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ON THE POLYNOMIAL PARAMETRIC FAMILY OF THE SETS
WITH THE PROPERTY D(-1;1)

ALAN FILIPIN

ABSTRACT. In this paper we prove that if a positive integer d has the property
that for an integer £ > 1 each of (k!2 + 1)d + 1, (k12 4 2k + 2)d + 1 and
(4k12 4 4E8 + 5)d + 1is a perfect square, then

d = 16k%6 + 48%3° + 100%%* + 120k + 112%% + 60%° + 24.

1. Introduction

Let n be an integer. A set of m positive integers is called a Diophantine
m-tuple with the property D(n) or simply D(n)-m-tuple, if the product of any
two of them increased by n is a perfect square.

The first one who studied the problem of finding such sets was Diophantus
in the case n = 1. He found a set of four positive rational numbers with the
above property: {1—16, %, i %}. However, Fermat was the first who found a
D(1)-quadruple, which was the set {1, 3, 8, 120}. Euler was later able to add
the fifth positive rational, {ies, to the Fermat’s set (see [6], [7] pp. 103-
104, 232). Recently, Gibbs [21] found several examples of D(n)-sextuples. It is
conjectured that there does not exist a D(1)-quintuple. This is an immediate

consequence of the following stronger version of conjecture (see [1]).

CONJECTURE (1.1). If{a, b, ¢, d} is a D(1)-quadruple such that a < b < ¢ <
d, then

d=d, =a+b+c+2abe+/(ab+ L)ac + 1)(be + 1)).

The first result that supports Conjecture (1.1) was proven by Baker and
Davenport [2]. Precisely, they proved if {1, 3, 8, d} is a D(1)-quadruple, then
d = 120. There are some generalization of this result. First, Dujella[11] proved
that if £ > 2 and d are integers and {&# — 1, £ + 1,4k, d} is a D(1)-quadruple,
then d = 4k(4k? —1). Secondly, Dujella and Pethé [15] proved that if {1, 3, ¢, d}
such that ¢ < d is a D(1)-quadruple, then d = c,,1, where

1
c=c, = é((2+@)2v+1+(2— V3L _4) »=1,2,...,

2010 Mathematics Subject Classification: 11D09, 11D45.
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and finally, Dujella [8] proved that if {Fop, Fop. o, For 4, d}, where £ > 1is an
integer and F, denotes the v-th Fibonacci number, is a D(1)-quadruple, then
d = 4F5;, 1Fo,, 9F5;,. 3. The first two results have been generalized and it has
been proven [5, 19] that if {# — 1, 2 + 1,¢,d} is a D(1)-quadruple such that
¢ < d, then d = ¢y41, Where

2(k2 sk + VR - D* 4 (k—VE2 -1 —2k), v=1,2,....

In general, in the case n = 1, Dujella [12] proved that there does not exist
a D(1)-sextuple and that there exist only finitely many D(1)-quintuples.

In the case n = —1, Dujella [9] proved that the pair {1, 2} cannot be ex-
tended to a D(—1)-quadruple. Moreover, Dujella and Fuchs [14] proved that if
{a, b,c,d} is a D(—1)-quadruple such that ¢ < b < ¢ < d, then a = 1. There
are also results on non-extendibility of D(—1)-triples of the form {1, b, ¢} for
b > 5 (see [16, 18, 22]). Recently Dujella et al. [13] proved that there exist
only finitely many D(—1)-quadruples.

Even a D(—1)-triple {a, b, ¢} such that ¢ < b < ¢ cannot be conjecturally
extended to a D(—1)-quadruple, there exist a positive integer d such that each
of ad + 1, bd + 1 and cd + 1 is a perfect square. Moreover, d = d* has such
property, where

d* = 2abc — (a + b+ ¢) + 21/(ab — 1(ac — 1)(bc — 1).
This leads us to the following definition.

c=c¢, =

Definition (1.2). A set {a, b, ¢, d} of positive integers is said to have a prop-
erty D(—1;1)if {a, b, c} is a D(—1)-triple and each of ad + 1, bd + 1 and c¢d + 1
is a perfect square.

Let us mention that a D(—1)-triple {a, b, ¢} can be extended to a D(—1)-
quadruple {a, b, ¢, —d} in the ring Z[i] of Gaussian integers (see [10], Example
1), which corresponds to our quadruple {q, b, ¢, d} having the property D(—1; 1).
In this paper we prove that if a = k12 + 1, b = k12 + 2k + 2 and ¢ = 4k'2 +
4k% + 5, for an integer £ > 1, then such a d is unique. For £ = 0 it was
already proven by Fujita [17]. There are some similar results on the sets with
the property D(—1;1). Precisely, Fujita [17] recently proved if a set {1, 2, ¢, d}
has the property D(—1;1), then d = s(3s + 2t), where s = v/c—1 and ¢ =
vbc — 1. The same author [20] also proved that if {Fo, 1, Fori3, For.5, d} has
the property D(—1;1), where £ > 0 is an integer and F, denotes the v-th
Fibonacci number, thend = 4F5;, 9 Fop, 3Fo 4. Our main result is the following
theorem.

THEOREM (1.3). Let k > 0 be an integer. If the set
(B2 + 1, k"% 1+ 2k5 + 2, 4K + 46 1 5,d}
has the property D(—1;1), then
d = 16k + 48k% + 100%>* + 120%™ + 112k'* + 60k° + 24 .

In the proof of theorem we will use already known methods for solving
similar problems on extension of D(n)-m-tuples. More precisely, we prove our
theorem along the same lines as in [13], [17], [20] and we use some useful
results which are already proven there.
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2. System of Pellian equations

Let us assume that {a, b, ¢, d} has the property D(—1;1). Then there exist
positive integers r, s and ¢ such that

ab—1=r% ac—1=5% bc—1=1¢>
There also exist positive integers x, y, z such that
ad +1=x% bd+1=y»>% cd+1=2°

If we eliminate d we obtain the following system of simultaneous Pellian equa-
tions:

(2.1) az? —cx’=a—c,

(2.2) bz? — cy2 =b-c.
In the following lemma we describe the sets of solutions of (2.1) and (2.2).

LEMMA (2.3) (cf. [20], Lemma 3). Let (z, x) and (z, y) be positive solutions
of (2.1) and (2.2) respectively. Then there exist solutions (zg, x9) and (z1, y1) of
(2.1) and (2.2) respectively such that

(i) the following inequalities are satisfied:

0 <x9 < +Vale—a), |z < Vele—a),
0 < y1 <Vblec—0b), |z1| < Vele = b).

(i1) There exist integers m, n > 0 such that

(2.4) zva + xv/c = (z0v/a + x0v/c)2ac — 1 + 2sy/ac)™,
(2.5) 2Vb + yve = (21Vb + y1/e)(2be — 1+ 2tV/be)".

From (2.4) we conclude that z = v,, for some (z, x¢) with the above properties
and integer m > 0, where

(2.6) vy = 29, V1 = (2ac — 1)zg + 2s¢cxg, Upmyo = (4ac — 211 — Une.

In the same manner from (2.5) we conclude that z = w,, for some (z;, x1) with
the above properties and integer n > 0, where
2.7 wo = 21, w1 = (2ac — 1)z1 + 2tcy1, wpio = (4be — 2wy 11 — Wy.

So our system of equations (2.1) and (2.2) is thus transformed to finitely
many equations of the form z = v,, = w,. Let us mention that here we have
the exactly same recurrences as in [13], but with different initial values. So
we can use all results proven there that are independent of the fundamental
solutions. Also in our case we have

a=k24+1, b=Fk2+2k5+2 ¢c=4k2 +4k5 +5,
which yields
r=k24+ k5 +1 s=22 1+ 6 +2 t=2K"2+ 30 +3.

In the following lemma we can describe fundamental solutions of (2.1) and
(2.2).
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LEMMA (2.8). Let (x, y, z) be a positive solution of the system of equations
(2.1) and (2.2). Then we have

(20, x0) = (£1, 1), (21, y1) = (£1, 1).

Proof. The proof of this is exactly the same as the proof of [20], Lemma 5.
The only thing one has to be aware of is that in our case we also have b < 3a
and ¢ < 4b which was used there. O

Now we have the following properties.

LEMMA (2.9) (cf. [13], Lemma 2). If v,, = wy, n # 0, then

(1) m =n (mod 2),
(1) n <m < 2n,
(iii) +am? + sm = +bn? + tn (mod 4c).

Using the last lemma, we have in our case that v,, = w,, n > 2 implies
+(B2 + Dm? + 2k + k5 + 2)m = (B2 + 2k8 + 2)n? + (22 + 3k° 4 3)n
(mod 16%'* + 16k° + 20).
If we multiply this congruence by 16 we get
(16%° + 4)m? + (16k° + 8)m + (16k° + 12)n? ¥ (16k° +8)n =0
(mod 16%'* + 16K5 + 20).
Now from m > n > 2 we conclude
(16%° + 4)m? T (16k8 + 8)m + (16k5 + 12)n? T (16%° + 8)n > 0,
which yields
(16%5 + 4)m? T (16£° + 8)m + (16 + 12)n% T (16%° + 8)n > 16k2 + 16£° + 20.
Now we have

(64F5 + 32)m? > (32k8 + 16)m? + (32k% + 16)m
> (16k°% + 4)m? = (16k° + 8)m + (16k°% + 12)n? F (16%° + 8)n
> 16k12 + 16k° + 20,
which implies
k3

So we have just proved the following lemma.

LEMMA (2.10). Ifv,, = wy, n > 2, then m > %3.
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3. Linear forms in logarithms

In this section we apply Baker’s theory to linear forms in three logarithms
arising from the sequences (v,,) and (wy,).

