) (Canceling Procedure (Theorem 2.5 [Je3])). Let f : M → M
be a selfmap of a PL-manifold of dimension ≥ 3 with Fix(f k) finite. Moreover
we assume that

1. {x0, ..., xk−1}, {y0, ..., yk−1} are Nielsen related orbits of length k;

2. f is a a PL-homeomorphism near each point from {x0, ..., xk−1, y0, ..., yk−1};

3. ind(fk; x0) + ind(fk; y0) = 0.
Then there is a homotopy {ft} constant in a neighbourhood of

Fix(fk) \ {x0, ..., xk−1, y0, ..., yk−1}
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such that f0 = f and

Fix(fk
1 ) = Fix(fk) \ {x0, ..., xk−1, y0, ..., yk−1} .

ut

The next Procedure enables one to create a new periodic point of given index
r. Since the index is the homotopy invariant the new periodic point is balanced
by |r| orbits of points each of index = −sgn(r).

Theorem (2.4) (Creating Procedure.(Thm. 5.3) [Je2]). Let {x0, ..., xk−1} be
an isolated k-orbit of a map f : M → M which is a local homeomorphism near
each xi. We fix a Euclidean neighbourhood U 3 x0 such that f i(cl U)∩f j(cl U) =
∅ and f is a homeomorphism on each f i(cl U) for 0 ≤ i < j ≤ k − 1. Let
V0 ⊂ U be a Euclidean neighbourhood of x0 satisfying fk(cl V0) ⊂ U . We denote
Vi = f i(V0) and suppose that 0 ∈ V0 ⊂ U = Rm. We may assume that x0 6= 0.

Then there exists a homotopy {ft} constant outside Vk−1 satisfying f0 = f ,
fk
1 (0) = 0 (hence 0 ∈ V0 becomes a new periodic point) and Sr(f

k) is satisfied at
this point for a prescribed number r 6= 0. Moreover still f1(cl Vk−1) ⊂ U and

Fix(fk
1 ) = Fix(fk) ∪ {the orbit of 0}∪

∪{orbits of |r| new periodic points in Vk−1 each of index = −sgn(r)} .

ut

The next Procedure makes a non-periodic point a periodic one (of index zero)
in an arbitrarily prescribed Nielsen class.

Theorem (2.5) (Addition Procedure). Given numbers k, n ∈ N such that
k|n, a map f : M → M such that Fix(fn) is finite and a point x0 ∈ M such
that the points x0, x1 = f1(x0), ..., x2n = f2n(x0) are different. Let moreover
dimM ≥ 3. Then there is a homotopy {ft}0≤t≤2 satisfying

1. f0 = f ;

2. {ft} is constant in a neighbourhood of Fix(fn);

3. fk
2 (x0) = x0 and f i

2(x0) 6= x0 for i = 1, ..., k − 1;

4. Fix(fn
2 ) = Fix(fn) ∪ {x0};

5. f2 satisfies Sk
0 at the point x0. ut

The last procedure enables one to join a longer orbit to shorter one.

Theorem (2.6) (Coalescing Procedure ([Je4], [Je2])). Suppose that Fix(f k) is
finite. Let the orbits {y0, ..., yl−1} ∈ Fix(f l), {x0, ..., xk−1} ∈ Fix(fk) be disjoint
and let the points x0, y0 be Nielsen related as fixed points of f k (where l|k).
Moreover, let Sl

r and Sk
r′ be satisfied at y0 and x0 respectively. Then there is a

homotopy ft constant in a neighbourhood of Fix(fk) \ {x0, ..., xk−1; y0, ..., yl−1}
satisfying f0 = f , Fix(fk

1 ) = Fix(fk) \ {x0, ..., xk−1}.
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3. The least number of periodic points of the given minimal periods

The next Theorem is the extension of Theorem 3.3 from [JKM] to dimension 3.
This theorem shows that the algebraic necessary condition for n ∈ HPer (f) is
also sufficient.

Theorem (3.1). Let f : M → M be a self-map of a compact PL-manifold of
dimension d ≥ 3. Then f is homotopic to a map g satisfying Pn(g) = ∅ ⇐⇒
there is no essential irreducible Reidemeister class in R(fn).

Proof. ⇒ is evident.
It remains to prove ⇐. By Theorem (2.2) we may assume that Fix(fn) is

finite and moreover f is a local PL-homeomorphism near each fixed point of fn.
Let us denote Fix(fn) = A∪B where A denotes the sum of all irreducible classes
and B the sum of all reducible ones.

Lemma (3.2) gives a homotopy {ft}0≤t≤1 which is constant in a neighbour-
hood of Fix(fn)\A = B , f0 = f and Fix(fn

1 ) = Fix(fn
0 )\A. Since the homotopy

is constant in Fix(fn
1 ), all classes in Fix(fn

1 ) remain reducible. Now Lemma (3.4)
yields a homotopy from f1 to a map g satisfying Pn(g) = ∅.

The proof of Theorem (3.1) will be complete once Lemmas (3.2) and (3.4) are
proved.

Lemma (3.2). Let f : M → M be a self-map of a compact PL-manifold with
no essential and irreducible classes in Fix(fn). Moreover we assume that Fix(fn)
is finite and f is a local PL-homeomorphism near each fixed point of fn. Let
A be the sum of all irreducible Nielsen classes of fn, i.e., classes of depth = n.
Then there is a homotopy {ft} constant in a neighbourhood of Fix(fn) \ A and
satisfying f0 = f , Fix(fn

1 ) = Fix(fn
0 ) \ A.

Proof. Since each orbit in A is irreducible, the length of each orbit of points in
A is n. Moreover the orbits of classes in A are inessential hence their sum splits
into pairs of orbits of length n of opposite indices ±1. Consider a pair of orbits of
points {x1, ..., xn; y1, ..., yn} ⊂ A of opposite indices. The Cancelling Procedure
yields a homotopy constant in a neighbourhood of Fix(fn)\{x1, ..., xn; y1, ..., yn}
such that f0 = f and Fix(fn

1 ) = Fix(fn) \ {x1, ..., xn; y1, ..., yn}. Following
this procedure we can reduce the number of such orbits to zero, hence we get
Fix(fn

1 ) = Fix(fn
0 ) \ A as required.

Remark (3.3). If f1 satisfies the above Lemma, then all the Nielsen classes in
Fix(fn

1 ) are reducible. ut

Lemma (3.4). If all Nielsen classes in Pn(f) are reducible, then f is homo-
topic to a map g satisfying Pn(g) = ∅.

Proof. By Theorem (2.2) we may assume that Fix(fn) is finite and f is a PL-
homeomorphism near each fixed point of fn. If each orbit of points in Fix(fn)
has length < n then Pn(f) = ∅. Now we assume that Fix(fn) contains exactly
one orbit {a0, ..., an−1} of length n. By assumption the orbit of the Nielsen
classes containing {a0, ..., an−1} is reducible; hence we may assume that there is
also an orbit {b0, ..., bk} of length k < n in this class. In general such a orbit may
not exist, but then we may apply the Addition Formula and create such orbit.
Now we may apply the Coalescing Procedure and we get a homotopy constant
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on Fix(fn) \ {a0, ..., an−1} such that f0 = f , Fix(fn
1 ) = Fix(fn) \ {a0, ..., an−1}.

Then all orbits of points in Fix(fn
1 ) have length < n; hence Pn(f1) = ∅.

In general Fix(fn) may contain several orbits of length n. Then we use the
arguments from the last section of [Je4] to coalesce simultaneously all these orbits
to shorter ones.

One might expect that such an operation of removing Pk(f) can be done si-
multaneously for two or more periods. But the next example shows that this is
not possible in general: we can not remove points of periods 1 and 2 simultane-
ously although there is no essential irreducible orbit.

Example (3.5). Let f : S2n → S2n be the antipodal map f(x) = −x. Since
S2n is simply connected, R(fk) consists of one class for each k ∈ N. In particular
the unique orbit in R(f2) reduces to the only class in R(f 1). But the last one
is inessential since Fix(f) = ∅. Thus there is no essential irreducible orbit.
Nevertheless Fix(g2) 6= ∅ for each g ∼ f since g2 ∼ f2 = id and L(id) =
χ(S2n) = 2. ut

The next Theorem makes precise for which periods it is possible to remove
periodic points simultaneously.

Theorem (3.6). Let f : M → M be a selfmap of a compact PL-manifold of
dimension ≥ 3. Let N0 ⊂ N be finite. Then there is a homotopy ft : M → M
such that f0 = f and Pr(f1) = ∅ for all r ∈ N0 if and only if for every r ∈ N0

any essential Reidemeister class Ar ∈ R(fr) reduces to a class Bs ∈ R(fs) for
an s /∈ N0.

Proof. ⇒ Assume that Pr(f) = ∅ for all r ∈ N0. Consider an essential
Reidemeister class Ar ∈ OR(fr) where r ∈ N0. Since Ar is essential, it contains
a point x0 for an s|r. Then Ps(f) 6= ∅ hence s /∈ N0. Now the Reidemeister class
Ar reduces to the class Bs ∈ R(fs) represented by the point x0.

⇐ We use induction with the respect to the number l = #N0. For l = 1 the
Theorem follows from Theorem (3.1). Now we assume that the Theorem holds
for < l. Let N0 ⊂ N be a subset of cardinality l. Let r be the greatest element in
N0. By inductive assumption f is homotopic to a map f1 satisfying Ps(f1) = ∅
for all s ∈ N0 \ {r}. It remains to remove all orbits from Pr(f1). Let Ar ∈ R(fr

1 )
be nonempty.

Suppose that Ar does not reduce (as a Reidemeister class) to any class Bs

with s /∈ N0. Then Ar is inessential and each orbit of points in Ar must be
of length r. Now Ar splits into pairs of orbits of points of length of opposite
indices. We may apply the Cancelling Procedure to remove Ar.

Now we suppose that Ar reduces to an orbit of Reidemeister classes Bs ∈
OR(fs

1 ). If Bs 6= ∅ then we may apply the Coalescing Procedure and we match
Ar to Bs. If Bs = ∅ then we apply the Addition Property and we create a new
orbit of length s representing Bs and we may apply the Coalescing Procedure.
Thus each Ar ∈ OR(fr

1 ) may be either removed or coalesced to an orbit or points
of length s /∈ N0. Following the arguments from the end of the proof of the Co-
alescing Procedure we deduce that these operations can be done simultaneously
to all orbits of Reidemeister classes in OR(f r

1 ). After this Ps(f1) = ∅ for all
s ∈ N0.
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Let f : X → X . We say that a subset N0 ⊂ N is free of f-homotopy minimal
periods if f is homotopic to a map g with Ps(g) = ∅ for all s ∈ N0.

4. Nielsen number for selfmaps of RP n

We start with a classification of the homotopy classes of selfmaps of a real
projective space RP n for n ≥ 2. We notice that πk(RP n) = πk(Sn) = 0 for
2 ≤ k < n; hence if two maps f, g : RP n → RP n induce the same homotopy
homomorphisms f# = g# of π1(RP n) = Z2, then g is homotopic to a map whose
restriction to (n − 1)−skeleton RP n−1 ⊂ RP n equals f . Thus we may assume
that g = f#c where # denotes the connected sum with a map c : Sn → RP n.
Since πn(RP n) = πn(Sn) = Z and there are two homomorphisms of the group
Z2, any selfmap of the projective space is homotopic to one of the maps fk, gk

(k ∈ Z) defined below.
Let p : Sn → RP n denote the universal covering. Let x̃0 = (1, 0, ..., 0) ∈ Sn,

x0 = p(x̃0) ∈ RP n be chosen points. We define fk : RP n → RP n as the map

induced by an odd map f̃k : Sn → Sn satisfying f̃k(x̃0) = x̃0 and deg(f̃k) = 2k+1.

We define gk as the composition RP n r
→ Sn hk→ Sn p

→ RP n where r sends the n−1
dimensional skeleton into x̃0 and the unique n dimensional cell homeomorphically
onto Sn \ x̃0, and hk is a map of degree k.

Then the set of homotopy classes of self-maps preserving the chosen point of
(RP n, x0) may described as follows.

Lemma (4.1). If h# : π1RP n → π1RP n is iso then h = fk; and if h# is zero
then h = gk for a number k ∈ Z. ut

Remark (4.2). If n is even then the maps fk and fk+2 are homotopic. If n is

odd then RP n is orientable; hence deg f is defined. In general the lifts f̃ and f̃
satisfy deg (−f) = (−1)n+1deg f ; hence the degree of a lift is defined up to sign.

Now we recall the formulae for the Nielsen numbers (Corollaries 5.1 and 6.1
in [JeR]).

Lemma (4.3). Let n be even. Then

N(f) =

{

2 for f# = id and f not homotopic to id,
1 otherwise.

Now let n be odd. Then

N(f) =







0 for degf = 1,
2 for degf 6= 1 and f# = id,
1 for degf 6= 1 and f# 6= id .

5. Homotopy periods for self-maps of RP n

Let us note that if a map f : X → X maps the base point into itself, then
the induced map between the sets of Reidemeister classes ikl : R(f l) → R(fk) is
given by the formula ik,l[α] = [α · f lα · f2lα · · · fk−lα].

We consider a map f : RP n → RP n n ≥ 2.

Lemma (5.1). If f# = id then R(fk) = πi(RP n) = Z2 and the map ik,l : R(f l)
→ R(fk) is bijective for k/l odd and is constant if k/l is even.
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Proof. ik,l[α] = [α · f lα · f2lα · · · fk−lα] = [αk/l]. Since π1RP n = Z2, the lemma
follows.

Corollary (5.2). Let f : RP n → RP n satisfy N(fk) = 2 for all k ∈ N.
Then HPer (f) = {2k; k = 0, 1, 2, ...}.

Proof. N(f) = 2 implies #R(f) = 2 and f# = id. If k is not of the form 2l

then k = rs where s > 1 is odd. By the above lemma ik,r : R(fr) → R(fk) is
bijective; hence both classes in R(fk) reduce to R(f r) and k /∈ HPer (f).

Now let k = 2l. Since for any r|k, r < k the number k/r is even, the image
of ik,r is a point. This point is the same for all divisors since imik,1 ⊂ imik,r.
Now the other element of R(fk) is an irreducible essential class; hence k ∈
HPer (f).

Lemma (5.3). If f2 = id and N(f) 6= 0 then HPer (f) = {1}.

Proof. Notice that N(f) 6= 0 implies 1 ∈ HPer f . On the other hand f 2 = id
implies f# = id . If k is odd then ik,1 is epi. If k is even then there is at most one
essential Nielsen class of fk, since Fix(fk) = Fix(id) = RP n. Now any essential
Nielsen class of f precedes the essential class in R(f k); hence k /∈ HPer (f)

Now we are in a position to prove the main result.

Theorem (5.4). Let f : RPn → RPn, n ≥ 3. Then

N(f) = 0 =⇒ HPer (f) = ∅,

N(f) = 1 =⇒ HPer (f) = {1},

N(f) = 2 =⇒ HPer (f) = {1, 2, 22, 23, ...}, with one exception: for n-odd,
deg(f) = −1, f# = id,

N(f) = 2, but HPer (f) = {1}.

Proof. We consider cases:

N(f) = 0. This is satisfied iff n is odd and deg f = 1. But then for every
k ∈ N also deg fk = 1 which implies N(fk) = 0; hence there are no essential
classes and HPer f = ∅.

N(f) = 1. Let n be even. Then either f# 6= id or f = id. We recall that
RP n is Q-acyclic (n is even) hence the Lefschetz number L(f) 6= 0 for every
selfmap of RP n. Thus 1 ∈ HPer (f) for every f . It remains to show that no
other natural number belongs to HPer (f). This is evident for f = id. Otherwise
f# 6= id hence fk

# 6= id and there is only one Reidemeister class for each k ∈ N,
All these classes reduce to 1.

Let n be odd. Then deg f 6= 1 and f# 6= id. Since deg f 6= 1, L(f) =
1 − deg(f) 6= 0 and 1 ∈ HPer f . On the other hand f# 6= id implies fk

# 6= id;
hence there is only one Reidemeister class for each k and no k > 1 belongs to
HPer f .

N(f) = 2. Let n be even. Then f# = id and f is not homotopic to the
identity. We will show that N(fk) = 2 for all k ∈ N and then the lemma will
follow from Lemma (5.2). We notice that f# = id means that f is induced by

a map f̃ : Sn → Sn of odd degree. Since f 6= id, degf̃ 6= ±1. Thus fk
# = id
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and degf̃k 6= ±1 implies fk not homotopic to the identity. Thus N(fk) = 2 by
Lemma (4.3).

Now let n be odd. Then f# = id and deg f 6= 1.
Let us assume moreover that deg f 6= ±1. Then we may follow the above to

prove that N(fk) = 2 for all k ∈ N and then the lemma follows from Lemma
(5.2).

It remains to consider the case deg(f) = −1, f# = id. Since then fk
# = id,

#R(fk) = 2 for all k ∈ N. If f is odd then ik1 : R(f) → R(fk) is epi (Lemma
(5.1)) hence k /∈ HPer f . If k is even, then deg f k = 1; hence fk = id and
N(fk) = N(id) = 0 and k /∈ HPer f . Thus HPer f = {1}. The last is the
exceptional case.

The next Corollary shows that the situation as in Example (3.5) does not
occur in the case of projective spaces.

Corollary (5.5). Let f : RPn → RPn , n ≥ 3. Then each finite subset
N0 ⊂ N disjoint from HPer (f) is free of f-homotopy minimal periods.

Proof. We will refer to the proof of Theorem (5.4).
Let HPer (f) = ∅. Then N(fk) = 0 for all k ∈ N; hence the assumptions of

Theorem (5.4) are satisfied for each N0 ⊂ N.
Let HPer (f) = {1}. If moreover N(f) = 1 then either f# = 0 or f ∼ id.

It remains to show that in the both cases all essential classes reduce to a class
in R(f1). If f# = 0 then R(fk) consists of a single element for each k ∈ N.
All these elements are preceded by the single element in R(f 1). If f = id then
R(fk) so there is exactly one nonempty Nielsen class in R(f k) for each k ∈ N,
and these classes reduce to the unique nonempty class in R(f 1).

Now we consider the exceptional case: n is odd, deg(f) = −1, f# = id. Then,
as we have noticed there is no essential class in R(f k) for k even. On the other
hand ik1 : R(f1) → R(fk) is epi for k odd. Thus each essential Nielsen class
reduces to R(f1).

Let HPer (f) = {1, 2, 22, 23, . . . }. We notice that the assumptions of Theorem
(3.6) are satisfied, for each N0, if each essential class A ∈ R(fk), k /∈ HPer (f),
reduces to a class in R(f l), l ∈ HPer (f). In our case if k /∈ HPer (f) then
k = r · 2s where r is odd. But then ik,2s : R(f2s

) → R(fk) is into, hence all the

classes in R(fk) reduce to R(f2s

).
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INDICE DE MASLOV ET THÉORÈME DE NOVIKOV-WALL

PIERRE PY

Abstract. This paper deals with the link between the signature of 4-
manifolds and the ternary Maslov index in symplectic geometry. We give
a proof of a theorem by C.T.C. Wall, which generalizes Novikov’s classical
additivity theorem. This theorem was formulated and proved by Wall be-
fore the appearance of the Maslov index in symplectic geometry. We can
now formulate it in a slightly different way. We show how this theorem
allows us to compute the signature of a closed oriented manifold using a
Morse function. We also give a proof of a theorem by W. Meyer about the
signature of fibre bundles over surfaces. Finally, we include a geometric
definition of Maslov’s index, due to Arnold.

1. Introduction

Le but de ce texte est de décrire quelques interactions entre deux notions
d’origines différentes : l’indice de Maslov d’une part, issu de la géométrie sym-
plectique, et la signature des variétés de dimension 4 d’autre part, de nature
topologique. Ce lien a été observé initialement en 1969 par C.T.C. Wall dans
[26]. Nous décrivons notamment un théorème de Wall qui généralise l’additivité
de la signature de Novikov, ainsi qu’un théorème de W. Meyer sur la signature
des variétés de dimension 4 fibrées en surfaces au-dessus d’une surface.

La signature σ(M) d’une variété, compacte, orientée, de dimension 4, est
la signature de la forme quadratique H2(M,R) × H2(M,R) → R donnée par
l’intersection. Ce lien a été remarqué en premier par Wall alors que l’indice de
Maslov n’était pas encore apparu dans le cadre de la géométrie symplectique, et
qu’il ne portait pas encore ce nom. Il a montré comment cette notion algébrique
intervenait dans le calcul de la signature des variétés. Rappelons d’abord le
théorème de S. Novikov sur l’additivité de la signature. Supposons que M soit
une variété, compacte, orientée, de dimension 4, obtenue en recollant, par un
homéomorphisme qui inverse l’orientation du bord, deux variétés M1 et M2 le
long d’une réunion de composantes connexes de leurs bords. Alors la signature
de M est la somme des signatures de M1 et M2. Wall a prouvé dans [26] une
généralisation de ce résultat dans le cas où l’on identifie M1 et M2 le long d’une
sous-variété à bord X0 de leur bord. La sous-variété X0 possède elle-même un
bord Σ de dimension 2. On suppose que les orientations deM1 etM2 sont induites
par celle de M . L’orientation de M1 induit une orientation de son bord, donc
de X0, et l’orientation de X0 induit une orientation de Σ. Dans M , la surface
Σ peut être vue comme le bord de trois variétés de dimension 3 distinctes : X0,

2000 Mathematics Subject Classification: 57R19, 53D12.
Keywords and phrases: signature, Maslov index, Novikov’s additivity .
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X1 = ∂M1 \X0 et X2 = ∂M2 \X0. Les noyaux Li des applications

H1(Σ,R) → H1(Xi,R)

fournissent trois sous-espaces de H1(Σ,R), lagrangiens pour la forme d’intersec-
tion. La signature n’est plus additive mais le défaut σ(M) − σ(M1) − σ(M2)
s’interprète comme l’indice de Maslov des trois lagrangiens L0,L1,L2. On a
précisément :

Théorème (1.1) (Wall). Les variétés M , M1, M2 et Σ étant orientées comme
indiqué ci-dessus, on a :

σ(M) = σ(M1) + σ(M2) + τ(L1, L0, L2)

où τ(L1, L0, L2) désigne l’indice de Maslov des lagrangiens L1, L0, L2 dans
l’espace vectoriel H1(Σ,R) muni d’une structure symplectique grâce à la forme
d’intersection.

Nous appellerons désormais théorème de Novikov-Wall ce résultat. Bien sûr
ce théorème reste vrai en dimension 4n, et nous travaillerons, comme Wall, dans
ce cadre. La formulation du théorème de Wall en termes d’indice de Maslov
apparâıt déjà dans le travail de S.E. Cappell, R. Lee et E.Y. Miller [4]. Cette
version raffinée de l’additivité de Novikov a été utilisée par J.-M. Gambaudo et
É. Ghys pour calculer le cobord de la fonction signature sur le groupe de tresses
Bn [10]. On pourra consulter [11] pour plus de détails sur le lien entre la signature
des tresses et celle des variétés. Le théorème de Novikov-Wall permet également
de donner une nouvelle preuve d’un théorème de W. Meyer. Dans [17], Meyer a
calculé la signature d’une variété M de dimension 4 fibrée en surfaces (fermées)
au-dessus d’un pantalon P . Les deux générateurs a et b du groupe fondamental
de P agissent sur l’homologie de dimension 1 de la fibre S. Meyer a prouvé que
la signature de M ne dépendait que de cette action. Celle-ci préserve la forme
d’intersection sur H1(S,R). En choisissant une base symplectique de H1(S,R),
les lacets a et b fournissent donc deux éléments γa et γb du groupe symplectique
Sp(2n,R), définis à conjugaison près. On introduira alors au paragraphe 3.3, un
2-cocycle borné sur le groupe symplectique

Meyer : Sp(2n,R) × Sp(2n,R) → Z

et on prouvera, grâce au théorème de Novikov-Wall :

Théorème (1.2) (Meyer). La signature de M ne dépend que de l’action des
générateurs du groupe fondamental de P sur l’homologie de dimension 1 de la
fibre. On a précisément :

σ(M) = Meyer(γ−1
a , γb).

Cette application du théorème de Novikov-Wall figurait déjà dans [10]. On
démontrera en fait le théorème de Meyer dans le cas où M est une variété
de dimension 4n fibrée au-dessus d’un pantalon. Nous utilisons également le
théorème de Novikov-Wall pour prouver le résultat suivant.

Théorème (1.3). Supposons que M soit une variété différentiable compacte
sans bord, de dimension 4n et orientée. Soit f : M → R une fonction de Morse
de points critiques x1, · · · , xp. On suppose les valeurs critiques λi = f(xi) toutes
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distinctes. Alors, à chaque point critique xi d’indice 2n, on peut associer un
entier s(xi) de {−1, 0, 1} tel que la signature de M vérifie :

σ(M) =
∑

s(xi)

où la somme porte sur les points critiques d’indice 2n. L’entier s(xi) est la
signature de la variété f−1([λi − ε, λi + ε]) pour tout ε suffisamment petit pour
que l’intervalle [λi − ε, λi + ε] ne contienne que λi comme valeur critique. On
décrit de plus quand s(xi) prend chacune des valeurs −1, 0, +1.

L’intérêt du théorème de Novikov-Wall est qu’il permet un calcul plus effec-
tif de la signature. Avec la version classique de l’additivité de Novikov, on ne
peut espérer calculer la signature d’une variété en la décomposant en morceaux
élémentaires de signatures nulles. On n’obtiendrait ainsi que des variétés de si-
gnature nulle. Avec le théorème de Novikov-Wall ceci est possible, car on exprime
la signature d’une variété en fonction de la signature de ses différents morceaux,
et d’un terme supplémentaire. Par exemple, dans le théorème précédent, le calcul
de la signature de M à partir de f se fait en décomposant entièrement la variété
en sous-variétés à bord de signatures nulles. Les termes non-nuls s’expriment
comme des indices de Maslov.

Une autre manière de généraliser le théorème de Novikov est la suivante.
On étudie toujours une variété compacte orientée de dimension 4. Considérons
le groupe d’homologie H2(M,K), où K est un corps quelconque (disons de ca-
ractéristique distincte de 2). La forme d’intersection H2(M,K)×H2(M,K) → K

définit un élément σ(M) du groupe de Witt de K, noté W (K). Dans le cas où le
corps est celui des réels, le groupe de Witt s’identifie à Z via la signature, et σ(M)
s’identifie à la signature usuelle de la variété sous cet isomorphisme. On peut en-
core énoncer et démontrer l’additivité de Novikov, ainsi que sa généralisation
par Wall, dans ce cadre. L’additivité a lieu cette fois-ci dans le groupe W (K).
Ce point de vue avait déjà été adopté par F. Latour dans [12].