LEMMA (3.1). If v, = wy,, n > 2, then

0 < mlogay —nlog ag + log ag < 207 ™,

where
Vb(y/e £ Va)
- 2 gy — (L4 VB, ay = YOWEEVE)
(s++vac)y, ag=@E+Vbe), as NS
Proof. Let
. ﬁja\/% Ve, Q= \/Ej}bﬁa VB,
Then v,, = w, implies
c—ay, 4y, Cc—b
P P=Q 5 Q.
We get
Q-pP=C 01 lpr g py_© 191,

and therefore P > @. Furthermore, for m > n > 2, we have

So

—

P-Q

P1l< .
7 < <

[\

Hence,

2
O<logglogglog(1P;Q> < P;Q+<P;Q) .

From this we conclude that

P 1 1 2
O<log§<P+P2 P fiff(er\ﬁ) 2m

< 2(s + Vac) " = 2a;™,
which finishes the proof of the lemma. O

Now we give the upper bound for m in the equation v,, = w,. First we need
Baker-Wiistholz theorem.

THEOREM (3.2) (cf. [3]). Let A = bilogay + ...+ bloga; # 0 be a linear

form of 1 logarithms of algebraic numbers ag, ..., o; with integer coefficients
bl, ey bl. Then

(3.3) log A > —18(1 + DIF1(32d) 2R (e) - - - B'(ey) 1og(21d) log B,

where B = max{|b;| : 1 < j < I}, d is a degree of the extension of algebraic
number field generated by aj, ..., o;, and h'(a) = é max{h(a),log |a|, 1}, where
h(a) denotes the standard logarithmic Weil height of a.
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We will now apply this theorem to our linear form in logarithms from Lemma
(3.1). In the notation of the theorem we have d = 4, [ = 3 and B = m, and
minimal polynomials of a1, as and a3 are given by

a? —(4ac — 2)a; +1 =0,
a2 — (4bc — 2)ag +1 =0,

a’(c — baj + 4a®b(c — b)as + 2ab(3ab — cla + b + ¢))a’
+ 4ab?(c — a)as + b%(c — a)®> = 0.
Now we have

1 1
h(ay) = §log ay < §log 4ac,

h(ag) = % log as < % log 4bc.

We can also easily bound the conjugates of a3. We have

\/l;(ﬁi\/a)< b \/E(ﬁj:\/a)<2 b

Vaie+vb) Ve ae-vo) Va
This implies

/ 1 2 5 b 1 2 g 1
h(as3) < ~log | a“(c — b)" - 4— | = —log 4b%(c — b)” <  log 2bc.
4 a 4 2

Finally using Theorem (3.2) together with Lemma (3.1) we get
(3.4) M 9.39.10%log 4bc log 2bc .
logm
Now can get upper bounds for b and ¢ in terms of m, using Lemma (2.10), and
if we insert that in (3.4), we get m < 2 - 10%!. So we have just proved the
following proposition.

PROPOSITION (3.5). If vy, = wp, n > 2, then m < 2 - 1021,

We can also see from Lemma 2.10 that we have proven our main theorem
for 2 > 1.59 - 107.

4. Reduction

In order to deal with the remaining cases & < 1.59 - 107, we will use a Dio-
phantine approximation algorithm, so-called the Baker-Davenport reduction
method. The following lemma is a slight modification of the original version
of the Baker-Davenport reduction method.

LEMMA (4.1) (cf. [15], Lemma 5a). Assume that M is a positive integer. Let
g be the convergent of the continued fraction expansion of k such that @ > 6 M
and let
n=[nQl-M-|Ql,
where || - || denotes the distance from the nearest integer. If n > 0, then there is
no solution of the inequality

O<mk—n+u <AB™™
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in integers m and n with

I
log (AQ/n) _ .
log B -~
We apply Lemma (4.1) with
:logal’ ;) logag, A 2 ’ o,
log ag log a9 log g

and M = 2102

We have done it in Mathematica 5.2. In the first step of reduction for all
k < 1.59-107 we get m < 11. Then we can apply Lemma (4.1) with new M = 11
and we get m < 2. So we only have to see what is happening with small indices
in equation v,, = w,. But it becomes a polynomial equation in %2 which are
easy to solve. The only solutions we get are z = vy = wy = +1, which implies
d = 0, which is no real extension of our D(—1)-triple to a D(—1; 1)-quadruple,
and z = vy = wy = 8%k%** + 1618 + 26k!2 + 18£8 + 11, which yields

d = 163 + 48%%° + 100£%* + 120%8 + 112k1% + 60L° + 24

This finishes the proof of our main theorem.

5. Concluding remarks

In this paper we have proved the uniqueness of the extension of one paramet-
ric polynomial family of D(—1)-triples to D(—1; 1)-quadruples. It is somewhat
different from the work done by Fujita [20], where he has considered exponen-
tial families which grow much faster for a parameter k. It was the first problem
here, because it would be much more interesting to consider a family of D(—1)-
triples of the form {%% + 1, k2 + 2k + 1, 4k? + 4k + 5}. But using the methods
we have used, we would then get a much larger upper bound for %, and then
it would not be possible to do the reduction with a computer program. Also
here we cannot use the Bennett’s theorem ([4], Theorem 3.2) on simultaneous
approximations of algebraic numbers which are close to 1, or any similar result
of this type, to get better upper bounds for m and %k, because b and c¢ are too
close to each other in our case.

Let us mention at the end, that using the same Baker-Davenport reduction
and ([13], Theorem 1), we can prove that there does not exist a D(—1)-quadruple
of the form {1, 212 + 1, k12 + 25 + 2, d}, for any positive integer k.
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TROPICAL GEOMETRY FOR FIELDS WITH A KRULL
VALUATION: FIRST DEFINITIONS AND A SMALL RESULT

FUENSANTA AROCA

ABSTRACT. Given an algebraically closed field with a Krull valuation, we
study the image, via the valuation, of an affine algebraic variety. We de-
fine the tropical semi-ring associated with the value group and the tropical
variety associated to an ideal of the ring of polynomials with coefficients in
the field. We prove the so called “Kapranov’s theorem” in the discrete case.

Introduction

For a and bin RU{co} define the operations a ® b := min{q, b} anda © b :=
a + b. The semi-ring T := (R U {0}, B, ®) is called the iropical semi-ring. A
Laurent polynomial F' € T[xy, x; Lo N, x;,l] is called a tropical polynomial
and the non-linearity locus of the map F: RY — R induced by F is called the
tropical hypersurface associated to F. Tropical geometry is currently a rapidly
growing subject. See for example [3], [2], [8].

Let (K, val) be a valued field with values in R. A Laurent polynomial
f= Z pax® € Klxy, x] Lo aN, x](,l] induces a tropical polynomial 7f :=

aceACZN

@ val(e,) © x* called the tropicalization of f.
acACZN

Let Z C Klxq, x7 Lo xN, xg,l] be an ideal. Denote by V(Z) the affine alge-
braic variety of (K*)" defined by Z and consider the map

val : (KN — RN
(p1,...,on) +— (valey,...,valon)

where K* := K\ {0}.

A well known result in tropical geometry called Kapranov’s theorem states
that the closure in RY of val(V(Z)) equals the intersection of the tropical hy-
persurfaces associated to every polynomial in Z. See [1], [6], [5].

The theory of valuations started at the beginning of the XXth century. Val-
uations into the reals are just a special type of valuations called classical or
archimedean (see for example [7]). Given a valued field K with values in a
totally ordered group I' we want to describe the set of values val(V) c I'V of
an affine algebraic variety V. K%,

In this note we extend the basic definitions of tropical geometry (R, <) to
an arbitrary ordered group (I', <). Then we give, in the discrete case, a very

2010 Mathematics Subject Classification: 14Txx,13A18.
Keywords and phrases: Krull valuations, tropical geometry, algebraic variety.
Partially supported by CONACyT 55084 and UNAM: PAPIIT IN 105806 .
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simple proof of the extension of Kapranov’s theorem for a valued field K with
values in an arbitrary ordered group (I, <).

1. Ordered groups and semi-rings

A totally ordered group is an abelian group (I', +) equipped with a total order
such that for all x,y, z € I'if x < y then x + z < y + z. A totally ordered group
is torsion free.

A totally ordered group is isomorphic to a subgroup of R if and only if given
a > 0 and b there exists a positive integer % such that b < ka (see for example
[4], page 243).

Example (1.1). Through this note we will work with the group I' = R? with
the lexicographical order. That is (a, b) <; (¢/, b’) if and only ifa < a’ or @ = a’
and b < ?'.

A totally ordered group (I', +, <) induces an idempotent semi-ring G :=
(T"U {oc}, ®, ®). Where

e a®b:=min{a, b} anda® oo :=afora,bel

ea®b:=a+banda®oo:=ocofora,becl.

A semi-ring induced by a totally ordered set will be called a tropical semi-
ring.

Example (1.2). Consider the group I' of example (1.1) with tropical multi-
plication given by standard sum in I'. We have (—1,0) & (1, —8) = (-1, 0) and
(-1,0 (1, -8)=(0,-8).

2. Polynomials with coefficients in a tropical semi-ring
Let G be the tropical semi-ring induced by the group (I', <). A non-zero
Laurent polynomial F' € G[x1, x; L, xN, x;,l] is an expression of the form
F = Z anx’, a, €, #EF)<oo, x%:=x1“ - any*.
acE(F)CZN
F induces a map F: I'N — T given by
ap times ay times
—_— —_—~
F:y= @uenta©@y10-0y10--OYNO - O YN.
k times

——~
Forkc Nanda c 'set ka :==a+---+a and for a € ZY and y € TN set
a-yi=a1y1+ -+ aNyYN-

Example (2.1). (1,2)-((1,1),(0, -1)) = (1, —1).
With this notation
Fiy— a?g%){aa +oa- vy}
For each a € E(F) set
Co={yeTN |valg,+a y<valgy +a -y, Vo' € EF)}.