L’organisation du texte est la suivante. Dans la partie 2, après un rappel
sur le groupe de Witt, on définit l’indice de Maslov de trois lagrangiens dans un
espace vectoriel symplectique sur un corps K. On prouve qu’il vérifie une relation
de cocycle et on décrit différentes manières de le représenter par une forme
quadratique. Dans la troisième partie on prouve le théorème de Novikov-Wall
en se plaçant dans le cas d’un corps quelconque (de caractéristique distincte de
2). On montre ensuite comment calculer la signature d’une variété de dimension
4 fibrée au-dessus d’un pantalon. On prouve enfin le théorème relatif au calcul
de la signature à partir d’une fonction de Morse. Dans la dernière partie nous
incluons une définition géométrique de l’indice de Maslov (dans le cas où K =
R) due à Arnold. On pourra également consulter les articles de P. Dazord et
M. De Gosson [8], [9], où cette approche est discutée en détails. Elle donne
un autre point de vue sur l’indice de Maslov que celui de la seconde partie.
C’est d’ailleurs ce point de vue qui apparâıt lors de l’utilisation de l’indice de
Maslov en topologie symplectique [22]. Cette partie est donc essentiellement
indépendante des précédentes et sa lecture pourra être omise par un lecteur
uniquement intéressé par la question de la signature des variétés. Pour obtenir
cette définition géométrique de l’indice de Maslov, on étudie la topologie de la
grassmannienne lagrangienne de R2n. Ceci permet de construire un 2-cocycle
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borné à valeurs réelles qui représente l’image dans H2(Sp(2n,R)δ,R) de la classe
de l’extension centrale

0 // Z // S̃p(2n,R) // Sp(2n,R) // 0

du groupe symplectique par son revêtement universel.
A l’exception du Théorème (1.3) ci-dessus, aucun des résultats évoqués dans

ce texte n’est nouveau. Nous avons indiqué tout au long du texte l’origine de
chacun des résultats mentionnés.

Remerciements. Je tiens à remercier Étienne Ghys pour ses explications en-
thousiastes et ses encouragements au cours de ce travail. Je voudrais également
remercier le rapporteur, qui m’a permis de complèter ma bibliographie.

2. Groupe de Witt et indice de Maslov de trois lagrangiens

(2.1) Groupe de Witt. On rappelle ici brièvement la construction du groupe
de Witt d’un corps K. Nous supposerons toujours que K est de caractéristique
distincte de 2. On pourra consulter [20] pour plus de détails, et pour la construc-
tion dans le cas d’un anneau.

On considère l’ensemble W des classes d’isomorphisme de K-espaces vectoriels
de dimension finie munis d’une forme bilinéaire symétrique non-dégénérée. Un
élément V de W sera dit hyperbolique s’il possède un sous-espace S ⊂ V tel que
S⊥ = S. On peut voir facilement qu’un espace est hyperbolique si et seulement
si il existe une base dans laquelle sa matrice est de la forme

(
0 Id
Id 0

)
.

On a sur W une addition naturelle qui, à deux espaces V1 et V2, associe la
somme directe orthogonale V1 ⊕ V2. En outre, on peut définir sur W la relation
d’équivalence suivante : V1 ∼ V2 s’il existe deux espaces hyperboliques S1 et S2

tels que V1 ⊕ S1 et V2 ⊕ S2 soient isomorphes. On note W (K) le quotient de W

par cette relation. L’addition de W passe au quotient et fait de W (K) un groupe
abélien. C’est le groupe de Witt de K. En utilisant le produit tensoriel, on peut
également le munir d’une structure d’anneau.

Dans le cas du corps des nombres réels, on a un isomorphisme naturel entre
W (R) et Z, via la signature. Dans ce qui suit la signature d’une forme bilinéaire
symétrique f sur un espace vectoriel réel désignera toujours l’entier ν+ − ν−, où
ν+ est le nombre de valeurs propres positives de f et ν− le nombre de valeurs
propres négatives. Il n’est pas difficile de voir que les modules hyperboliques sont
exactement ceux de signature nulle. Ainsi la signature est bien définie sur W (R)
et fournit un isomorphisme entre W (R) et Z.

Dans la suite, si (E, f) est un espace vectoriel sur K muni d’une forme bi-
linéaire symétrique éventuellement dégénérée, on parlera de l’image de (E, f)
dans W (K), notée σ(E), pour désigner la classe de E/R où R est le radical
de f .

(2.2) Cocycle de Maslov. Il existe de nombreux textes qui introduisent l’in-
dice de Maslov ([2], [8], [9], [15], [21], [23] par exemple). A titre de remarque, si
l’on utilise ici l’indice de Maslov pour l’étude de la signature des variétés, cette
notion intervient également dans d’autres cadres : pour la résolution d’équations
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différentielles ou aux dérivées partielles [1], [2], [13], [14], ou encore en topologie
symplectique [22].

Signalons également que l’indice de Maslov (dans le cas où K = R) désigne
en fait, selon les situations et les auteurs, un nombre attaché à :

– un triplet de lagrangiens,

– une paire de points dans le revêtement universel de la grassmannienne la-
grangienne,

– une paire de chemins dans le groupe symplectique.

Dans ce texte, l’indice de Maslov désignera un entier attaché à un triplet de
lagrangiens. Cet entier est parfois également appelé signature de Kashiwara. Le
troisième cas ci-dessus n’apparâıtra pas ici, le second sera décrit dans la partie 4.
Dans [4], on pourra trouver une description complète de chacune des versions de
l’indice de Maslov (celles évoquées ci-dessus, mais également d’autres). Signalons
également des travaux plus récents [5], [6], [7], dans lesquels l’indice de Maslov
est étendu à un cadre plus général.

On suppose donc que (E,ω) est un K-espace vectoriel muni d’une forme sym-
plectique : c’est-à-dire, ω est une forme bilinéaire anti-symétrique non-dégénérée
sur E. L’orthogonal d’un sous-espace V de E est :

V ⊥ = {u ∈ E, ω(u, v) = 0, ∀v ∈ V }.

Un lagrangien de E est un sous-espace L de E isotrope pour ω et de dimension
maximale pour cette propriété. Il est équivalent de dire que L est égal à son
orthogonal. Enfin on désignera par Sp(E,ω) le groupe des automorphismes de
E qui préservent la forme ω : ce sont les applications linéaires g : E → E telles
que ω(gu, gv) = ω(u, v) pour u et v dans E.

Si L1,L2,L3 sont trois lagrangiens de E, on va définir leur indice de Maslov
τ(L1, L2, L3) comme étant un élément du groupe de Witt de K. On considère
dans L1 ⊕ L2 ⊕ L3 le sous espace V formé des vecteurs v = (v1, v2, v3) tels que
v1 + v2 + v3 = 0. On le munit de la forme bilinéaire symétrique définie par :

f(v, v′) = ω(v2, v
′
1) = ω(v3, v

′
2) = ω(v1, v

′
3).

L’indice de Maslov des trois lagrangiens L1,L2,L3 est alors la classe de V muni
de f dans le groupe W (K). Il est bien clair que l’indice de Maslov est invariant
sous l’action du groupe symplectique :

τ(L1, L2, L3) = τ(gL1, gL2, gL3) ,

pour un élément g de Sp(E,ω). Il change de signe si l’on échange deux des trois
lagrangiens et est invariant par permutations circulaires. En outre l’indice de
Maslov vérifie la relation de cocycle suivante.

Théorème (2.2.1). Si L1,L2,L3,L4 sont quatre lagrangiens de E on a :

τ(L1, L2, L3) − τ(L1, L2, L4) + τ(L1, L3, L4) − τ(L2, L3, L4) = 0.

Preuve : la preuve suivante est tirée de [25]. On considère le sous-espace U de
L1 ⊕ L2 ⊕ L3 ⊕ L4 formé des vecteurs v tels que v1 + v2 + v3 + v4 = 0, que l’on
munit de la forme bilinéaire suivante :

φ(v, v′) = 1
4 (ω(v2, v

′
1) + ω(v3, v

′
2) + ω(v4, v

′
3) + ω(v1, v

′
4)

+ω(v′2, v1) + ω(v′3, v2) + ω(v′4, v3) + ω(v′1, v4)).
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On va calculer de deux manières différentes la classe de U dans W (K) pour
obtenir la relation voulue. On note Ei le sous-espace de U formé des vecteurs
tels que vi = 0 (1 ≤ i ≤ 4). L’espace E4 s’identifie naturellement à l’espace V
considéré précédemment pour définir l’indice de Maslov de L1,L2,L3. De plus si
v et v′ sont dans E4 on a :

φ(v, v′) = f(v, v′).

Donc σ(E4) = τ(L1, L2, L3). On a de la même manière les égalités suivantes :

σ(E3) = τ(L1, L2, L4), σ(E2) = τ(L1, L3, L4), et σ(E1) = τ(L2, L3, L4).

La relation de cocycle cherchée se réécrit donc :

σ(E2) + σ(E4) = σ(E1) + σ(E3).

Pour la prouver on montre que chacun des deux membres est égal à la classe
de U dans W (K). Supposons prouvé que l’orthogonal dans U de E2 ∩ E4 est
E2 + E4. Alors par le lemme ci-dessous, σ(U) = σ(E2 + E4) = σ(E2) + σ(E4),
la dernière égalité provenant du fait que E2 ∩ E4 est orthogonal à E2 et E4. Il
nous reste à voir que

(E2 ∩ E4)
⊥ = E2 +E4

(l’égalité σ(U) = σ(E1) + σ(E3) se prouvant de même). Si a est un vecteur de
L1 ∩ L3 on a φ(v, (a, 0,−a, 0)) = 1

2 (ω(v2, a) − ω(v4, a)) = ω(v2, a) = ω(a, v4).
Donc si v est dans E2 ou E4 cette dernière quantité est nulle. Si à l’inverse cette
quantité est nulle pour tout a de L1∩L3, le vecteur v2 se trouve dans l’orthogonal
de L1∩L3 qui est L1+L3 puisque ces deux espaces sont lagrangiens. On note v2 =
v12 + v32. On peut alors écrire v = (−v12, v2,−v32, 0) + (v1 + v12, 0, v3 + v32, v4).
Le vecteur v est dans E2 +E4.

Lemme (2.2.2). Soit V un espace vectoriel muni d’une forme bilinéaire symé-
trique. Si S est un sous-espace isotrope de V et L un supplémentaire de S dans
S⊥ on a dans W (K) :

σ(V ) = σ(S⊥) = σ(L).

Preuve : on le prouve dans le cas où la forme est non-dégénérée. Le cas général
s’y ramène en factorisant par le radical de la forme considérée. L’égalité σ(S⊥) =
σ(L) est claire, il nous suffit donc de prouver σ(V ) = σ(L).

Supposons que v soit dans L∩L⊥. En particulier, puisque v est dans L il est
orthogonal à S. Donc v est orthogonal à S ⊕ L, c’est-à-dire dans S⊥⊥ = S. Le
vecteur v est alors nul car S ∩ L = {0}. Donc L et L⊥ sont supplémentaires.
Pour prouver l’égalité voulue il suffit de voir que L⊥ est hyperbolique. Or S est
un sous-espace isotrope de L⊥. Il suffit de vérifier qu’il est égal à son orthogonal
dans L⊥ ce qui assure que L⊥ est hyperbolique.

Rappelons maintenant la construction suivante, appelée parfois contraction :
si F est un sous-espace isotrope de E, le quotient F⊥/F est naturellement muni
d’une forme symplectique. En outre si L est un lagrangien de E, il n’est pas
difficile de vérifier que LF = (L ∩ F⊥ + F )/F est un lagrangien de F⊥/F .

Supposons alors que L1,L2,L3 soient trois lagrangiens de E et considérons le
sous-espace isotrope suivant :

F = L1 ∩ L2 + L2 ∩ L3 + L3 ∩ L1.
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On note toujours V le sous-espace de L1 ⊕ L2 ⊕ L3 formé des vecteurs dont la
somme des trois coordonnées est nulle, et V F le sous-espace défini de manière
analogue dans LF

1 ⊕ LF
2 ⊕ LF

3 . Si v est dans V , chacun des vecteurs v1,v2,v3 est
dans F⊥. On dispose donc d’une application naturelle V → V F . Elle envoie la
forme quadratique f sur la forme quadratique correspondante fF . En outre son
noyau est contenu dans le radical de f , donc :

τ(L1, L2, L3) = τ(LF
1 , L

F
2 , L

F
3 ) .

Autrement dit, l’indice de Maslov est invariant par cette contraction. Ce
résultat peut par exemple être utile pour étendre à tous les triplets de lagrangiens
un résultat déjà connu pour les triplets de lagrangiens deux-à-deux transverses.
En effet, on peut vérifier que les trois lagrangiens LF

1 ,LF
2 ,LF

3 sont deux-à-deux
transverses.

(2.3) Définitions supplémentaires de l’indice de Maslov. On donne ici
d’autres manières de représenter l’indice de Maslov par une certaine forme qua-
dratique. Notamment on fait le lien entre la définition donnée au paragraphe
précédent et celle de [15].

Dans [15], l’indice de Maslov est défini comme la classe de la forme quadratique
Q définie sur L1 ⊕ L2 ⊕ L3 par :

Q(x) = ω(x1, x2) + ω(x2, x3) + ω(x3, x1).

Notons provisoirement µ(L1, L2, L3) l’indice ainsi défini.

Proposition (2.3.1). Si E = L1 ⊕ L3, alors l’indice µ se représente par la
forme quadratique q sur L2 définie par :

q(x) = ω(p1x, p3x).

Ici, p1 (resp. p3) est la projection sur L1 (resp. L3) parallèlement à L3 (resp.
L1).

Preuve : on considère la transformation de L1 ⊕ L2 ⊕ L3 dans lui-même :

y1 = x1 − p1x2, y2 = x2, y3 = x3 − p3x2.

La forme quadratique Q est alors transformée en :

Q̃((y1, y2, y3)) = −ω(y1, y3) + ω(p1y2, p3y2) .

Il n’est pas difficile de vérifier que L1 ⊕ L3 muni de la forme −ω(y1, y3) est
hyperbolique. On en déduit la proposition. 2

Supposons maintenant L1,L2,L3 deux à deux transverses et montrons que les
indices τ et µ cöıncident. En notant toujours V le sous-espace de L1 ⊕ L2 ⊕ L3

formé des vecteurs dont la somme des coordonnées est nulle dans E, on a un
isomorphisme :

L2 → V

v 7→ xv = (−p1(v), v,−p3(v)).

On a ω(p1(v), p3(v)) = ω(v, p3(v)) = ω(v,−p1(v)) = f(xv , xv). Donc par la
proposition ci-dessus, τ(L1, L2, L3) = µ(L1, L2, L3). Ainsi l’indice µ cöıncide avec
l’indice que nous avons défini. Puisque notre indice est invariant par contraction,
il suffit de vérifier que µ l’est également, ce qui assurera que µ = τ dans tous
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les cas. Ceci est impliqué par les résultats de [15] et [21]. Expliquons brièvement
pourquoi.

Dans [15] l’invariance par contraction est prouvée dans le cas où K = R.
En fait, en relisant la preuve on constate qu’elle est vraie dès que µ satisfait
la relation de cocycle. Celle-ci est satisfaite dès que l’on a la propriété suivante
(toujours par [15]) :

Propriété (2.3.2). Si (E,ω) est un espace vectoriel symplectique sur K, et si
L1,L2,L3,L4 sont quatre lagrangiens de E, on peut trouver un cinquième lagran-
gien transverse à L1,L2,L3 et L4.

D’après [21] ceci est vrai dès que le corps a au moins quatre éléments. Dans
le cas de F3, la relation de cocycle est encore vraie, en utilisant une extension
adéquate et un résultat sur le groupe de Witt (on se réfère à [21] là encore).
Donc µ est invariant par contraction quel que soit le corps K (de caractéristique
distincte de 2) et µ cöıncide bien avec l’indice de Maslov que nous avons défini.
On a donc prouvé la

Proposition (2.3.3). Pour tout triplet de lagrangiens (L1, L2, L3), on a l’éga-
lité

τ(L1, L2, L3) = µ(L1, L2, L3).

Enfin, une dernière manière de représenter l’indice de Maslov des trois lagran-
giens L1,L2,L3 est de considérer la forme quadratique non-dégénérée sur

L1 ∩ (L2 + L3)

L1 ∩ L2 + L1 ∩ L3

qui à un vecteur x représenté par x1 = x2 + x3, associe q(x) = ω(x1, x2). Il suit
facilement de notre première définition que cette forme quadratique représente
l’indice de Maslov τ(L1, L2, L3).

Le groupe symplectique Sp(E,ω) agit transitivement sur l’ensemble des la-
grangiens d’une part, et sur l’ensemble des paires de lagrangiens transverses
d’autre part. Ce n’est plus le cas pour les triplets de lagrangiens transverses,
puisque l’indice de Maslov est invariant par l’action du groupe symplectique.
Par contre la définition de la Proposition (2.3.1) permet de montrer que l’indice
de Maslov est un invariant complet pour l’action de Sp(E,ω) sur les triplets de
lagrangiens deux-à-deux transverses.

Proposition (2.3.4). Soient L1,L2,L3 et L′
1,L

′
2,L

′
3 deux triplets de lagran-

giens deux à deux transverses. Supposons que τ(L1, L2, L3) = τ(L′
1, L

′
2, L

′
3).

Alors il existe g dans Sp(E,ω) tel que L′
1 = g(L1),L

′
2 = g(L2) et L′

3 = g(L3).

Preuve : on utilise donc la Proposition (2.3.1) pour représenter les indices de
Maslov par les formes non-dégénérées q : x 7→ ω(p1(x), p3(x)) sur L2 et q′ : x 7→
ω(p′1(x), p

′
3(x)) sur L′

2. Dire que les deux triplets ont le même indice de Maslov
c’est dire qu’il existe deux modules hyperboliques S et S ′ tels que L2 ⊕ S '
L′

2 ⊕S′. Alors, S et S′ ont nécessairement le même rang, et sont par conséquent
isomorphes (tout module hyperbolique de rang 2k est isomorphe à la somme
directe orthogonale de k plans K ⊕ K munis de la forme (x, y) 7→ 2xy). Ceci
implique alors que L2 et L′

2, munis de leurs formes quadratiques, sont isomorphes



INDICE DE MASLOV ET THÉORÈME DE NOVIKOV-WALL 9

(c’est un cas particulier d’un théorème de Witt, cf. [20] page 8). Fixons un
isomorphisme

f : L2 → L′
2.

Soit v1, . . . , vn une base orthogonale de L2 pour q. Alors b = (p1(vl), p3(vl)) est
une base symplectique de E (dans le sens où ω(p1(vi), p1(vj)) = 0, ω(p3(vi),
p3(vj)) = 0, ω(p1(vi), p3(vj)) = δijαi pour des éléments αi de K×). De même,
b′ = (p′1f(vl), p

′
3f(vl)) est une autre base symplectique de E (avec des coefficients

αi identiques). La transformation g qui envoie b sur b′ est symplectique et envoie
le triplet (L1, L2, L3) sur le triplet (L′

1, L
′
2, L

′
3).

3. Théorème de Novikov-Wall et applications

Tous les groupes de cohomologie (ou d’homologie) que l’on considérera sont
des groupes de cohomologie (d’homologie) singulière, à coefficients dans un corps
K fixé.

(3.1) Trois lagrangiens dans H2n−1(Σ). On suppose ici queX est une variété
compacte, connexe, orientée, de dimension 4n − 1 et de bord Σ. On notera
[X ] ∈ H4n−1(X,Σ) la classe fondamentale de X et [Σ] = ∂∗[X ] ∈ H4n−2(Σ)
celle de Σ, induite par l’orientation de X . Enfin on désignera par x ·X y et x ·Σ y
les formes bilinéaires d’intersection

H2n−1(X) ×H2n(X,Σ) → K

et H2n−1(Σ) ×H2n−1(Σ) → K .

Par dualité de Poincaré, ces deux formes sont non-dégénérées. La forme x ·Σ y
est anti-symétrique et munit l’espace H2n−1(Σ) d’une structure symplectique.

On considère la partie suivante de la suite exacte longue de cohomologie as-
sociée à la paire (X,Σ) :

H2n−1(X)
π // H2n−1(Σ)

j // H2n(X,Σ).

On a le :

Lemme (3.1.1). Si a ∈ H2n−1(Σ) et b ∈ H2n−1(X), on a :

a ·Σ π(b) = b ·X j(a)

b

π(b)

a

Fig. 1
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Preuve : c’est une conséquence de la formule :

∂(x ∪ y) = ∂x ∪ y + (−1)degxx ∪ ∂y.

On prend pour x un cocycle sur X qui représente b et pour y une cochaine sur
X dont la restriction à Σ est un cocycle représentant a.

Donnons une brève interprétation géométrique de ce lemme. Supposons que
n = 1. La variété ambiante X est donc de dimension 3. En utilisant les iso-
morphismes de dualité de Poincaré on peut donner une version homologique du
résultat. L’élément b devient une châıne de dimension 2 dont le bord π(b) est
dans la surface Σ. L’élément a est un cycle de dimension 1 dans Σ. Le lemme
affirme que le nombre d’intersection de a et de π(b) dans la surface Σ, est le
même que celui de a et de b dans X (fig. 1).

Une conséquence de ce lemme est que le sous-espace L = Ker j = Imπ est
isotrope pour la forme symplectique de H2n−1(Σ). En outre, si a est orthogonal
à L, on a pour tout b de H2n−1(X), b ·X j(a) = 0. Donc j(a) est nul, et a est
lui-même dans L. Le sous-espace L est égal à son propre orthogonal, c’est-à-dire
est lagrangien. On a donc prouvé le résultat suivant :

Proposition (3.1.2). L’image de l’application H2n−1(X) → H2n−1(Σ) est
un lagrangien de H2n−1(Σ).

Donnons maintenant un argument plus géométrique en faveur de la proposi-
tion précédente. En utilisant, là encore, les isomorphismes de dualité de Poincaré,
cette proposition affirme que le noyau de l’application H2n−1(Σ) → H2n−1(X)
est un lagrangien pour la forme d’intersection de Σ. Le calcul de la dimension
de ce noyau peut se faire en utilisant des arguments de dualité de Poincaré.
Pour montrer qu’il est isotrope pour la forme d’intersection on peut se sou-
venir de l’argument suivant de Milnor [19]. Supposons que A et B soient des
variétés différentiables compactes orientées immergées dans X , dont les bords
sont contenus dans Σ. Alors les classes ∂∗[A] et ∂∗[B] sont dans l’image de
H2n(X) → H2n−1(Σ), c’est-à-dire le noyau précédemment considéré. Suppo-
sons maintenant que, par une petite homotopie, on ait rendu A et B transverses.
Alors A ∩ B est une sous-variété de dimension 1 de X , son bord ∂A ∩ ∂B est
formé d’un nombre pair de points (fig. 2).
Le nombre d’intersection des classes ∂∗[A] et ∂∗[B] dans H2n−1(Σ) est alors le
nombre de ces points, chacun étant compté avec son orientation. Puisque que
l’on peut associer ces points deux à deux avec des orientations opposées, cette
somme est nulle. Donc ∂∗[A]·Σ∂∗[B] est nul. Bien sûr, cet argument ne s’applique
que dans le cas où toutes les classes intervenant sont représentées par des sous-
variétés immergées.

Revenons à la situation du théorème de Novikov-Wall. On considère donc une
variété (de dimension 4n) obtenue en recollant les variétés M1 et M2 selon une
sous-variété à bord, compacte, X0, de leur bord. On désignera par Σ le bord de
X0 et par X1 et X2 le complémentaire de l’intérieur de X0 dans les bords de
M1 et M2. Ainsi, dans M , la sous-variété Σ peut être vue comme le bord de
trois variétés de dimensions 4n − 1 distinctes : X0, X1, et X2. Les images Li

des applications H2n−1(Xi) → H2n−1(Σ) fournissent donc trois lagrangiens de
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+1

−1

Fig. 2

H2n−1(Σ). On pourra calculer leur indice de Maslov dès lors qu’une orientation
de Σ sera fixée.

Le début du paragraphe suivant est consacré à des précisions sur l’orientation
relative de toutes les variétés considérées.

(3.2) Théorème de Novikov-Wall. L’homologie de M peut être calculée en
considérant l’homologie du complexe C∗(M1 + M2) formé des châınes sommes
de simplexes dont l’image est contenue ou bien dans M1, ou bien dans M2. Ainsi
on dispose d’applications naturelles de Hk(M,∂M) vers Hk(Mi, ∂Mi). On dis-
pose pour la même raison d’applications de l’homologie de ∂Mi vers l’homologie
relative de X0 par exemple. De même, la cohomologie de M peut être calculée à
partir du complexe Hom(C∗(M1 +M2),K).

On suppose qu’une classe fondamentale [M ] ∈ H4n(M,∂M) est fixée. Notons
[M1] et [M2] les images de [M ] par les applicationsH4n(M,∂M) → H4n(Mi, ∂Mi).
Ce sont des classes fondamentales pour M1 et M2. Les classes ∂∗[M1] et ∂∗[M2]
orientent ∂M1 et ∂M2 respectivement. On notera [X0]1 et [X0]2 leurs images
respectives par les applications

H4n(∂Mi) → H4n(X0,Σ) .

On a supposé que l’homéomorphisme utilisé pour effectuer notre somme connexe
inversait l’orientation, c’est-à-dire que [X0]1 = −[X0]2. On notera [X0] = [X0]1.
Enfin on choisira ∂∗[X0] = [Σ] comme classe fondamentale de Σ. On a alors :

Théorème (3.2.1). Les variétés M ,M1,M2 et Σ étant orientées comme ci-
dessus, on a l’égalité suivante dans le groupe de Witt de K :

σ(M) = σ(M1) + σ(M2) + τ(L1, L0, L2) .

Résumons maintenant la trame de la preuve. Soit N une variété de dimension
4n à bord ∂N . On a la suite exacte suivante, associée à la paire (N, ∂N) :

H2n−1(∂N) // H2n(N, ∂N)
π // H2n(N)

ϕ // H2n(∂N).
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Σ

X2

X1

X0

M1

M2

Σ

Fig. 3. Recollement le long d’une sous-variété à bord

La forme bilinéaire d’intersection x·Ny, définie surH2n(N)×H2n(N, ∂N), met
les deux espaces du milieu en dualité. La signature de N sur K est par définition
la classe dans le groupe de Witt de K de la forme bilinéaire symétrique IN sur
H2n(N, ∂N) définie par :

(x, y) 7→ π(y) ·N x.