We have F|¢ (y) = val ¢, + @ - v is a linear function on C,.
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Definition (2.2). The hypersurface associated to F is the set

VF):= ] CanCa.
aa’ CE(F)

Example (2.3). For F := (0, 1)xy? + (4, 0)x% + (0, 6) we have

VF = {((a, b),(c,d)) | (4,0) + 2(a, b) = (0,6) < (0,1) + (a, b) + 2(c, d)}
U {(a,b),(c,d)|(0,1)+(a,b)+ 2 d) =(0,6) < (4,0) + 2(a, b)}
U {(a,b),(c,d)|(4,0) +2a,b)=(0,1)+(a,b) +2cd) <(0,6)}

{(=4+201+2u), A w) [ A peR, (A p) < (1,1}

C C

{((=2,3), (L, D)+ (0, 1) |y > (0,0}
{((=2,3),1, 1)) +y(=2,1D [y >(0,0}
{((=2,3), (L, D) +y(-2,-D [y >(0,0)}.

C C

3. Valuations

The following definition of valuation was introduced by W. Krull in 1932. It
is the one given in most books on commutative algebra (see for example [9]).

A valued field with values in T is a field K together with a map val: K —
I' U {o0} called valuation such that

l.valx =00 < x =0,

2. val(xy) = valx +valy for all x, y € K, and

3. val(x + y) > min{val x, val y}.

Example (3.1). Consider K = C(¢, s) the field of two variable complex ration-
al functions and val the only valuation with val(¢#'s’) = (i, j). That is:

Ca thsd
20 % := min(, j) — min(, j)

Zi,j bi’jt s/ a; ;70 b, ;j#0

where min is taken using the lexicographical order and we set min () = co.
For example, val(3t2s + Tts” + 2ts® + t5) = (1, 3).

LEMMA (3.2). Let E C K be a finite set. IwaeE ¢ = Othen the set of elements
where the valuation attains its minimum has at least two elements.

Proof. Let F be the subset of E consisting of elements where the valuation
attains its minimum. We have F' = {¢ € E | val ¢ = min ¢z val ¢}. Therefore

>_per @ = 0 implies val (Z%F go) > mingcp val . And then 3 .0 =0 =
#F > 2. O
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4. The tropicalization of a polynomial.

Let (K, val) be a valued field with values in a group I" and let G be the tropical
semi-ring induced by I'.
A Laurent polynomial in N variables with coefficients in K,

f € K[xly x]Tl; <3 XN, x;]l]’
is a finite sum of the form:
(4.1) f= Z Qax” 0o €K, x% =21 xn.
a€ACZN

The set of exponents of f is the set
E(f) = {a e ZN | g, # 0}.
The set of exponents of f € K[x] is a finite set contained in Z».
The polynomial f via the valuation val induces an element of G[x1, x] Lo,
-1
XN, xN ]

Tf = Z val(pg)x®.
aeACZN
This polynomial will be called the tropicalization of f.

Example (4.2). For f = (t + s)xy? + t*x? + s% we have Tf = (0, Dxy? +
(4, 0)x% + (0, 6).

Definition (4.3). The tropical hypersurface associated to a polynomial f €
Klxy, 27 L, xN, x;,l] is the hypersurface associated to the tropicalization of
f:

TVf :=VTf.

Example (4.4). For f = (t + s)xy? + t*x? + s® we have
TVP— {((=2,3),(1, 1))+ v(0,1) |y > (0,0)}
U {(=2,3), (L, 1) +y(=2, 1D | y > (0,0)}
U {(-2,3),1, 1)) +y-2-1)|vy>(0,0}.

5. Weighted order and initial parts

Let f € Klx, xl_l, c L XN x;,l] \ {0} be as in (4.1). For y € I'N the y-order
of f is the element of I'

ord, f := min val(e,) + o -
yf a€c&(f) (¢) “y

and ord, 0 := oo.
That is ord, f = T f(y).

Example (5.1). Fory = ((1,1),(0, —1)) € (R?)*and P = (t-+s)xy?+t4x?+55 ¢
C(, s)lx, y]. We have ord, P = min{(1, 0), (6, 2), (0, 6)} = (0, 6).
Remark (5.2). Consider a binomial x* — ¢ with ¢ € K

«  _Jyva if y-a<vale
ord, (x w)_{valgo if valp<vy-a.

Remark (5.3). ord,: K[x] — I is a valuation.
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The y-initial part of f is the polynomial
In, f := Z Pax®.

val(gq)+y-a=ord, f
Example (5.4). Fory =((1,1),(0,-1)) € (R2)2 and P = (¢+s)xy?+t*x?+s® €
C(¢, s)[x, y]. We have In, P = s.
Remark (5.5).
x¢ if y-a<valg
In,(x*—¢@)=14 x*—¢ if y-a=vale
—¢ if valp<vy-a.
Remark (5.6). In, gh =1In, (In, gIn, h).

LEMMA (5.7). Let T" be an ordered group and let K be a valued field with
values in I'. Given a polynomial f € Klxq, x] Lo xN, x;,l] the tropical hyper-
surface defined by f is the subset of IT'N

TVf ={ycT¥ |In,f isnota monomial}.

6. Tropical Varieties.

Definition (6.1). Let Z C Klxy, x] Lo, xN, x;,l] be an ideal. The set of
common zeroes of the elements of 7 is called the algebraic variety defined
by Z. That is

VIO :={xcK |flx)=0 VYxeI}.

Definition (6.2). Let I" be an ordered group and let K be a valued field with
values in I Given an ideal Z C Klxy, x] L XN, x;,l] the tropical variety
defined by T is the subset of I'V

TVI:= (| TVf.
fez

Let Z be an ideal of K[x1, xfl, c O, XN, x;,l] and y € I'N. The y-initial part of
7 is the set of y-initial parts of its elements:
In,Z={In,f|feI}.
By lemma (5.7) we have

TVZ ={y eI |In,Z does not contain a monomial}.

7. The values of a discrete affine variety

PROPOSITION (7.1). Let [ be a polynomial in K[x;, x;l, e, XN, x;,l]. If ¢ =
(1, ..., 0n) € KN isazeroof f, then y = val ¢ = (val ¢y, ..., val dy) is in the
tropical hypersurface defined by f.

Proof. For f =3 ¢,x* we have ) ¢,¢p® = 0. Then, by lemma (3.2), the set
of elements a where val ¢,¢* attains its minimum has at least two elements.
Since ord, g.x* = val ¢,¢* we have that In, f has at least two summands.
Hence In, f is not a monomial. O
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THEOREM (7.2). Let (K, val) be an algebraically closed valued field with val-
ues in I
Let T C Klxy, x1 L xN, x;,l] be an ideal with a finite number of algebraic
zeros. We have that
TVZI =val(VI).

Proof. Set
VI ={¢",...,¢"} cKV.
We want to see that

TVI = {val¢', ..., val¢'*}.

The fact that TVZ O {val ¢!V, ..., val $'¥} is direct consequence of proposi-
tion (7.1).

Now suppose that, fori = 1,...,s,y # y? := val¢?. Let j; € {1,..., N}
be such that y;, # y"”; and set

s

g:::II<?%“¢QZ)'

=1

Since g vanishes on V(Z) there exists k£ € N with g* ¢ 7.
Now, by remarks (5.5) and (5.6), In, g* is a monomial. This implies that y
is not in the tropical variety. O
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CHARACTERISTIC SUBGROUPS ARE NOT PRESERVED BY
ISOMORPHISMS OF TABLES OF MARKS

VICTOR NOZAIR GARCIA-RIOS, ALBERTO GERARDO RAGGI-CARDENAS AND LUIS
VALERO-ELIZONDO

ABSTRACT. We construct two non-isomorphic groups G and @ of order 96
which have isomorphic tables of marks, but such that the centre of G is mapped
to a non-characteristic subgroup of @ under this isomorphism of tables of
marks.

1. Introduction

Groups with isomorphic tables of marks may not be isomorphic groups (as
proved by Thévenaz in [5]), but one still expects them to have many attributes
in common. Indeed, if G and @ are groups with isomorphic tables of marks,
then they have isomorphic composition factors (see [2]), and they also have
isomorphic Burnside rings (the converse is still an open problem, put forward
also in [2]); if two groups have isomorphic Burnside rings and one of them
is abelian/Hamiltonian/minimal simple, then the two groups are isomorphic
(see [3]), and a similar result is known for several families of simple groups
(see [1]).

It is also easy to prove that an isomorphism between tables of marks pre-
serves normal subgroups, maximal subgroups, Sylow p-subgroups, cyclic sub-
groups, elementary abelian subgroups, the commutator subgroup, and the
Frattini subgroup. However, it has been shown that abelian subgroups and
the centres of the groups are not always preserved. In this paper we show that
characteristic subgroups may not be preserved under an isomorphism between
tables of marks.

2. Tables of marks

Let G be a finite group. Let €(G) be the family of all conjugacy classes of
subgroups of G. We usually assume that the elements of €(G) are ordered non-
decreasingly. The matrix whose H, K-entry is #(G/K)™ (that is, the number of
fixed points of the set G/K under the action of H) is called the table of marks
of G (where H, K run through all the elements in €(G)).

The Burnside ring of G, denoted B((G), is the subring of 78(G) spanned by
the columns of the table of marks of G.

Definition (2.1). Let G and @ be finite groups. Let ¢y be a function from
&(G) to €(Q). Given a subgroup H of G, we denote by H' any representative of

2010 Mathematics Subject Classification: 19A22.
Keywords and phrases: table of marks, characteristic subgroup.
This work was partially funded by CONACYT’s project Funtores de Tipo Burnside.
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Y([H]). We say that ¢ is an isomorphism between the tables of marks of G and
Q if ¢ is a bijection and if #(Q /K'Y = #(G/K)¥ for all subgroups H, K of G.

3. Two non-isomorphic groups of order 96 with isomorphic tables of
marks

This is a summary of [4].

Let S3 be the symmetric group or order 6. Let Cg be the cyclic group of order
8, generated by x, and let Cq be the cyclic group of order 2, generated by y.