Puisque H2n(N, ∂N) et H2n(N) sont duaux l’un de l’autre, on a que le radical
de la forme IN est égal à l’image de l’application H2n−1(∂N) → H2n(N, ∂N).
On choisit un supplémentaire GN de cette image dans H2n(N, ∂N). On identifie
ainsi les espaces GN ⊂ H2n(N, ∂N) et Kerϕ ⊂ H2n(N). On applique cette
remarque au cas où N est l’une des trois variétés M , M1, M2. On va alors écrire
GM = GM1

⊕GM2
⊕ V , où la somme sera orthogonale relativement à IM et où

la restriction de IM à GMi
cöıncidera avec IMi

. Le défaut δ recherché est alors :

δ = σ(M) − σ(M1) − σ(M2) = σ(V ).

On construira ensuite un sous-espace isotrope S de V . En notant S⊥ l’orthogonal
de S dans V et en écrivant S⊥ = S⊕L, il suffira alors d’identifier σ(L) à l’indice
de Maslov, en vertu du Lemme (2.2.2) On peut maintenant rentrer dans les
détails.

On a deux applications naturelles

H2n(M1, ∂M1)
f1 // H2n(M)

H2n(M2, ∂M1)
f2 // H2n(M).

Ces deux applications sont en fait définies au niveau des cochâınes. Par exemple,
l’image par f1 d’une cochâıne nulle sur le bord de M1 est égal à son prolongement
par 0 sur toutes les châınes contenues dans M2. Il est bien clair que f1 et f2 ont
des images contenues dans Kerϕ = Imπ. On peut donc les considérer comme
étant à valeurs dans GM .

Lemme (3.2.2). On a

IM1
(u, v) = IM (f1(u), f1(v)) pour u, v ∈ H2n(M1, ∂M1),
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IM2
(u, v) = IM (f2(u), f2(v)) pour u, v ∈ H2n(M2, ∂M2),

IM (f1(u), f2(v)) = 0 pour u ∈ H2n(M1, ∂M1) et v ∈ H2n(M2, ∂M2) .

Preuve : on prouve le premier point seulement, les deux autres sont iden-
tiques. Quand on calcule le nombre IM (f1(v), f1(u)), on prend des cochâınes qui
représentent chacune des deux classes f1(v) et f1(u), que l’on évalue sur tous les
simplexes de la classe [M ]. Il suffit de considérer les simplexes contenus dans M1

puisque f1(u) et f1(v) sont nuls ailleurs. On évalue donc en fait le cup-produit
des deux cochâınes sur [M1].

Puisque les formes IM1
et IM2

sont non-dégénérées sur GM1
et GM2

, le lemme
implique que f1 et f2 sont injectives, une fois restreintes à GM1

et GM2
. En outre

puisque leurs images sont orthogonales on peut écrire :

GM = GM1
⊕GM2

⊕ V

où V est l’orthogonal de GM1
⊕GM2

dans GM .
On peut maintenant considérer l’application g1 : H2n−1(∂M1) → H2n(M1, ∂M1),

issue de la suite exacte longue de cohomologie associée à la paire (M1, ∂M1).
En composant avec f1 on obtient une application s1 : H2n−1(∂M1) → GM . On
construit de même une application s2 : H2n−1(∂M2) → GM . On note S la somme
des images de s1 et s2 dans GM . Considérons un élément u de H2n−1(∂M1). Par
le lemme précédent, et puisque s1 = f1g1, on a :

(∗) IM (s1(u), f1(v)) = IM1
(g1(u), v)

pour tout v de H2n(M1, ∂M1). Puisque l’image de g1 est le radical de IM1
, cette

quantité est toujours nulle. On en déduit que l’image de s1 est orthogonale à
l’image de GM1

dans GM . Puisque l’image de s1 est contenue dans celle de f1,
elle est aussi orthogonale à GM2

. On a de la même manière que l’image de s2 est
orthogonale à GM1

⊕GM2
⊂ GM . Donc le sous-espace S est contenu dans V . En

outre l’équation (∗), ainsi que l’équation correspondante pour s2 assurent que S
est isotrope. Il nous reste à calculer l’orthogonal de S dans V . Or l’orthogonal
de S dans V est égal à l’orthogonal de Im f1 + Im f2 dans GM .

Considérons la partie suivante de la suite exacte de Mayer-Vietoris :

H2n−1(X0) // H2n(M) // H2n(M1) ⊕H2n(M2).

On note r1 et r2 les deux composantes de la flèche de droite dans le diagramme
ci-dessus.

Proposition (3.2.3). L’orthogonal de S dans V est :

Im (H2n−1(X0) → H2n(M)) ∩ Kerϕ.

Preuve : Soit v un élément de H2n(M) ∩ Kerϕ. Il suffit d’établir les deux
égalités :

IM (v, f1(u)) = r1(v) ·M1
u

IM (v, f2(u
′)) = r2(v) ·M2

u′

pour u dans H2n(M1, ∂M1) et u′ dans H2n(M2, ∂M2) . Puisque les formes bi-
linéaires x ·Mi

y : H2n(Mi) ×H2n(Mi, ∂Mi) → K sont non-dégénérées on aura
le résultat voulu.
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Il nous reste pour conclure à construire une application

Υ : S⊥ →W =
L0 ∩ (L1 + L2)

L0 ∩ L1 + L0 ∩ L2

de noyau S, et envoyant la restriction de IM à S⊥ sur la forme définie à la fin
du paragraphe 2.3 :

[x0 = x1 + x2] 7→ ω(x0, x1) .

Regardons le diagramme commutatif suivant. Les lignes proviennent de la suite
exacte de Mayer-Vietoris appliquée à M et ∂M décomposées respectivement
selon M1 et M2 et X1 et X2.

H2n−1(M1) ⊕H2n−1(M2) //

��

H2n−1(X0)
τ1 //

��

H2n(M)

ϕ

��
H2n−1(X1) ⊕H2n−1(X2)

τ2 // H2n−1(Σ)
τ3 // H2n(∂M)

Si xi est dans H2n−1(Xi), on notera x̄i son image dans H2n−1(Σ).
Considérons un élément y de S⊥. On peut écrire y = τ1(x0). Puisque ϕ(y) = 0,

x̄0 est dans l’image de τ2, c’est-à-dire dans L1 +L2. Puisqu’un élément du noyau
de τ1 s’envoie dans L0∩L1+L0∩L2, on obtient une application Υ bien définie de
S⊥ dans W . Elle est surjective car si x̄0 = x̄1 + x̄2 représente un élément de W ,
τ3(x̄0) = 0 donc τ1(x0) est bien dans le noyau de ϕ. On a alors Υ(τ1(x0)) = [x̄0].
Vérifions que le noyau de Υ est S.

H2n−1(∂M1)
s1 //

''OOOOOOOOOOO

wwooooooooooo

H2n(M)

H2n−1(X1)

''OOOOOOOOOOO
H2n−1(X0)

τ1

OO

wwooooooooooo

H2n−1(Σ)

Si x est dans H2n−1(∂M1), notons x0 et x1 ses restrictions à X0 et X1 respec-
tivement. Puisque l’image de x0 par τ1 est s1(x), Υ(s1(x)) est représenté par x̄0.
Mais x̄0 = x̄1 est dans L0 ∩ L1. Donc l’image de s1 est contenue dans le noyau
de Υ. De même, l’image de s2 est contenue dans ce noyau. Réciproquement,
considérons un élément y = τ1(x0) ∈ S⊥ qui est dans le noyau de Υ. On peut
écrire x̄0 = ā0 + b̄0 avec ā0 ∈ L0∩L1 et b̄0 ∈ L0∩L1. Ceci implique que l’on peut
trouver a ∈ H2n−1(∂M1) et b ∈ H2n−1(∂M2), qui se restreignent à a0 et b0 sur
X0. Alors y−s1(a)−s2(b) = τ1(v) où v = x0−a0−b0 est dans l’image de l’appli-
cationH2n−1(X0,Σ) → H2n−1(X0). On peut donc représenter v par un cocycle c
sur X0, nul sur Σ. Prolongeons c par 0 sur ∂M1. Puisque la cohomologie de ∂M1

peut être calculée à partir du complexe Hom(C∗(X0 +X1),K) où C∗(X0 +X1)
est le complexe des châınes sommes de simplexes dans X0 ou dans X1, c est un
cocycle. On vérifie facilement que τ1(v) = s1([c]), donc y = s1(a)+s2(b)+s1([c])
est dans S.

Identifions maintenant les formes quadratiques. Supposons que x̄0 = x̄1 + x̄2

soit dansH2n−1(Σ). On peut toujours trouver des cocycles ϕ0,ϕ1,ϕ2 représentant
x0,x1,x2 teles que ϕ0 = ϕ1 +ϕ2 sur Σ. Rappelons la construction de τ1(x0). On
choisit des cochâınes ψ1 et ψ2, définies sur M1 et M2 respectivement, telles que
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ψ1 − ψ2 = ϕ0, sur X0. On peut toujours supposer que ϕ1 = ψ1 sur X1 et
ϕ2 = −ψ2 sur X2. La classe de cohomologie τ1(x0) est alors représentée par le
cocycle ψ, égal à ψ1 ◦ ∂ sur M1 et à ψ2 ◦ ∂ sur M2. On doit vérifier l’égalité
suivante :

IM (τ1(x0), τ1(x0)) = −x̄0 ·Σ x̄1 .

Mais

IM (τ1(x0), τ1(x0)) = (ψ∪ψ)([M ]) = (ψ1◦∂∪ψ1◦∂)([M1])+(ψ2◦∂∪ψ2◦∂)([M2])

= (ψ1 ∪ ψ1 ◦ ∂)([X1] + [X0]) + (ψ2 ∪ ψ2 ◦ ∂)([X2] − [X0])

= ((ψ1 − ψ2) ∪ ψ1 ◦ ∂)([X0]) + (ψ1 ∪ ψ1 ◦ ∂)([X1]) + (ψ2 ∪ ψ2 ◦ ∂)([X2]).

Le premier de ces trois termes vaut x0 ·X0
j(x̄1). Ici j désigne l’application

naturelle H2n−1(Σ) → H2n(X0,Σ). Mais par le Lemme (3.1.1), ceci vaut −x̄0 ·Σ
x̄1. Il nous reste donc à vérifier que les deux derniers termes ci-dessus sont nuls.
Mais ψi ◦ ∂ est nul sur Xi, si on a supposé ψi = ±ϕi sur Xi.

(3.3) Cocycle signature de Meyer. Le théorème de Novikov-Wall permet
par exemple de calculer la signature d’une variété différentiable de dimension 4
fibrée en surfaces au-dessus d’un pantalon (et donc de toute variété de dimension
4 fibrée au-dessus d’une surface). Le résultat obtenu a été prouvé initialement
par Meyer [17] par des arguments de suites spectrales. La preuve suivante est
tirée de [10]. Bien sûr, on peut se placer dans le cadre de la dimension 4n.

On désigne par P la sphère S2 privée de trois disques ouverts, avec son orien-
tation usuelle. On note également F une variété (compacte sans bord) orientée de
dimension 4n−2. Si π : M → P est une fibration localement triviale au-dessus de
P , de fibre F , dont le groupe structural préserve l’orientation de F , les orienta-
tions de F et de P induisent une orientation de M . Notons Pa et Pb les parties de
P obtenues en découpant le long du chemin c (figure 4). Elles sont homéomorphes
au produit d’un cercle par un intervalle. La composition π−1(Pa) → Pa → [0, 1]
est encore une fibration et est donc trivialisable. La variété X1 = π−1(Pa) est
homéomorphe à N4n−1 × [0, 1], donc de signature nulle. Pour la même raison
X2 = π−1(Pb) est de signature nulle.

NotonsX0, l’image inverse par π du chemin c dans P , et Σ la réunion des fibres
au-dessus de c0 et de c1. On identifie l’espace H2n−1(Σ) = H2n−1(π

−1(c1)) ⊕
H2n−1(π

−1(c0)) à E = H2n−1(π
−1(c1) ⊕ H2n−1(π

−1(c1)) par la monodromie
associée au chemin c. L’orientation de π−1(Pa) induit une orientation de X0,
qui induit elle-même une orientation de Σ = π−1(c0) ∪ π

−1(c1). On note ω la
forme symplectique sur H2n−1(π

−1(c1)) induite par cette orientation. En identi-
fiant alors H2n−1(π

−1(c0)) à H2n−1(π
−1(c1)) par la monodromie de c, la forme

symplectique fournie par l’orientation de π−1(c0) s’envoie sur −ω. Ainsi, l’es-
pace H2n−1(Σ), orienté comme dans le théorème de Novikov-Wall, s’identifie à
l’espace E = H2n−1(π

−1(c1)) ⊕H2n−1(π
−1(c1)) muni de la forme ω ⊕−ω.