Let 6 be the only non-trivial homomorphism from S3 to Cg. Let W denote the
group Sz x Cg. Let a be the automorphism of W given by a(A, x°) = (A, x'8(A)),
and let 8 be the automorphism of W given by B(A, ') = (A, x58(A)).

Since « has order two, we can define the group G as the semidirect product
of W with Cs by «, that is, in G we have that y(\, x*)y = a(A, x*). Similarly,
we define the group @ as the semidirect product of W and C; by B; in @ we
have that y(A, x))y = B(A, x). We shall denote the elements of both G and @ as
Axtyl

Note that in G, x and y commute, and the centre of G is therefore the
subgroup generated by x, which is a subgroup of order 8; however, x and y
do not commute in @, and the centre of  is the subgroup generated by x2,
which is a subgroup of order 4. In particular, we also have that G and @ are
non-isomorphic groups of order 96.

The following theorem can be found in [4].

THEOREM (3.1). Let S be a subset of G (and therefore S is also a subset of
Q). Then S is a subgroup of G if and only if S is a subgroup of @. Moreover,
two subgroups are conjugate in G if and only if they are conjugate in @, and
the identity map on the family of conjugacy classes of subgroups defines an
isomorphism between the tables of marks of G and Q.

We use this fact to prove our main result.

THEOREM (3.2). The subgroup of @ generated by x is not a characteristic
subgroup. In particular, the isomorphism of tables of marks between G and @
maps the centre of G to a non-characteristic subgroup of Q.

Proof. We construct an automorphism of @ that does not preserve the sub-
group generated by x. Let : @ — @ be given by

n(Axiy) = AxPit0 24 (1-Sgnn) @i+3) yi+ jrissp
We claim that for a generator g of @ and an arbitrary Ax’y/ we have that

n(gAx'y’) = n(gm(Ax'y’), where g can be (1,2), (1,2, 3), %, y, so 7 is indeed a
homomorphism.

g=(1,2):
7((L, 2)Ax’y")) = n((L, 2Ax'y’)

— (1, 2) A5 ~2iSgn((1,22)~3Sgn((1210)+3,, i+j+ 252N

1+Sgn(/\)
_ (1 2)/\x5”6‘ +21$gn(/\)+3Sgn(/\)+3yt+J+
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On the other hand:
n ((1’ 2)) n(/\xiyj) _ ((1 2)x6y) (/\x5i+6i272ngn(A)fSSgn()\)+3yi+j+%)

—(1,2) Ax6+5[51+6z —2iSgn(A)—3Sgn(A)+31+2(1—Sgn(\) 1=Send)

Ititj+—5—~
YLt

—(1,2) i +61° —2iSgn(0)—Sgn()+7 14+ 1=5®
=(1, .

y
These two expressions coincide, because:
(51 + 2iSgn(A) + 3Sgn(A) + 3) — (i — 2iSgn(A) — Sgn(A) + 7)
= 41 + 41Sgn(A) + 45gn(\) + 4
= 4((1 4 Sgn())i + 1)).
g=1(1,23):
n((1,2, 3)(Ax'y’)) = n((1, 2, 3)Ax'y)

— (1, 2, 3)AxDi 6 ~2iSgn((1.23)~35gn(1L2.3) 3 i+ jo e 2 90

a2 o _ ., 1-Sgn(d)
— (1’ 2’ 3)/\x5z+61 2iSgn(\)—3Sgn(M)+3 , i+ j+—4> .

Yy
On the other hand:
”’I ((1’ 2, 3)) n()\xiyj) _ ((1’ 2, 3)) ()\x5i+6i272ngn()\)f3Sgn(/\)+3yi+j+%)

a2 o _ . 1-Sgn(d)
:(1’ 2’ 3)/\x5z+6z 2iSgn(M)—3Sgn(M)+3 5, 1+i+j+—5-~ .

Y
&=y

nyAx'y’) = n(Ax
_ /\x5[5i+2723gnu>]+6[5i+27zSgn<A>]272[5i+2723gnu>13gnu>73Sgn<A>+3y1+i+j+%

5z+2—28gn(/\)y1+1)

_ )\xi+61 —2iSgn(V)—Sgn(M)+1, 1+i+ j+1=50m®

Y
On the other hand:
n(y)ﬂ(/\xlyj) _ y()\x5i+ﬁl —2iSgn(\)— 3Sgn(A)+3yl+J+

1— Sgn(A) )

— )\ PI5i+6i —2iSgn(1)—3Sgn(A)+31+2[1-Sgn(V)] Lt jit =5

Y

_ Axi+61 —2iSgn(A)—Sgn(A)+1, 1+i+j+ =580

Y

g=x
n(xAx'y’) = n(AxTy))

— A S(LHDF6(1+)° —2(1+0)Sgn())—3Sgn(1)+3 =5y

1+itj+
"y
1— Sgn(A)

_ )\xl+6l2 2iSgn(\)—5Sgn(AM)+6 ., 1+i+j+

y

On the other hand:

Ny P61 —2iSgn()—3Sgn(A)+3 i+ =S )

nem(Ax'y’) = (xy)( y
) L+BI5i+ 61— 2iSgn(N)—3Sgn(N)+31+2(1—Sgn()  1+in+j+ =50

Y

Ititj+—5-~

. 1— Sgn(A)
:Ax2+z+61 —2iSgn(A)—Sgn()) .

Y
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These two expressions coincide because:
(6 —5Sgn()) — (2 — Sgn()) = 4(1 — Sgn(A)).

Therefore 7 is a group homomorphism.

Moreover,
(1,2) = n((1, 2)x%y), (1,2,3)=n(1,2,3),
x = n(xy), ¥y =ny)
so n must be an automorphism. Finally, note that n(x) = xy, so the subgroup
generated by x is not a characteristic subgroup of Q. O
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AN EXAMPLE OF A TWISTED FUSION ALGEBRA

ALI NABI DUMAN

ABSTRACT. The aim of this paper is to exhibit an explicit non-trivial example
of the twisted fusion algebra for a particular finite group. The product is
defined for the group G = (7/2)3 via the pairing % ¥ R(G) @%®) R(G) —’e®
R(G) where 6: H4G, Z) — H?(G, Z) is the inverse transgression map and
¢ is a carefully chosen cocycle class. We find the rank of the fusion algebra
xX@G) =3 gcG @) R(@) as well as the relation between its basis elements.
We also give some applications to topological gauge theories.

1. Introduction

Inspired by the Chen-Ruan cohomology for orbifolds, it has been shown by
Adem, Ruan, Zhang[3] that there is also an internal product in twisted orbifold
K-theory “K,,,(X). The information determining this stringy product lies in
H*(BX,Z) instead of H3(BX,Z): Given a class ¢ ¢ H*(BX, Z), it induces a
class 6(¢p) € H3(B A X, 7) where /\ X is the inertia stack. As a result one can
define a twisted K-theory on “®K(A X). The map 6 can be thought as the
inverse of the classical transgression map.

This construction of this internal product is motivated by the so-called Pon-
tryagin product on Kg(G), for a finite group G. Indeed, if the orbifold is
X = Al*/G] one gets the same product for the orbifold K-theory in the un-
twisted case. There is also an explicit calculation of the inverse transgression
map 6 for the cohomology of finite groups (see [3]). Using this result we ex-
hibit a non-trivial product structure in the case of G = (Z/2)?. We use an
integral cohomology class ¢ € H4(G, Z) such that under the inverse transgres-
sion it maps non-trivially for every twisted sector, yielding a product structure
on the algebra "Y' Ku(G) = X(G) = 3, *PR(G) defined via the pairing
9D R(G) @ R(G) —%=® R(G). In this paper we derive the relations be-
tween the basis elements of the algebra X'(G) and we prove the uniqueness of
this product in this particular case. G = (Z/2)? is indeed the abelian group of
smallest rank such that it has non-trivial transgressions (see [3], section 5).

These twisted rings have also been worked out in the conformal field theory
literature. In [12], the modular invariant (i.e. S and T' matrices) of this group
G = (Z/2)? is calculated. As a result, one can calculate the relations between
basis elements of X(G) using the Verlinde formula. Moreover, the same exam-
ple is considered in [5] where a decomposition formula for twisted K-theory is
given and the product is calculated after tensoring by rational numbers.

2010 Mathematics Subject Classification: Primary 19147, 55N15; Secondary 20C25, 81T45.
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There is also a physical counterpart of this theory. In [8] Dijkgraaf and
Witten defined a correspondence between Chern-Simons theories in three di-
mensions and Wess-Zumino terms in two dimensions via a natural map from
H*(G,7) to H¥G, Z). In our case this map is the inverse transgression map,
which is actually the map coming from the correspondence between the Chern-
Simons action and the Wess-Zumino terms that arise in connecting a specific
three dimensional quantum field theory to its related two dimensional quan-
tum field theory. One can see that the Chern-Simons theory associates to
each group element g; € G a 2-cocycle B; of the stabilizer group Ng,, which is
G = (Z/2)? in our abelian case. We use the formulations in [8] to calculate
the partition function Z(S® x S x S!). It is also worth mentioning that the
algebra X(G) corresponds to a fusion algebra in this physical context.

In this paper we first give some preliminaries and the definition of our fusion
algebra. In the second section, we calculate the rank and the uniqueness of
this algebra as well as the relation between the basis elements which are the
projective representations of G = (Z/2)>. Finally, we give an application to
topological gauge theories by using the formulation in [8].

2. The Twisted Fusion Product for Finite Groups

In this section we review a special case for the product in twisted orbifold
K-theory which is defined by Adem, Ruan and Zhang in [3]. We consider the
inertia orbifold A[+/G] where G is a finite group. In this case the untwisted
orbifold K-theory of A[x/G] is simply Kg(G), which is additively isomorphic
to Z(g) R(Zs(g)), where Zg(g) denotes the centraliser of g in G, and the sum
is taken over conjugacy classes. The product in Ks(G) is defined as follows.
An equivariant vector bundle over G can be thought of as a collection of finite
dimensional vector spaces V,; with a G-module structure on ), ; V¢ such that
8V = Vgpg-1. The product is defined as

VW)= P Vi @ Wy,

8182=8

One can give an alternative definition. We first define the maps e;: G x
G -G e:GxG — Gandepp: GxG — Gasel(gh) =g, elgh) =
h and ej9(g, h) = gh respectively, which are G-equivariant when G acts by
conjugation in all coordinates. If «, B are elements in Kg(G) the product is
defined as

ax fB = eplej(@es(B)).

We now need to review the inverse transgression map for finite groups to
extend latter definition to twisted K-theory. In order to define the product in
twisted K-theory, Adem, Ruan and Zhang [3] define a map to match up the
levels which appear in the twistings. This cochain map 6 is called inverse
transgression map and it induces a homomorphism

6,: H*"Y(BG,7) — HYB A G, 7).

If the orbifold G is [«x/G] where G is a finite group, the inverse transgression
has a classical interpretation in terms of shuffle product. Recall that A[+/G]is
equivalent to | | ,[+/Zg(g)] (see [3]). Hence we would like to focus on the map
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0g: C*(G,U(1)) — C*YZg(g), U(1). If G is a finite group then the cochain
complex C*(G, U(1)) is in fact equal to Homg(B.(G), U(1)), where B,(G) is the
bar resolution for G (see [6], page 18). If ¢ is the generator of Z the shuffle
product is By(Z;(g)) ® B1(Z) — By, 1(G) given by

[g1lge|... 18l x [E]1=> olgilgel...|gklgrl

o

where g,.1 = g’, o ranges over all (k, 1)-shuffles and

olgilgel. .. |gr1] = D" g, )|go@)| - - - 8otk

A (k, 1)-shuffle is an element in symmetric group o € Sy 1 such that o(i) < o(j)
for1<i<j<k.

We can dualize this using integral coefficients. Given a cocycle pcC* (G, 7Z),
one can see that the inverse transgression 64(¢) € CHZy(@), Z) can be defined
as

05(P)(g1l8g2l - - . [gr]) = P(lg1|g2l. . . |gr] x [g]),
where g1, g2, . .., & € G. Hence it induces a map in integral cohomology.

We can now induce the inverse transgression map for H*(G, Fg) in the case of
G=(2/ 2)3 using the Bockstein homomorphism. We want to find a non-trivial
cocycle in the image of inverse transgression map. Notice that H*(G, Fy) is
a polynomial algebra on three degree one generators x, y and z. In general,
for an elementary abelian 2-group, the mod 2 reduction map for 2 > 0 is
a monomorphism H*(G,7Z) — H*(G, F;) whose image is the kernel of the
Bockstein homomorphism Sq': H*(G,Fy) — H*(G, Fy). In order to get a
nontrivial cocycle in the image of the inverse transgression map we choose
a = Sql(xyz) = x®yz + xy?z + xyz® which represents a non-square element in
H*(G, Z). The following lemma is proved in [3] by analyzing the multiplication
map in cohomology.

LEMMA (2.1). Let g = x%y%2¢ be an element in G = (Z/2)3, where we are
writing it in terms of the standard basis (identified with its dual). Let us
consider a = Sql(xyz) = x?yz + xy?z + xyz> which represents a non-square
element in H4(G, Z). Then

O(a) = a(y?z + 22y) + b(x%z + x2%) + c(x2y + xy?)

and so it is non-zero on every component except the one corresponding to the
trivial element in G.

Proof. See[3], lemma 5.2. O
This implies that forall g, & € G, 0 +6}, = 67, in cohomology up to cobound-
aries. This also implies that the correspondence g — 6,(a) defines a homo-
morphism. In the case of G = (Z/2)? we have the isomorphism 6(a): G —
H3G,7)=G.
We now define the product as follows:

Definition (2.2). Let 7 be a 2-cocycle for the orbifold defined by the conju-
gation action of a finite group G on itself which is in the image of the inverse
transgression. The product on "K(G) is defined by the following formula: if
a, B €™ Kg(G), then

ax B = en.lej(@e;(B)).
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If = 6(¢p) then we have the following formula proved in [3]:
eiT +e;T = ejoT
up to coboundary. Hence the product e;(a)ez(B) lies in
efr+e§7KG(G) _ejsT KG(G) .
Applying ey, this is mapped to " K4(G) which gives the product in the twisted
K-theory.
Using this identification 67 + 6} = 6y, the following product is defined on
the algebra
"WEe(@=XG) =) "“YRG)
geqG
via the pairing
PR ® "PR@G) — W PRG).
As aresult of the formula ez, (e (a)e;(8)) this pairing turns out to be the tensor
product of projective representations. In the next section we investigate the

properties of this algebra while calculating its rank and the relations between
the irreducible projective representations.

3. Calculations

(3.1) 2-cocycles in G with values in U(1). In the rest of the paper we will
always assume that G = (Z/2)3. Recall that for finite dimensional complex
vector space a mapping p: G — GL(V) is called a projective representation of
G if there exists a U(1) valued 2-cocycle a € Z%(G; U(1)) such that p(x)p(y) =
alx, y)p(x, y)forall x, y € G and p(1) = Idy. Hence in order to compute ¥ R(G)
we first need to find the 2-cocycles in H%(G, U(1)) corresponding to 64(¢) in
H?3(G, Z) where both cohomology groups are isomorphic to G. For this purpose
we consider the following isomorphism

H*G,U(1)) — H*G, Z)

induced by the natural coefficient sequence 0 -+ Z — R — U(1) — 1. As
H3(G, Z) = G we need to find the 8 non-cohomologous 2-cocycles in H%(G, U(1))
corresponding to each 6,(¢) for all g € G.

We now determine the relations in order to obtain the 2-cocycles in
C%(G, U(1)). Any 2-cocycle 8 in C%(G, U(1)) should satisfy:

o =1.
By the boundary formula of the bar resolution of G we derive:

B(g2, 83)B(8182, &3) ' B(g1, 8283)B(g1, &) ' =1

forall g; € G, 1 = 1,2,3. To get some neat relations we plugin g = g3 = ¢
and go = 1 into this formula and we get

(3.1.1) Blg 1) = B(1, g).

Moreover for gy = go = g we have

(3.1.2) B(1, g3)B(g, g) = B(g, g3)B(g, 883).
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As B is defining a projective representation, say p, it should satisfy p(1)p(g) =
B, g)p(g). This implies B(1, g) = 1 for all g € G. Now we consider the follow-
ing tables for 2-cocycles B;: G x G — U(1) which satisfies the identities (3.1.1)
and (3.1.2). We choose 31 as the trivial co-cycle. We call these cocycles funda-
mental cocycles. Here x;, y; and z;’s are in U(1) and they will be determined
later.

Bo|1 |8 | 8 | 8 | 8 |8 | 8 | 8
1111 1 1 1 1 1 1
&2 1 1 X1 X9 X1 X9 X3 X3
g3 |1 x| -1 | x4 | —x1| % | %4 | —%s
84| 1| x9| —x4 1 X5 | X2 | —x4 | x5
g | 1|x1|—x1|—x5| —1 |xg| —x8| X5
86 1| xo —X6 X9 —X8 1 —X8 | —Xg
87 1 X3 X4 X4 X8 X8 1 X3
85 1| x3 X6 —X5 | —X5 | Xg X3 1
Bs | 1| & |8 | 8 | 8 | 8 | & | &
111 1 1 1 1 1 1 1
& |1 -1 |y | Yo |=)1|—Yo| ¥3 | —¥3
g1 y1 | 1| ya | 1| ¥ | Y4 | ¥
Ga |l | —yo|ya| 1 | y5 | —yo| Y4 | Y5
g |1 | —yi|y1|—ys| 1| y8 | —ys| 5
8 |1| y2 |y | ¥2 |—ys| 1 | —ys| ¥
gr|1| —ys|ya| ya | ys | ys 1 | —ys
& |1 y3 |y |-y |-y | ¥ | 3 | 1
Ba|1| 8 | 83| 8 | & | & | 81 | 88
1 (1] 1 1 1 1 1 1 1
S |1| -1 |21| 220 |—21|—22| 23 | —23
&3 1| -2z 1 24 21 26 24 26
41| 29 |24| -1 | 25 | —22 | —24 | —25
&5 1 21 21 Z25 1 z28 28 25
86| 1| —20| 26| 22| —28| 1 |—23]| 26
Feyd 1 —23 | 24 | —24 | —28 28 -1 23
& | 1| z3 |26 | —25| 25 | —26| —23| —1

As the multiplication of two cocycles gives us another cocycle, one can
construct 5 more cocycles one of which is the trivial one. Recall that for
B € Z*(G;U(1)) an element g € G is called B-regular if (g, x) = B(x, g) for
all x € Cg(g) (see [9], page 107). Thus all of the 2-cocycles have 2 B-regular
elements one of which is 1 the other one is different for each cocycles. For
example, one can immediately see that the B-regular elements for B3, B3 and
B4 are gz, g3 and g4, respectively.
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On the other hand from the boundary formula a 2-coboundary should satisfy
B(g1, g&2) = 0(g1)o(g2)o(g182)~ ! where o isin C(G, Z). As G is abelian we have

B(gi, ;) = B(gj, &)
for all g; and g; in G. This implies that all of these 8 cocycles represents differ-
ent cohomology classes as multiplication with a coboundary does not change
the B-regular elements. Thus, we have following proposition.

PROPOSITION (3.1.3). The rank of %Y R(G) are 2 if 0(¢) is nontrivial.

Proof. A basic result of projective representations states that “R(G) is a
free abelian group of rank equal to the number of distinct a-regular conjugacy
classes of G (see [9], theorem 6.7). So, the ranks of % R(G) is 2 for non-trivial
Bi’s.