Notons maintenant γa et γb les éléments de Sp(H2n−1(π
−1(c1)), ω) corres-

pondant à l’action des générateurs a et b du groupe fondamental du pantalon
représentés sur la figure 4. Nous allons vérifier que les graphes de −id, de −γa et
de −γb dans E sont les noyaux des applications H2n−1(Σ,R) → H2n−1(Xi,R).
Prouvons le dans un cas seulement, les deux autres sont identiques. La monodro-
mie le long de c fournit une application f : π−1(c0)× [0, 1] → X0 telle que ft est
un difféomorphisme de π−1(c0) sur π−1(ct), pour tout t. On peut alors construire
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a
b

c

c0

c1

Fig. 4

un opérateur de prisme P , des k-châınes de π−1(c0) vers les (k + 1)-châınes de
X0, qui satisfait : ∂P +P∂ = f1∗ − f0∗. Si u est un (2n− 1)-cycle dans π−1(c0),
la classe définie par (f1∗(u),−u) dans H2n−1(Σ) borde donc dans X0. La classe
correspondante dans E est (f1∗(u),−f1∗(u)). Le graphe de −id est donc bien le
noyau de l’application H2n−1(Σ,R) → H2n−1(X0,R).

Définissons maintenant le cocycle de Meyer sur le groupe symplectique. On
considère R2n⊕R2n muni de la forme symplectique ω⊕−ω (ω désignant la forme
symplectique canonique de R2n). Si γ est un élément du groupe symplectique,
son graphe

Graphe(γ) = {(v, γ(v)), v ∈ R2n}

est un lagrangien de R2n⊕R2n. Si γ1,γ2,γ3 sont trois éléments du groupe symplec-
tique, on peut donc considérer l’indice de Maslov de leurs graphes dans R2n⊕R2n.
On note meyer(γ1, γ2, γ3) cet entier. Si x et y sont des éléments de Sp(2n,R),
l’application (u, v) 7→ (x−1(u), y(v)) est une transformation symplectique de
R2n ⊕ R2n. On en déduit que meyer(γ1, γ2, γ3) = meyer(xγ1y, xγ2y, xγ3y). On
pose alors

Meyer(γ1, γ2) = meyer(1, γ1, γ1γ2) .

Ceci définit un 2-cocycle borné sur le groupe symplectique. En outre, Meyer
est invariant par conjugaison. On renvoie à [3] pour le lien entre la classe de
cohomologie définie par le cocycle de Meyer et la classe de cohomologie définie
précédemment grâce à l’indice de Maslov, et pour un calcul détaillé du cocycle
de Meyer sur Sp(2n,R).

Après avoir choisi une identification entre H2n−1(π
−1(c1)) et R2n, munis de

leurs formes symplectiques respectives, on peut considérer γa et γb comme des
éléments du groupe Sp(2n,R) (définis à conjugaison près). La signature de M
est donc

meyer(−γa,−id,−γb) = meyer(id, γ−1
a , γ−1

a γb).

On obtient bien le théorème déjà prouvé par Meyer dans [17].
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Théorème (3.3.1). La signature de M ne dépend que de l’action des générateurs
du groupe fondamental de P sur l’homologie de dimension 2n−1 de la fibre. Avec
les notations précédentes :

σ(M) = Meyer(γ−1
a , γb).

(3.4) Signature et fonction de Morse. On suppose ici que M est une variété
différentiable, compacte sans bord, de dimension 4n. Considérons une fonction
de Morse f : M → R de points critiques x1, . . . , xp. On suppose en outre que les
valeurs critiques λi = f(xi) sont toutes distinctes, par exemple que λ1 < · · · <
λp. Le théorème de Novikov-Wall permet alors de calculer la signature de M à

partir de f . L’énoncé du théorème suivant m’a été suggéré par Étienne Ghys.

Théorème (3.4.1). La signature de M s’écrit :

σ(M) =
∑

i

s(xi)

où la somme porte sur les points critiques de f d’indice 2n. L’entier s(xi) est
compris entre −1 et 1 et est la signature de la variété f−1([λi − ε, λi + ε]), pour
tout ε suffisamment petit pour que l’intervalle [λi − ε, λi + ε] ne contienne pas
d’autre valeur critique que λi.

On décompose l’image de f dans R en une réunion d’intervalles compacts
d’intérieurs disjoints, dont les extrémités ne sont pas des valeurs critiques (ex-
cepté pour le maximum et le minimum de f). On demande en outre que chacun
de ces intervalles I contienne au plus une valeur critique. On va alors étudier la
signature des variétés à bord f−1(I). Puisque chacun de ces intervalles est de
la forme I = [a, b] où a et b sont des valeurs régulières de f (à l’exception des
deux intervalles contenant les extrémités de l’image de f), les variétés f−1(I)
sont recollées les unes aux autres le long de niveaux f−1(a), qui sont des variétés
compactes sans bord de dimension 4n − 1. Ainsi par le théorème de Novikov
usuel, la signature de M est la somme des signatures des f−1(I). Si l’inter-
valle I ne contient pas de valeur critique, f−1(I) est difféomorphe au produit
f−1(a) × [a, b] (par un résultat élémentaire de théorie de Morse). Sa signature
est donc nulle. Il suffit donc de prendre en compte les intervalles I contenant une
valeur critique. Ceux-ci peuvent être pris de la forme f−1([λi − ε, λi + ε]) avec
ε aussi petit qu’on le souhaite. En effet, changer ε en ε′ > ε revient à ajouter
les variétés f−1([λi − ε′, λi − ε]) et f−1([λi + ε, λi + ε′]) qui sont de signatures
nulles. Par le théorème de Novikov usuel la signature ne s’en trouve pas affectée.
On définit donc l’entier s(xi) comme la signature de f−1([λi − ε, λi + ε]) (avec ε
assez petit). Nous allons voir que cet entier est nul si le point critique n’est pas
d’indice 2n.

Notons donc l l’indice du point critique xi. D’après la théorie de Morse, on
peut trouver un plongement φ : Sl−1 ×D4n−l → f−1(λi − ε/2), tel que la variété
f−1([λi−ε, λi +ε]) soit difféomorphe à la variété f−1([λi−ε, λi−ε/2]), à laquelle
on a recollé l’anse Dl ×D4n−l, via le plongement φ. La variété f−1([λi − ε, λi −
ε/2]) est de signature nulle car est le produit d’une variété fermée de dimension
4n− 1 par un intervalle. L’anse Dl ×D4n−l est également de signature nulle car
est homéomorphe à une boule. Par le théorème de Novikov-Wall, la signature
de f−1([λi − ε, λi + ε]) est donc l’indice de Maslov de trois lagrangiens dans
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f = λi − ε/2 f = λi − ε/2

Fig. 5. La variété M1

l’homologie de dimension 2n − 1 du bord de la sous-variété sur laquelle on a
effectué le recollement, c’est-à-dire S l−1 × S4n−l−1. Or, si l est différent de 2n,
Sl−1 × S4n−l−1 n’a pas d’homologie en dimension moitié. L’indice de Maslov
cherché est donc nul, et l’entier s(xi) est nul également.

Supposons maintenant que l soit égal à 2n. On suppose pour fixer les orien-
tations que D2n ×D2n est la variété M1 dans le théorème de Novikov-Wall. On
choisit une base (u, v) de l’homologie de dimension 2n−1 de S2n−1×S2n−1, telle
que u corresponde à une classe fondamentale du premier facteur et v à une classe
fondamentale du second facteur. En outre, on peut orienter S2n−1 × S2n−1, de
sorte que I(u, v) = 1, où I désigne le nombre d’intersection. On peut toujours
supposer que le plongement φ envoie l’orientation choisie de S2n−1 × S2n−1 sur
l’orientation qui lui est associée par le théorème de Novikov-Wall. Alors le la-
grangien L0 est la droite engendrée par v, le lagrangien L1 est la droite engendrée
par u. La droite L2 est formée des cycles qui bordent dans le complémentaire
dans f−1(λi − ε/2) de l’image de φ. L’indice de Maslov vaut 0 si et seulement
si la droite L2 est égale à l’une des deux droites u ou v. Sinon, la droite L2 est
engendrée par un vecteur de la forme cos(θ)u + sin(θ)v avec θ ∈]0, π[. L’indice
de Maslov cherché est 1 si θ < π/2 et −1 si θ > π/2. On obtient bien dans tous
les cas un indice borné par 1.

4. Grassmannienne Lagrangienne de R2n et revêtement universel du
groupe symplectique

Dans ce qui suit on notera (pα, qα) les coordonnées d’un point de R2n. On
peut identifier R2n à Cn par les coordonnées zα = pα + iqα. On désigne par ω la
forme symplectique usuelle sur R2n :

ω((pα, qα), (p
′

α, q
′

α)) =

n∑

α=1

q
′

αpα − p
′

αqα
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et par <,> le produit scalaire euclidien :

< (pα, qα), (p
′

α, q
′

α) >=

n∑

α=1

pαp
′

α + qαq
′

α.

En notant (, ) la forme hermitienne canonique sur Cn, on a pour des vecteurs x
et y de Cn :

(x, y) =< x, y > −iω(x, y).

La forme (, ) est C-linéaire à gauche. On désignera par Rn le sous-espace de R2n

d’équation q = 0, et par iRn le sous-espace d’équation p = 0.
Les constructions et les résultats des paragraphes 4.1 et 4.2 sont dus à Arnold

et proviennent des articles [1] et [2].

(4.1) Propriétés de la Grassmannienne Lagrangienne. On notera Λn

l’ensemble des sous-espaces lagrangiens de R2n. Le groupe unitaire U(n) est
contenu dans le groupe symplectique Sp(2n,R). Si L est un lagrangien de R2n,
on peut trouver une base v1, . . . , vn de L, orthonormée pour le produit scalaire
euclidien. Puisque L est isotrope pour ω, la relation entre les structures com-
plexe, euclidienne et symplectique, assure que {vl} est une base orthonormée
de Cn pour sa structure hermitienne. Donc L est l’image de Rn par une trans-
formation unitaire. L’action du groupe unitaire sur Λn est donc transitive, et
puisque le stabilisateur de Rn dans U(n) est O(n), on identifie Λn à U(n)/O(n).

Soit det2 : Λn → S1, l’application qui envoie l’élément u · O(n) sur le carré du
déterminant de u. On a alors un diagramme commutatif :

SO(n) //

��

O(n) //

��

S0

��
SU(n)

��

// U(n)

��

// S1

��
SU(n)/SO(n) // U(n)/O(n) // S1

Les deux premières lignes horizontales sont réalisées par le déterminant, la
troisième par le carré du déterminant. La flèche verticale de droite est fournie
par le revêtement du cercle z 7→ z2. Toutes les suites qui apparaissent sont
des fibrations. En appliquant deux fois la suite exacte d’homotopie associée à
une fibration, sur la colonne de gauche puis sur la ligne du bas, on obtient que
SU(n)/SO(n) est simplement connexe, puis que l’application :

det2 : Λn → S1

induit un isomorphisme entre les groupes fondamentaux. On en déduit que

H1(Λn,Z) = Hom(π1(Λn),Z)

est isomorphe à Z.

Notations. On notera Λ̃n le revêtement universel de Λn. On choisit un point
base ∗̃ dans Λ̃n, et on note ∗ son image dans Λn. Ceci permet d’identifier le groupe
π1(Λn, ∗) au groupe des automorphismes du revêtement cyclique π : Λ̃n → Λn.
On notera T le générateur de ce groupe correspondant à un générateur de π1(S

1)

avec l’orientation habituelle du cercle, Γ le groupe des homéomorphismes de Λ̃n
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qui relèvent l’action d’un élément du groupe symplectique sur Λn, et PSp(2n,R)
le quotient du groupe symplectique par son centre {±Id}.

Enfin si λ est un lagrangien on notera O(λ) l’ouvert des lagrangiens qui lui
sont transverses, et Λk

n l’ensemble des lagrangiens dont l’intersection avec Rn

est de dimension k. Si K est une partie de {1, · · · , n}, on note λK le lagrangien
défini par les équations

pj = 0, j ∈ K

qj = 0, j /∈ K .

C’est l’image de Rn par la transformation unitaire IK :

IK(zj) = izj , j ∈ K

IK(zj) = zj , j /∈ K.

On notera E la matrice identité, et I la multiplication par i, c’est-à-dire I =
I{1,··· ,n}.

Lemme (4.1.1). Si λ ∈ Λk
n, alors il existe une partie K de {1, · · · , n} à k

éléments telle que λ soit transverse à λK .

Preuve : si λ0 = λ ∩ Rn, il est clair que l’on peut trouver K de cardinal k tel
que λ0 et λK ∩ Rn soient supplémentaires dans Rn. Alors puisque λ et λK sont
lagrangiens et que Rn = λ0 ⊕ λK ∩ Rn :

ω(λ ∩ λK ,R
n) = 0.

Donc λ∩λK est contenu dans Rn donc nul car λ0 et λK∩Rn sont supplémentaires.

L’ouvert des lagrangiens transverses à Rn est paramétré par l’ensemble des
matrices symétriques réelles de taille n × n. A la matrice S on associe le plan
lagrangien λS défini par l’équation p = S(q). L’ouvert O(λK) est donc paramétré
par les matrices symétriques réelles de la manière suivante : à la matrice S on as-
socie le plan IK(λS). On obtient ainsi un atlas de la grassmannienne lagrangienne
à 2n cartes. On peut bien sûr construire un système de coordonnées identique
en utilisant un lagrangien quelconque à la place de Rn, une structure complexe
compatible avec ω quelconque, et une base orthonormée de ce lagrangien. Nous
utiliserons ce fait par la suite.