On the other hand we obtained 8 non-cohomologous cocycles which should
correspond to 04(¢)’s because H%G, U(1)) and H3(G, Z) are isomorphic to G.
The result follows. O

We can therefore conclude:

COROLLARY (3.1.4). The rank of X(G) is equal to 22.

(3.2) The projective representations. In order to compute the irreducible
projective representations of G it is helpful to determine the x;, y; and z;’s.
Again from the boundary formula we have the following relations in SBs.

—1= X1X3X4X5
—1= X2X3X5X8
1= XgX8X3X1 .

By a routine calculation one can check that the other relations depend on
these three relations. We can choose x1 = x9 = X3 = x4 = —X%5 = Xg = X7 =
xg = 1 that obviously satisfy these relations. Similarly, we find y;’s and z;’s.
The other cocycles are computed by multiplying Bz, B3 and B4. We will later
show that the choice of x;, y; and z; from the set {£1} does not change our
representations.

By considering the 2-cocycles that we obtained it is obvious that there is no
1-dimensional projective representation whenever the 2-cocycle is not trivial.
For the trivial cocycle we have eight 1 dimensional representations which are
just the irreducible linear representations of G. For the other cases we find two
2-dimensional irreducible representations for each of the two cocycles (see [9],
Theorem 6.7). Let pi1 and pé be the irreducible representations corresponding
to the cocycle B;.

One question that needs to be answered is whether these representations
depend on the choice of x;, y; and z;. One can check by calculation that the
representations only depend on the values of B;(g, g). More precisely, p(g)p(g)
should be equal to B(g, g) for all g € G. For example,

p(g3)p(gs) = B(gs, g8)p(gr)
& p(83)B(g2, 87)p(g2)p(g7) = B(gs, 88)B(82, 81)p(&2)p(84)
& p(g3)B(ge, 87)p(82)B(83, 84)p(g3)p(84) = B(gs, 88)B(82, 84)p(g2)p(84)
& p(g3)p(g3)B(g2, 87)B(gs, 84) = PB(gs, 83)B(82, 84)1
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which is true if and only if p(g3)p(g3) = B(gs, g3)I by the relations we get from
the boundary formulas. The other elements can be checked similarly.

Thus we have found the basis of our algebra. We will show that this product
is unique up to coboundary. First we prove the following lemma.

PROPOSITION (3.2.1). If ¢ and ¢’ are cohomologous cocycles in HX(G, Z) then
the fusion algebras corresponding to these cocycles are isomorphic to each other.

Proof. If ¢ and ¢’ are cohomologous cocycles then 64(¢) and 6,(¢’) represent
the same cohomology class in H3(G,Z). In order to compute the 2-cocycle
corresponding to 0,(¢) € H3(G, Z) = G we will use the isomorphism induced
from the short exact sequence

0—-Z—-R—-U1)—1.

Thus 60,4(¢) is mapped to a certain class of 2-cocycles in H%(G, U(1)) = G.
As we found 8 non-cohomologous 2-cocycles in G it is enough to check how
the representations change if we multiply our fundamental 2-cocycles by a 2-
coboundary. This is indeed a basic result of projective representation theory
(see page 72 in [9]). After multiplying our fundamental 2-cocycles by a 2-
coboundary the new projective representation of this cocycle becomes linearly
isomorphic to the former one. The result follows from the above argument. [

(3.3) The relations. Now we are able to calculate the relation of this basis
using the pairing “?*R(G) ® "»R(G) — 9= R(G). The calculations are
nothing but solving linear equations. Namely one should prove that pf ® pi’s
are linearly isomorphic to a sum of some basis elements. Here p} denotes the
irreducible regular representations of G fori = 1,2,...,8.

Let us start with p} ®p] which is linearly isomorphic to p;, for some & € {1, 2}
where j # 1 because p! ® p! should be a 2 dimensional B; representation. Here
are the results of these multiplications:

A A A A A A A A A A A A A A AT A A A

A A A A A A A A A A A A A A AT A A AT A

A A A A A A A A A A A A A A AT AT AT

7| P78 | Pi|P5 | PG| PE | PT|PS | PT| 5 | P3| P2 5| Pt |5 |0 | P8 |PY| T |Ph| Pt | PS

A A A A A A A A A A A A A A A AT AT AT AL A

Another type of multiplication is p] ® p! which is linearly isomorphic to
the sum of four irreducible regular representations pi as Bj(g h)? = 1 for all
J. We calculate all of these by using associativity of our algebra X(G) and
investigating the eigenvalues of the matrices. Of course one can also calculate
them by defining the linear isomorphism explicitly. As pi(g;) = —pi(g;) for



26 ALI NABI DUMAN

three g;’s in the definitions of representations we have p! ® pi = p} @ p} as well
as ph © pi = pi ® py.

(8; 1 lp% 1 1 1 lp% 1 1
P1 | P1 P35+ Pyt Py | PatPs+ PstPg
p3 | p3+pl +pL+pi [ pI+pl+pl+p!
® p3 P

P} | pl+py+pyt+pg | p3t+ps+ortps
p3 | pi+pl+pl+pt [ pi+pl+pl+pd
(8; 1 lpz11 1 1 1 IPLZL 1 1
Pi | Pyt Pg+p7tPg | Pt P+ P35+ p5
P3| PL+py+ps+ps | pytpstprtps
(8; 1 1p§ 1 1 1 lpg 1 1
Py | pP1t+pPs+pgtps | P+ p3+pgt+p7
p5 | pi+pl+pl+pt [ pi+pl+pl+pd
Q% 1 lp? 1 1 1 lpg 1 1
P1 | P1+P3+pgtPg | Pyt Pyt pstpy
Ps | p3+ps+pst+p7 | pltps+ st ps
(8; 1 lp,{ 1 1 1 lpg 1 1
P1 | Pst+pys+ps+pg | P1+P3+pP7+P3
py | pt+pd+p3+ 08 | P3+pi+pl+ 04
(88 1 1p§ 1 1 1 lpg 1 1
Pl | Pa+ P35 +pytpg | pP1+Ps+ Pgt Py
p5 | pi+pl+pL+pt | pl+pl+pl+pl

The last type of multiplication that we have to consider is plj ® p} where
distinct 7, m are in {1,2} and j and n are in {2, 3,...,8}. As p{ ® pr, is four
dimensional it should be linearly isomorphic to 2p!, 20} or p| + pl. Neither
—2p%, —2pl, nor —p! — p}, is possible as they are not 8; representations as one
checks from the list of our representations in the previous section. Besides,
2p} and 2p), are also impossible by the following associativity argument.

Suppose p{ ® pp, = 2p}. By the table above we can always find p} such that
p@p! = p! and p} @ p} = p}. This gives us a contradiction if we multiply each
side of p/ @ pf, = 2p} by pl.

We can conclude p{ ® pl = pi + pb. We have finished calculating all the
relations.

4. Topological Gauge Theories

Dijkgraaf and Witten show that three dimensional Chern-Simons gauge the-
ories with a compact gauge group can be classified by the integer cohomology
group H*(BG, 7Z). Wess-Zumino interactions of such groups G are classified
by H3(G, Z). The relation between three dimensional sigma models involves a
certain natural map H*(BG, Z) to H3(G, Z) which is the inverse transgression
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map defined in the second section. Our calculations provide an example of
three dimensional topological theories with finite gauge group. In this con-
text our algebra X(G) is a fusion algebra. In QFT (Quantum field theory) one
can associate to a d + 1 dimensional manifold M a certain number Z(M), the
partition function. For a detailed discussion one can consult [8].

Consider the partition function of the 3-torus S' x S x S'. If g, h and &
are three commuting gauge fields the partition function is evaluated to give

Z(Sl X Sl X Sl) = % Z W(g; h; k);
| |gmk€G
where [g, h] = [h, k] = [k, g] = 1 which is not important in our abelian case.

Define W as
a(g, h, R)a(h, k, g)a(k, g, h)

(g k, h)alh, g k)a(k h, g)

W(g h, k)=

for « € H3(BG, U(1)).

The Chern-Simons theory associates to each group element g; € G a 2-
cocycle B3;, which we calculated above. Again by the result of Witten and Dijk-
graaf [8] we can express S; in terms of 3-cocycle a € H3(G, U(1)):

a(g;, h1, ho)alhy, hy, 8))

a(hy, g, ho) ’
This can also be obtained by the formula for inverse transegression map on
page 3:

Bi(h1, he) =

a(lg;|h1|heDallhy|he|gi])
a([hi|gilh2))
Note that the shuffle product on page 3 is defined via additive notation.
Thus the action W can be written in terms of 2-cocycles:

W(gi, h, k) = Bi(h, k)B(k, B)~".

For fixed g, €4(h) is defined as eg(h) = B(g, h)B(h, g)~! which is a 1-dimen-
sional representation of G. Thus an element g is B-regular iff ¢, = 1. This
implies

Bi(h1, ko) = Og,(a)([h1|h2]) = al[h1|ho] x [gi]) =

MG = 1 S Blg hpih, )

gheG

where r(G; ) denotes the number of irreducible projective representations
BR(G). Our 2-cocycles defined in the second section satisfies this condition.

Comparing all these results we obtain the following result for the partition
function of the 3-torus where G = (Z/ 2)3:

PrOPOSITION (4.1).
Z(8' x S' x 8H) =Y "r(G;B) = 22.