(4.2) Définition géométrique de l’indice de Maslov. Si λ est un lagran-
gien, nous noterons t(λ) l’ensemble des lagrangiens qui ne lui sont pas trans-
verses, que nous appellerons la trâıne de λ, en suivant la terminologie de Arnold.
Nous allons voir que t(λ) est une sous-variété stratifiée de Λn. Avec les notations
précédentes on a t(Rn) = ∪k≥1Λ

k
n. L’ensemble Λk

n est une sous-variété de Λn. En
effet, supposons que le lagrangien λ0 ait une intersection avec Rn de dimension
k. Par le lemme 4.1, on peut écrire λ0 = IK(λS0

) avec K de cardinal k. L’appli-
cation qui au vecteur q de Rn associe ϕ(q) = IK(Sq, q) est un isomorphisme de
Rn sur IK(λS). Dire que ϕ(q) est dans Rn équivaut à :

{
qj = 0, j /∈ K∑

s∈K Srsqs = 0, r ∈ K.

Donc l’intersection IK(λS) ∩ Rn est de dimension k si et seulement si Srs = 0
pour tous les couples (r, s) de K×K. On en déduit que Λk

n est une sous-variété de
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Λn, de codimension k(k + 1)/2. On peut aussi remarquer que dans cette carte,
le fait d’être transverse à Rn se traduit par la condition det (SK×K) 6= 0 (où
SK×K est la matrice extraite de S obtenue en ne conservant que les indices de
K). Considérons le flot φt(λ) = etI(λ) sur Λn. Notons v le champ de vecteurs
associé :

v(λ) =
d

dt t=0
(etI (λ)) .

Supposons que λ ∈ Λk
n s’écrive λ = IK(λS) (avec K de cardinal k ≥ 1). Nous

allons calculer les coordonnées de v dans les cartes précédemment construites.
Puisque etI et IK commutent, il suffit de calculer les coordonnées du plan etI(λS).
Pour t assez petit on a etI(λS) = λS(t) avec

S(t) = (cos(t)S − sin(t)E)(sin(t)S + cos(t)E)−1.

On a S′(0) = −(E + S2), dont les coefficients diagonaux ne sont jamais nuls,
donc v(λ) n’est pas tangent à Λk

n.
On a donc construit un champ de vecteurs v qui n’est tangent à aucune strate

de la trâıne de Rn. Puisque U(n) agit transitivement sur la grassmannienne
lagrangienne et commute avec φt, ce champ n’est tangent à aucune strate de
t(α), quel que soit le lagrangien α. Ceci nous permet d’orienter transversalement
la partie régulière (de codimension 1) de t(α).

On aurait pu faire la même construction avec le flot donné par l’action de
etC , où C est une structure complexe compatible avec ω quelconque. Puisque
l’ensemble de ces structures est contractile, l’orientation de la partie régulière de
t(α) ne dépend pas du choix de C.

La trâıne t(α) d’un lagrangien possède un point privilégié : son sommet α.
Choisissons un lagrangien β transverse à α. L’ouvert O(β) est difféomorphe à
l’ensemble des formes bilinéaires symétriques sur α de la manière suivante : un
lagrangien L de O(β) s’écrit comme le graphe d’une application linéaire f :
α → β. On lui associe la forme ω(x, f(y)). L’ensemble O(β) ∩ t(α) est formé des
formes dégénérées, et O(β)− t(α) a n+1 composantes connexes paramétrées par
la signature. Si C est une structure complexe compatible avec ω, pour t dans
]0, π[, α et etC(α) sont transverses. Il n’est pas difficile de vérifier que, pour t
assez petit etC(α) est dans la composante connexe de O(β) − t(α) formée des
formes définies positives (il suffit pour cela de choisir C de sorte que β = C(α), la
forme associée au lagrangien etC(α) admet alors pour seule valeur propre tan(t)).
On y fera référence comme la composante privilégiée du voisinage du sommet de
la trâıne de α.

Soit α un lagrangien et ct une courbe dans Λn dont les extrémités c0 et c1
sont transverses à α. On peut modifier la courbe c par une petite homotopie
(à extrémités fixes) de telle sorte qu’elle ne rencontre t(α) que dans sa partie
régulière (formée des lagrangiens dont l’intersection avec α est de dimension 1)
et ce de manière transverse. Alors, grâce à l’orientation transverse de t(α) on peut
compter algébriquement le nombre de ses points d’intersection avec la courbe c.
On note I(α, c) cet entier. Si β est transverse à α, on obtient ainsi un morphisme
I(α,−) : π1(Λn, β) → Z.

Proposition (4.2.1). L’élément I(α,−) est un générateur de H1(Λn,Z).
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Preuve : On peut supposer α = Rn. De plus cette propriété ne dépend pas du
choix du point β (transverse à α), on peut donc supposer que β = U(α) où U
est une matrice unitaire diagonale de coefficients eia1 , · · · , eian avec −π < a1 <
· · · < an < 0. La courbe ct = eIt(β) (t ∈ [0, π]) rencontre n fois la trâıne de
α, dans sa partie régulière, et selon la direction positive. Donc I(α, c) = n. Par

ailleurs, il est clair que det2(c) fait n tours sur le cercle quand t varie de 0 à
π.

++

±

α

β

−−

Fig. 6. Structure de la trâıne au voisinage de son sommet dans Λ2

Supposons maintenant que α̃ et β̃ soient deux points de Λ̃n, d’images α et
β transverses dans Λn. Choisissons une courbe de β̃ à α̃ dans Λ̃n et notons
c sa projection dans Λn. On note ĉ la courbe obtenue en prolongeant c par
eIt(α) pour t ∈ [0, π/2]. La courbe ĉ a des extrémités transverses à α, et sa

classe d’homotopie ne dépend que de α̃ et β̃ car Λ̃n est simplement connexe. On
définit alors m(α̃, β̃) = I(α, ĉ). Cet entier ne dépend pas du choix de la structure
complexe utilisée pour prolonger c.

Dans le cas où α et β ne sont pas transverses, on fait précéder la courbe c
d’une courbe de la forme e−tC(β), t ∈ [ε, 0]. Dans une carte construite comme
précédemment, en faisant jouer à α le rôle de Rn, et en choisissant C comme
structure complexe, les coordonnées de e−tC(β) sont S(t) = S + t(E + S2) +
O(t2), si β admet S comme coordonnées. Puisque E + S2 est définie positive,
et SK×K = 0, S(t)K×K est inversible pour t assez petit, c’est-à-dire e−tC(β) est
transverse à α. On note encore ĉ la courbe obtenue à partir de c en la modifiant
comme indiqué pour que ses deux extrémités soient transverses à α et on définit
m(α̃, β̃) = I(α, ĉ) − dim(α ∩ β)/2.

Proposition (4.2.2). La fonction m : Λ̃n × Λ̃n → Z est Γ-invariante :

m(g̃(α̃), g̃(β̃)) = m(α̃, β̃), g̃ ∈ Γ.

Preuve : choisissons deux points α̃ et β̃ de Λ̃n et g̃ dans Γ, d’image g dans
PSp(2n,R). Notons c la projection dans Λn d’une courbe c̃ de β̃ à α̃, ĉ la courbe
obtenue à partir de c en la modifiant convenablement aux extrémités. Le terme
−dim (α∩β)/2 est clairement invariant par l’action de PSp(2n,R). Il reste donc
à voir d’une part que I(α, ĉ) = I(gα, g(ĉ)) et d’autre part que la courbe g(ĉ)
est homotope à une courbe obtenue à partir de g(c) par le procédé que nous



INDICE DE MASLOV ET THÉORÈME DE NOVIKOV-WALL 23

avons expliqué. Le second point résulte du fait que la courbe etC(α) s’envoie sur

la courbe etgCg−1

(g(α)). L’application gCg−1 est encore une structure complexe
compatible avec ω. Le premier résulte du fait que l’action du groupe symplectique
sur Λn préserve l’orientation des trâınes.

L’ouvert des lagrangiens transverses à α étant contractile, son image inverse

par π, Λ̃n − t̃(α), est une réunion disjointe d’ouverts contractiles permutés par
l’action de T . Chacun de ces ouverts est homéomorphe à Λn − t(α). La fonction
m(α̃,−) est constante sur chacun de ces ouverts. Le théorème suivant a été
prouvé par Arnold dans le cas où les lagrangiens considérés sont tous deux à
deux transverses [2]. Des preuves complètes se trouvent dans [8] et [9].

Théorème (4.2.3). La fonction m a les propriétés suivantes :

1. m(T (α̃), β̃) = m(α̃, β̃) + 1.

2. m(α̃, β̃) +m(β̃, α̃) = n si π(α̃) et π(β̃) sont transverses.

3. m0(α̃, β̃) +m0(β̃, γ̃) −m0(α̃, γ̃) = τ(π(α̃), π(β̃), π(γ̃)) avec m0 = n− 2m.

Preuve : pour calculer m(T (α̃), β̃) on considère un chemin c de β (ou d’un
point proche de β et transverse à α construit comme précédemment si β rencontre
α) à α. On le fait suivre d’un chemin d de α à α′ de la forme d(t) = etC(α).

On note encore T un générateur de π1(Λn, α
′). On a I(α, c ∗ d) = m(α̃, β̃) et

I(α, c ∗ d ∗ T ) = m(α̃, β̃) + 1 car I(α,−) engendre le groupe H1(Λn,Z). Mais
c ∗ d ∗T est homotope à c ∗ (d ∗T ∗ d̄) ∗ d et c ∗ (d ∗T ∗ d̄) est l’image d’un chemin

de β̃ à T (α̃). Donc I(α, c ∗ d ∗ T ) = m(T (α̃), β̃).

βαα′

c

T

d

Fig. 7

Pour prouver le second point, on considère la fonction m(α̃,−) +m(−, α̃). Il

suffit de prouver qu’elle est constante égale à n sur Λ̃n − t̃(α). On va prouver
que c’est une constante cα̃. Alors l’invariance par Γ assurera que cα̃ ne dépend
pas de α̃. Il suffira de calculer cette constante sur un exemple.

Il est bien clair que m(α̃,−) est constante sur chaque composante connexe de

Λ̃n − t̃(α). Par ailleurs on a m(g̃(β̃), α̃) = m(β̃, g̃−1(α̃)) pour g̃ ∈ Γ. Cet entier

reste égal à m(β̃, α̃) si g̃ reste dans un voisinage connexe V de 1 dans Γ tel que

g̃−1(α̃) reste transverse à β̃ pour g̃ dans V . Mais g̃(β̃) décrit un voisinage de β̃
pour g̃ dans V . Donc m(−, α̃) est localement constante. La fonction m(α̃,−) +
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m(−, α̃) est donc localement constante sur Λ̃n − t̃(α). Par le premier point, elle
est T -invariante donc constante.

Il nous reste à calculer cette constante sur un exemple simple. Considérons
les lagrangiens Rn et i(Rn). On peut les joindre par le chemin c donné par :

etI(Rn), t ∈ [0, π
2 ]. Pour calculer m( ˜i(Rn), R̃n) on prolonge c par le chemin

etI(iRn) (t ∈ [0, π/2]) à valeur dans la composante privilégié de Λ̃n − ˜t(i(Rn).
On doit donc calculer le nombre d’intersection de etI(Rn) (t ∈ [0, π]) avec la
trâıne de iRn. Cet entier vaut n par la Proposition (4.2.1). Il reste à voir que

m(R̃n, ˜i(Rn)) vaut 0. Mais pour le calculer on considère le chemin e(
π
2
−t)I(Rn)

t ∈ [0, π
2 ]. En le prolongeant par etI(Rn) (t ∈ [0, π/2]) on obtient un chemin

homotope à un chemin constant. Donc m(R̃n, ˜i(Rn)) = 0.

Prouvons maintenant le dernier point. Il est bien clair quem0(α̃, β̃)+m0(β̃, γ̃)−

m0(α̃, γ̃) ne dépend que des images α,β,γ de α̃,β̃,γ̃ dans Λn. On note µ(α, β, γ)

cette quantité. C’est un cocycle car son relevé à Λ̃n est un cobord. Pour prouver
qu’il cöıncide avec τ il suffit de le faire dans le cas où le troisième lagrangien
est transverse aux deux autres. En effet supposons que τ et µ cöıncident sur
les triplets ayant cette propriété. Soit L1,L2,L3 un triplet quelconque. On peut
trouver un lagrangien L4 qui soit transverse à L1,L2 et L3 à la fois. Alors

µ(L1, L2, L3) = µ(L1, L2, L4) + µ(L2, L3, L4) − µ(L1, L3, L4)

τ(L1, L2, L3) = τ(L1, L2, L4) + τ(L2, L3, L4) − τ(L1, L3, L4)

car τ et µ vérifient chacun la relation de cocycle du Théorème (2.2.1). Les
membres de droites cöıncident, donc τ(L1, L2, L3) = µ(L1, L2, L3).

Prouvons maintenant le résultat dans le cas où le troisième lagrangien est
transverse aux deux autres. Puisque l’on a vu que l’on peut toujours utiliser une
structure complexe compatible avec la structure symplectique on peut supposer
que α = Rn, γ = iRn, et que β a pour équation q = Sβp où Sβ est une matrice
symétrique. Alors, d’après la Proposition (2.3.1), l’indice de Maslov τ(α, β, γ)
est la signature de la forme quadratique q(x) = ω(x, iSβx) =< x, Sβx > sur Rn,
c’est-à-dire la signature de Sβ . Notons ν+ le nombre de valeurs propres positives
de Sβ et ν− le nombre de valeurs propres négatives. On choisit trois chemins
reliant Rn, iRn, β comme suit. On relie Rn à iRn par le chemin de lagrangiens
c1 d’équation (p,−tp) pour t ∈ [0,∞] ; β à Rn par le chemin c2 d’équation
(p, (1 − t)Sβp), t ∈ [0, 1], et β à iRn par le chemin c3 d’équation (p, Sβp − tp),

t ∈ [0,∞]. Il n’est pas difficile de voir que le lacet ainsi formé se relève dans Λ̃n

en un lacet. On peut donc trouver trois relevés R̃n, ĩRn, β̃, tels que les classes
d’homotopie de chemins déterminées par deux de ces points se projettent sur les
chemins c1,c2 et c3. De plus, en paramétrant O(iRn) par les coordonnées qui à une
matrice symétrique S associent le plan d’équation q = Sp, le champ de vecteur v
a pour coordonnées v(S) = E+S2. Enfin, dans les coordonnées qui à la matrice
symétrique S associent le lagrangien d’équation q = Sp, une matrice définie
positive est dans la composante privilégiée pour Rn, et une matrice inversible
définie négative est dans la composante privilégiée pour iRn.

Le chemin c1 est formé de lagrangiens transverses à iRn et qui sont dans la
composantes privilégiée pour iRn, au voisinage de t = ∞. Donc m( ˜iRn, R̃n) = 0,

et m0( ˜iRn, R̃n) = n. Le chemin c3 est lui aussi formé de lagrangiens trans-
verses à iRn et arrive dans la composante privilégiée au voisinage de l’infini.
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Donc m0( ˜iRn, β̃) = n. Quand on prolonge aux extrémités le chemin c2 dans
la direction du champ v, on obtient un chemin d’un lagrangien β′ (de coor-
données une matrice Sβ′) à un lagrangien proche de Rn (de coordonnées une
matrice proche de 0 et définie positive). L’indice d’intersection de ce chemin
avec t(Rn) est le nombre de valeurs propres négatives de Sβ′ d’après le lemme
suivant. Toujours d’après ce lemme ce nombre de valeurs propres négatives est
ν− + dim(β ∩ Rn). Enfin m0(R̃n, β̃) = n− 2ν− − 2 dim(β ∩ Rn) + dim(β ∩ Rn).
Donc µ(Rn, β, iRn) = n− 2ν− − dim(β ∩Rn)− n+ n = ν+ − ν− [car rangSβ′ =
n = ν+ + ν− + dim(β ∩ Rn)].

Lemme (4.2.4). Soit s ∈ [−ε, ε] 7→Ms un chemin lisse de matrices symétriques.
On suppose que Ms est non-dégénérée pour s non-nul, et que M ′

s est définie po-
sitive sur le noyau de M0. Alors le nombre de valeurs propres positives de Mε est
égal au nombre de valeurs propres positives de M−ε, augmenté de la dimension
du noyau de M0.

Preuve : on peut supposer que

Ms =

(
As Bs

Bt
s Cs

)

avec C0 inversible, et A0 et B0 nuls (Cs ∈ GLk(R) où k est le rang de M0). Alors

Ms =

(
1 BsC

−1
s

0 1

) (
As −BsC

−1
s Bt

s 0
0 Cs

)(
1 0

C−1
s Bt

s 1

)
.

Donc Ms a même signature que la matrice
(
As −BsC

−1
s Bt

s 0
0 Cs

)
=

(
sA′

0 +O(s2) 0
0 Cs

)
.

Par hypothèse A′
0 est définie positive. On en déduit le résultat.

Avant d’en finir avec la définition géométrique de l’indice de Maslov, on peut
décrire ce qu’est l’indice de Maslov dans R2. Toute droite du plan est alors la-
grangienne. La grassmannienne lagrangienne s’identifie donc à la droite projec-
tive. L’application det2 précédemment rencontrée est une bijection. En utilisant
l’orientation usuelle de la droite projective on peut décrire l’indice de Maslov de
trois droites D1,D2,D3. Si deux d’entre elles sont confondues τ(D1, D2, D3) = 0.

Rn

c1

c2

iRn

β

c3

Fig. 8
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Sinon τ(D1, D2, D3) vaut 1 si D1,D2,D3 sont dans cet ordre sur le cercle et −1
si elles sont dans l’ordre D1,D3,D2.

(4.3) Revêtement universel du groupe symplectique. On a désigné par

Γ le groupe des homéomorphismes de Λ̃n qui relèvent l’action d’un élément de
PSp(2n,R) sur Λn. Il s’avère que, selon la parité de n, Γ est ou bien le revêtement
universel du groupe symplectique, ou bien possède deux composantes connexes
dont chacune est homéomorphe à un quotient par Z/2Z de ce revêtement uni-
versel. Nous allons expliciter ce fait maintenant.

Tout d’abord Γ peut être identifié au sous-ensemble de PSp(2n,R)× Λ̃n formé
des couples (g, α̃) tels que g(∗) = π(α̃). Ainsi on a un diagramme commutatif

Γ //

��

Λ̃n

π

��
PSp(2n,R) // Λn

et Γ revêt PSp(2n,R). Considérons de la même manière le revêtement Γ̃ de

Sp(2n,R) formé des couples (g, α̃) de Sp(2n,R) × Λ̃n tels que g(∗) = π(α̃).

Γ̃ //

��

Λ̃n

π

��
Sp(2n,R) // Λn .

L’application
φ : Sp(2n,R) → Λn

g 7→ g(∗)

induit entre les groupes fondamentaux, après choix de deux générateurs, l’appli-

cation x 7→ 2x. On en déduit que Γ̃ possède deux composantes connexes dont

chacune est simplement connexe. On note donc S̃p(2n,R) la composante de (1, ∗̃)

dans Γ̃ que l’on munit d’une structure de groupe en choisissant ce point comme
élément neutre. C’est le revêtement universel du groupe symplectique.

Il nous reste maintenant à voir le lien entre S̃p(2n,R) et Γ. On a bien sûr une

application surjective ϕ : Γ̃ → Γ qui envoie (g, α̃) sur (ḡ, α̃), où ḡ est la classe
dans PSp(2n,R) de g. On a ϕ(g1, α̃1) = ϕ(g2, α̃2) si et seulement si α̃1 = α̃2 et
g1 = ±g2. On doit donc voir quand les points (g1, α̃1) et (−g1, α̃1) sont dans la

même composante connexe de Γ̃. On vérifie facilement le lemme suivant.

Lemme (4.3.1). Les éléments (1, ∗̃) et (−1, ∗̃) sont dans la même composante

connexe de Γ̃ si et seulement si (g, α̃) et (−g, α̃) sont dans la même composante

connexe pour tout (g, α̃) de Γ̃.

Considérons le chemin de Id à −Id, γt = eit (t ∈ [0, π]) dans le groupe symplec-
tique. Alors φ(γt) est un élément du groupe fondamental de la grassmannienne
lagrangienne. On prouve facilement le lemme suivant :

Lemme (4.3.2). Le lacet φ(γt) est dans l’image de φ∗ si et seulement si (−1, ∗̃)

est dans S̃p(2n,R).

D’après le calcul du groupe fondamental de la lagrangienne effectué précédem-
ment, un lacet de Λn est dans l’image de φ∗ si et seulement si son image par
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l’application det2 parcourt un nombre pair de tours sur le cercle. Quand t par-
court [0, π], det2(φ(γt)) parcourt n tours sur le cercle. Donc :

– Si n est pair, (1, ∗̃) et (−1, ∗̃) sont dans la même composante connexe de Γ̃.

La restriction de ϕ à chacune des composantes de Γ̃ est un revêtement à deux
feuillets. Donc Γ a deux composantes connexes . Leur groupe fondamental est
Z/2Z.

– Si n est impair, (1, ∗̃) et (−1, ∗̃) ne sont pas dans la même composante

connexe de Γ̃ et la restriction ϕ : S̃p(2n,R) → Γ est un homéomorphisme. Le

groupe des homéomorphismes de Λ̃n qui relèvent l’action du groupe symplectique
sur la lagrangienne est bien le revêtement universel de Sp(2n,R).

Enfin on notera γT l’élément de S̃p(2n,R) égal à (1, T 2(∗̃)). La classe d’ho-

motopie de lacets de (1, ∗̃) à γT dans S̃p(2n,R) est le générateur du groupe du
revêtement cyclique :

0 // Z // S̃p(2n,R)
p // Sp(2n,R) // 0 .

(4.4) Classe de Maslov de H2(Sp(2n,R)δ ,R). On part maintenant d’une

fonction m0 : Λ̃n × Λ̃n → Z telle que :

m0(α̃, β̃) +m0(β̃, γ̃) −m0(α̃, γ̃) = τ(π(α̃), π(β̃), π(γ̃)) .

Considérons la fonction

φ : S̃p(2n,R) → Z

g 7→ m0(∗̃, ϕ(g)∗̃)

Puisque m0(α̃, T (β̃)) = m0(α̃, β̃) + 2 et que ϕ(γT ) = T 2, la fonction φ satisfait :
φ(gγT ) = φ(g) + 4. Notons c(g1, g2) = φ(g1) + φ(g2) − φ(g1g2). Vu l’équation
satisfaite par m0 on a immédiatement : c(g1, g2) = τ(∗, p(g1)∗, p(g1g2)∗). La
fonction c est donc bien définie sur le groupe symplectique Sp(2n,R) et y définit
un 2-cocycle borné. La classe de cohomologie ainsi définie est par définition la
classe de Maslov. Elle n’est pas triviale à priori puisque la fonction φ n’est pas
définie sur le groupe symplectique. Elle peut être reliée à la classe de l’extension
centrale :

0 // Z // S̃p(2n,R)
p // Sp(2n,R) // 0 .

En effet si l’on choisit une section ensembliste s : Sp(2n,R) → S̃p(2n,R) (avec
s(1) = 1) on peut écrire :

s(x)s(y) = γ
nxy

T s(xy).

Alors la fonction f : (x, y) 7→ nxy est un 2-cocycle qui représente dans
H2(Sp(2n,R)δ, Z) l’extension centrale que l’on considère. On a φ(s(x)s(y)) =
φ(s(xy)) + 4nxy, donc c(x, y) + 4nxy est le cobord de −φ ◦ s. Ainsi, c + 4f est
nul dans H2(Sp(2n,R)δ,Z).

On peut également voir que cette construction ne dépend pas du point base
∗̃ choisi dans Λ̃n. Le choix du point ũ aurait conduit à une fonction φu définie
de manière analogue à φ. Elle satisfait encore l’identité φu(gγT ) = φu(g) + 4,
donc la fonction φ − φu est bien définie sur Sp(2n,R) et les cobords de φ et φu

définissent la même classe de cohomologie réelle. On peut en fait dire mieux.
Notons Φ l’unique quasi-morphisme homogène à distance bornée de φ : Φ(g) =
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limp→∞
φ(gp)

p
. On définit de même Φu. Alors, puisque les deux quasi-morphismes

homogènes Φ et Φu satisfont Φ(gγT ) = Φ(g) + 4 ils sont égaux (cf. [3]). Donc la
fonction φ−φu = φ−Φ+(Φu−φu) est bornée et les cobords de φ et φu définissent
la même classe dans le second groupe de cohomologie bornée de Sp(2n,R). La
classe de Maslov peut donc être considérée comme une classe bornée. On pourra
consulter [3] pour plus de détails sur ces faits.

Remarque. Dans [3], les auteurs obtiennent que c et f définissent les même
classes de cohomologie. Nous obtenons c = −4f . Le signe opposé provient pro-
bablement d’un choix différent pour une orientation ou pour le générateur du
groupe d’un revêtement. Expliquons d’où vient le 4. Dans [2], Arnold définit
l’indice de Maslov de L1,L2,L3 comme le nombre de valeurs propres positives
ν+ de la forme quadratique sur L2, x 7→ ω(p1(x), p3(x)). Il ne considère que
les triplets de lagrangiens deux à deux transverses. Il construit alors une primi-
tive m̃ : Λ̃n × Λ̃n → Z de cette fonction dans le cas des relevés de lagrangiens
transverses. C’est cette primitive qui est utilisée dans [3]. Puisque dans les cas
transverses, le rang de la forme quadratique est fixe égal à n, la signature ν+−ν−
est aussi 2ν+ − n. L’indice de Maslov comme nous l’avons défini est donc (à une
constante près) le double de celui d’Arnold.

Le second facteur 2 provient du fait suivant. Dans [3] les auteurs affirment
que le groupe Γ est le revêtement universel du groupe symplectique et que le

générateur du noyau de S̃p(2n,R) → Sp(2n,R) est l’élément T qui engendre le

groupe du revêtement Λ̃n → Λn. Nous avons vu qu’il existe en fait une applica-

tion ϕ : S̃p(2n,R) → Γ (qui n’est pas toujours un homéomorphisme) et que le

générateur du noyau de S̃p(2n,R) → Sp(2n,R) s’envoie sur l’élément T 2 par ϕ,
ce qui explique la présence du second facteur 2.
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[5] J. -L. Clerc, L’indice de Maslov généralisé, J. Math. Pures. Appl. 83 (1), (2004), 99–114.

[6] J. -L. Clerc, The Maslov triple index on the Shilov boundary of a classical domain, J.
Geom. Phys. 49 (1), (2004), 21–51.



INDICE DE MASLOV ET THÉORÈME DE NOVIKOV-WALL 29
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