12

Using our representations we can find the basis elements v, of Hilbert space
corresponding to a 3-torus in QFT. These basis elements are given in [8] as

vo(&i, h) = Trpi(h).
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In this context our algebra X(G) can be regarded as the smallest twisted
non-trivial fusion algebra for abelian groups.
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GEOMETRIC DIFFERENCES BETWEEN THE USE OF LIE
ALGEBRAS AND LIE SUPERALGEBRAS

J. R. CERVANTES POLANCO AND O. A. SANCHEZ-VALENZUELA

ABSTRACT. LetV = U @ W be a complex vector space. Then End(U & W) has
natural Lie algebra and Lie superalgebra structures. With given geometries
By : UxU — C,and By : W x W — C, a geometry B can be defined on V via
By @ By. We address the question of what determines the choice in using the
Lie algebra or the Lie superalgebra structure of End(U & W) by considering
the linear maps that preserve B. It is found that if nontrivial maps U — W
and W — U are to be included, then the Lie algebra structure of End(U & W)
requires geometries on U and W of the same type —that is, both orthogonal,
or both symplectic, or both unitary, or both anti-unitary— whereas the Lie
superalgebra requires to combine the geometry-types of U and W in such a
way that one is orthogonal and the other symplectic, or one is unitary and the
other anti-unitary. The question of defining a geometry B on U @& W of odd
degree is also addressed, and the Lie algebra and Lie superalgebra structures
of the subspace of End(U @ W) that preserve such a B are determined.

Introduction

The purpose of this note is to identify exactly to what extent the geometry
defined on a given vector space formed as the direct sum of two subspaces U and
W, decides what is the best-suited algebraic structure to use in End(U & W):
either its Lie algebra structure, or its Lie superalgebra structure. It turns out
that if a geometry B is defined on U W via B = By @ By, where By and By are
geometries on U, and W, respectively, the Lie algebra structure on End(U W)
closes nicely with nontrivial maps U — W and W — U that are consistent
with the given geometries on them, exactly when these geometries are of the
same type; namely, both orthogonal, or both symplectic, or both unitary, or both
anti-unitary. On the other hand, the Lie superalgebra structure of End(U ® W)
provides nontrivial maps U — W and W — U consistent with the geometries
on the subspaces, exactly when these geometries are mixed in the following
way: By and By are one symplectic and the other orthogonal, or one unitary
and the other anti-unitary. From this point of view both, the Lie algebra and
the Lie superalgebra structures of End(U & W) are natural, and somehow
complementary to each other, depending only on the way the geometries on U
and W are combined. Even though the proof is elementary (see §2 below), this
observation makes the result quite illuminating. Besides, the Lie subalgebra
and the Lie ‘subsuperalgebra’ of End(U & W) that preserve the resulting B,

2000 Mathematics Subject Classification: Primary: 22E60, 17B70, 15A63, 17B81 Secondary:
22E70, 51F25, 81R05 .

Keywords and phrases: orthogonal and symplectic Lie groups and Lie algebras; orthosymplec-
tic Lie superalgebras.
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both have gp, @ gp, ® Hom(U, W) as its underlying space, where gp, is the Lie
algebra {T' € End(Z) | Bz(Tu, v) + Bz(u, Tv) = 0}.

Now, in the Lie superalgebra setting, geometries on U & W of the form
B = By & By are called even, or of zero Zy-degree. There are also the so called
odd geometries that are defined on U & W when U ~ W, so as to make U
and W totally isotropic. To round up this note, we review the conditions to
define a geometry B on U & U in terms of a given geometry By : U x U — C,
in such a way that the U direct summands in U ¢ U become totally isotropic
with respect to B. It turns out that in order to preserve such a geometry
defined by B through elements from End(U & U), either from its Lie algebra
structure or from its Lie superalgebra structure, we deduce the existence of
a constant A satisfying A2 = 1 when By is bilinear and |A|> = 1 when By is
sesquilinear, and the overall geometry Bon U@ U is given by Blu+w, u’'+w') =
By(u, w')+ A By(u/, w), when By is bilinear, and is given by B(u +w, v’ +w') =
By(u,w') + ABy(W/,w), when By is sesquilinear. In particular, the overall
geometry is orthogonal, or symplectic, depending on whether By is bilinear
and A = 1, or A = —1, respectively, and it is unitary, if By is sesquilinear. It
is quite interesting to note that in any case the geometry defined by B under
the imposed conditions becomes isomorphic to the geometry defined on U & U*
by the well-known natural orthogonal, symplectic, or unitary forms. Finally,
the underlying space of the Lie subalgebra of End(U & U*) that preserves
B has the form gl(U) @& (ANU) @ ANU)), with AMU) being identified with
either the skew-symmetric or the symmetric maps U — U, depending on
whether B is orthogonal or symplectic, and being identified with the hermitian
(or skew-hermitian) maps U — U, when B is unitary. On the other hand, the
underlying space of the Lie subsuperalgebra of End(U & U*) that preserves
B gets decomposed as gl(U) @ (ANU) @ BMU)), with AMU) and BN(U) being
respectively identified with the symmetric and skew-symmetric maps U — U,
when B is either orthogonal or symplectic, and being respectively identified
with the hermitian and skew-hermitian maps, when B is unitary.

1. Algebraic preliminaries and notation

(1.1) The setting. Let V be a complex vector space with the given direct
sum decomposition U @& W. Then, the associative algebra End(U & W) gets
decomposed into the direct sum End(U) @ Hom(U, W) & Hom(W, U) & End(W)
in such a way that a linear transformation 7' € End(U ¢ W) corresponds to the
quadruple (a, B, y, 6), as follows: For anyu € U and anyw € W, T(u + w) =
(a(w) + Bw)) + (y(u) + 8w)), with a(u) + B(w) € U, and y(u) + é(w) € W.
If 7" € End(U ® W) corresponds to the quadruple (¢, 8,7/, 8'), then T o T"
corresponds to (a¢oa’ + Boy, a0 +Bod,yod +80y,yo B +8608'), which
provides the well-known identifications

UoWoutw o (LLZ) and EndUaW)>T < (3‘ g),

so that

(0% B u r_ [& B o B/
Tu+v) < (y 8) (w) and ToT = (y 8) ) <y’ 5,).
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The associative algebra End(U ¢ W) admits an obvious Zs-grading decompo-
sition (cf; [2]) End(U & W) = End(U & W)y ® End(U & W);, where

0

End(U @ W)y = {(g 5> | @ € End(U), and, & € End(W)} and

End(U @ W); = { (2 /3) | B € Hom(W, U), and, y € Hom(U, W)}.

Identifying Zg with the set {0, 1} and equipping it with its usual ring structure,
it is immediate to check that for any r and s in Zg, (End(U & W)), o (End(U &
W)); € (End(U @ W)),,s. We further define a map

|- | (EBnd(U & W) U EndU & W) — {(49)} — 24

in such a way that |T| = r if and only if T’ € (End(U & W)),. Moreover, there
are only two possibilities for defining a map ¢ : Zy x Zgs — C in such a way
that &(r, s)e(r, t) = &(r, s + ), e(r, s)e(t, s) = e(r + ¢, s), and &(r, s)e(s, r) = 1 (cf,
[1]); namely, either &(r, s) = 1 for all r, s, or else &(r,s) = (—1)* for all r, s. It
is well known that defining

1,7, =T oT — (T, |T'DT o T,

on any pair of elements T' and 7" on the domain of | - |, and extending this def-
inition bilinearly to all of End(U & W), one obtains either a Lie algebra struc-
ture, or a Lie superalgebra structure on End(U & W), depending on whether
e(r,s)=1forallr,s,ore(r,s) = (—1)* forall r, s (cf, [1], or [2]). It isimmediate
to verify that the difference between these structures comes down to

a B o B _(aocd +Boy aof +Bod
y 8)°\y &)|, \vod +d0y ryopf +80¥
_(Woa+tlslfoy aof+fod
Yoa+8oy lelyop+8o0s

_ [a, ']+ Boy —|e|B oy aoff —B o8+ Bod —adop
8oy —Yoat+yod —&oy  [88]+yop —[elyoB )’

where we have written |¢| in the right hand side to distinguish the case |¢| = 1
obtained when &(r,s) = 1 for all r, s, from the case |¢|] = —1 obtained when
e(r,s) = (—=1)* for all r, s. Note that [ -, -] with no further marks stands for
the ordinary Lie algebra bracket on End(U), or End(W), respectively, and the
context makes it clear which one is being used. In summary, the vector space
End(U @ W) can be equipped with either a Lie algebra structure (case || = 1),
or with a Lie superalgebra structure (case |¢] = —1). When referring to the
first one, we shall denote it by gl(U & W), and when referring to the second
one, by gl(U|W), as it is customary.

(1.2) Notation and conventions. Let X be either U or W, and let B: X x
X — C be a geometry defined on it. Thus, either B is nondegenerate bilinear
or nondegenerate sesquilinear. Let X* be the dual space. We shall follow the
convention of letting B’: X — X* be given by x — B(x, -), so that B’ becomes
a C-antilinear map when B is sesquilinear. The map B’ has a left inverse
(which is also C-antilinear when B is sesquilinear) given by B*: X* — X and
characterized by the property B(B(¢), x) = ¢(x) for any ¢ € X* and any x € X.
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If B is bilinear, B’ and B? are both C-linear. If X is finite-dimensional, B’ and
B! are inverses of each other. For any C-linear map 8: X — Y we denote by
B* the C-linear map Y* — X* given by ¢ — B*(¢) = ¢ o B. We shall use the
same notation, 8*: Y* — X*, even when 8: X — Y is C-antilinear, but in this
case B* is given by ¢ — ¢ o B. It is a well-known fact that when B is bilinear
(resp., sesquilinear), the subset

g5(X) = {n € End(X) | B o n+ 1" o B’ = 0}

is a complex (resp., real) subspace of End(X) which is furthermore, closed
under the Lie bracket [, '] = non’ — 1’ on. Itis thus a complex (resp., real)
Lie subalgebra of gl(X).

Now, in the bilinear case we will assume that there exists a nonzero complex
constant, g, such that,

B(x1, x2) = epB(xg, x1)

for any pair of vectors x1, and x3 in X. This readily implies that ez must be
either +1or —1. It also implies that, gg(X) ~ o(n), or gg(X) ~ sp(n), depending
on whether ep is either +1 or —1; in any case, n = dim(X). On the other hand,
in the sesquilinear case we will assume that there exists a nonzero complex
constant g, such that

B(x1, x2) = epB(xg, x1),

for any pair of vectors x1, and x9 in X. In particular, this implies that ep
lies in the unit circle of the complex plane. It also implies that there is an
hermitian form H: X x X — C and a complex constant { depending on ep
only, such that H = / B; actually /2 = g (and similarly, one may obtain an
anti-hermitian form H' = iH = i/ B). In any case gg(X) is isomorphic to the
unitary Lie algebra u of the appropriate hermitian form H. Convention: In
what follows it will always be assumed that when B is sesquilinear, one can
find an appropriate { = {(ep) in the unit circle of the complex plane so as to
make H = ¢B hermitian, or so as to consider the associated anti-hermitian
form H' = iH, as needed.

2. Statement of the problems

(2.1) The so called ‘even’ geometries. Let V = U & W as before, and as-
sume we are given nondegenerate bilinear maps Byy: UxU — C, and By : W x
W — C, satisfying By(u, ') = ep,By(v/, u), and By(w, w') = ep, Bw W', w),
respectively, or nondegenerate sesquilinear maps satisfying By(u, u') = ep,
By, w), and By (w, w') = ep, Bw(w’', w), respectively. Define B: V xV — C
by means of

(2.1.1) Bu+w,u +w') = By(u, u') + By(w, w')

forall u,u’ € U and all w,w’ € W. Let T € End(U & W) be identified with
(“ ’3) € End(U) ® End(W) @ Hom(U, W) & Hom(W, U) as before. One may

y 8
then consider, on the one hand, the vector subspace

(2.1.2) gB(U@W)z{Tz (‘;g) eg[(U@W)|B’oT+T*oB’:O}
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(with B* = By, ® By;). On the other hand, given T' € End(U & W), we may first
decompose it in the form T' = Ty + T} with Tp = (8 9) € (End(U @& W)), and
T = (2 g) € (End(U & W));, and consider the Lie subsuperalgebra gg(U|W) =
ap(U|W)y @ gp(U|W);, where
(2.1.3)

asUWlo = {T = (§9) € alUIW) | B'o T(4)+T" o B'() =0},

apUWy = {T = (58) € glUIW) | B o T(4)+T" 0 B(4) =0}

We have written the arguments u € U and w € W so as to emphasize the
fact that the difference with gg(U @ W) only occurs in that B’ o T and T* o B’
might be evaluated on different arguments, depending on whether |T'| = 0 or
|T'| = 1. The customary way to write the defining condition on the elements of
ap(U|W), (u = 0,1)is this (¢, [2]): T € (End(U & W)), such that B’ o T(z) +
(—=D#I?T* o B’(2) = 0, with the understanding that |z| is equal to either 0 or
1, depending on whether z € U, or z € W, respectively.

We now want to find necessary and sufficient conditions on the geometries By
and By so that gg(U|W) becomes a Lie subalgebra of gi(U ® W), and gg(U|W)
becomes a Lie subsuperalgebra of gl(U|W), excluding in both cases the trivial
situation in which all maps T satisfy 8 = 0, and y = 0.

PROPOSITION (2.1.4). Under the assumption that B’ = B%] &) B%V as above,
the linear map T = (3 g) belongs to:
(a) gp(U ® W) if and only if its entries «, B, 7y, 6 satisfy

Bjoa+a‘oBy=0, Byobs+soBy=0 BjyopB+y oBy=0.

(b) gp(U|W) if and only if its entries «, B, vy, 8 satisfy
B%]o a+a* o By =0, B%Vo S+6%o B?/Vzo, B%]o B—v*o B?/V:()_
Furthermore, we respectively have:

(@)Ifep, = ep,, then ggUdW) ~ gp, (U)®gp, (W)SHom(U, W); otherwise,
98U & W) ~ g, (U) @ gp,,(W).

(b)Ifep, = —eB,, then gg(U|W) ~ gp, (U)®gp, (W)EHom(U, W); otherwise,
gg(U|W) ~ gp,(U) & gg, (W).

Remark (2.1.5). It follows from Proposition (2.1.4) that the vector space
structures of gg(U @ W) and gp(U|W) are essentially identical. The actual
difference lies in the fact that, for gg(U & W) to be a Lie subalgebra of gi(U & W)
containing the full subspace Hom(U, W), the geometries By and By have to be
both orthogonal, or both symplectic, or be both associated to hermitian forms
Hy and Hw on U and W, respectively, so as to have g, = ep,,. In particular,
the direct sum gp,(U) & g, (W) in this case is isomorphic to the direct sum
of two orthogonal, or two symplectic, or two unitary Lie algebras. On the
other hand, for gg(U|W) to be a Lie subsuperalgebra of gl(U|W) containing the
full subspace Hom(U, W), the geometries By and By must be one orthogonal
and the other symplectic, or be one associated to a hermitian form and the
other associated to an anti-hermitian form, so as to satisfy e, = —ep,,. The
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fact that the subspace Hom(U, W) appears in both gg(U ¢ W) and gp(U|W)
reflects the fact that it suffices to know B in order to completely determine y
(or viceversa). The dependence of y on 8 is different, depending on whether
one is looking at the Lie algebra structure or the Lie superalgebra structue,
and of course so does the way of computing the bracket [, -1,, but otherwise
they are complementary to each other as far as the geometries defined on U
and W are concerned.

Note: All proofs are given in §3 below.

(2.2) The so called ‘odd’ geometries. When dimU = dim W, there are
other (equally natural and simple) ways to define non-degenerate, bilinear
(resp., sesquilinear) maps B: (U & W) x (U & W) — C; namely, require U and
W to become totally isotropic subspaces. Thus, set

Bu+wu +w)=0uw)+ dw,u)

withQ: UxW — C,and ®: U xW — C being both nondegenerate and bilinear
(resp., sesquilinear). We may define the C-linear (resp., C-antilinear) maps
Q:U - W and ®: W — U*, so that O’(u) = Q(u, -), and ®*(w) = w, -),
respectively. In particular, (°)*: W — U*, and (®")*: U — W*. It is easy to
see that (Q°)*(w)(w) = Qu, w) in the bilinear case and (QO°)*w)(w) = Qw, w) in
the sesquilinear case. Now set B’ := ’@d’ (followed by the identification W* @
U* - U*oW*, o+ — +¢), and look for necessary and sufficient conditions
under which the vector subspace (1) yields a Lie subalgebra gg(U & W) of
gl(UpW) and also look for necessary and sufficient conditions for the subspaces
(3) to fit together defining a Lie subsuperalgebra gg(U|W) of gl(U|W).

PROPOSITION (2.2.1). Under the assumption that B’ = O’ & ® as above the
linear map T = (3 g ) belongs to:

(a) gp(U ® W) if and only if its entries «, B, 7, 6 satisfy

P o d+a*o d =0, Vo B+pBod =0, P oy+y o =0.
(b) gg(U|W) if and only if its entries o, B, 7y, 8 satisfy

P od+aod =0, Yo B—pod =0, Do y+y o =0.

In any case, there is a constant A € C, such that (O°)* = A ®°, and either
vy = B = 0orelse \2 = 1when Bis bilinear, and |\|> = 1 when B is sesquilinear.
Furthermore, we respectively have:

@) gg(U & W) ~ gl(U)® (AW, U) ® AY(U, W)), where
AZW,U) = {B € Hom(W, U) | B* 0 & + A(@")* 0 B=01},
A)(U, W) = {y € Hom(U, W) | y* o (@")* + A" 0y =01}.

() gg(U|W) ~ gl(U) & (AL(U, W) @ By(W, U) ), where A} (U, W) is defined
asin (&), and

BY(W,U) = {B € Hom(W, U) | B* 0 & — A(@®")* 0o B=0}.
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Remark (2.2.2). Since Proposition (2.2.1) applies only in the case U ~ W, we
might as well start with a given isomorphism, say P: U — W, and define the
nondegenerate bilinear form By (u1, us) = ®(P(uy), ug). Since () is completely
determined by @ itself, this means that the data to start with can also be a
geometry By on U, and then define a geometry Bon U @ U (orin U & U*) in
such a way so as to make each direct summand into a totally isotropic subspace.
The results of Proposition (2.2.1) remain essentially the same, except for the
fact that B* o @ + A(®")* o B = 0, for some B: W — U, will be replaced by
B*o B%, + X(BbU)* o B =0, this time with 8: U — U, and similarly for y.

Remark (2.2.3). On the other hand, taking into account that U ~ W, we
might as well choose the bases on U and W in such a way that the associated
matrix to ® is simply the unit matrix. We may also assume that A is -1, so that
the subspaces A} (W, U) and A}(U, W) in (2.2.1).(a’) both become isomorphic
to

ANU)={B € EndU) | B*+AB=0},
whereas B}(W, U) in (2.2.1).(b") becomes isomorphic to

BNU)={BcEndlU) |B*—AB=0}.
3. The proofs
(3.1) Proof of Proposition (2.1.4). ThelinearmapT = (f/‘ g) € End(UaW)
belongs to gg(U @ W) if, and only if, for any u, z € U and any w,w € W,

@) (B’ oT +T*oBw@) =0, (i) (B’ o T +T* o B)(w)w) =0,

(iii)) (B’ o T +T* o B)ww) =0, (i) (B’ oT+T"oB" ) w)u) =0.

It is a straightforward matter to check that
(i) <= (Bpoa+a oBw@ =0
(i) <= (Byod+6 oBp)ww) =0
(iii) <= Byoy+p oBYHww =0
(iv) <= (ByoB+y oBj)ww =0

Bibvoa—i—a*oB[b]:O.
By, 08+ 8" o Bjy = 0.
By, oy + B oB} =0.
Blb]oBJr'y*oB‘EV:O.

[

Furthermore, (ii7) and (iv) must define the same equation for 8 and y. From
(i), we have B* = —By, oy o (B},)"!, whereas from (iv), we obtain, g* =
—(B‘?V)* oy o ((B{])*)_l. In order to compare them we must determine the
relationship between (B},)* and B}, and similarly between (Bj;,)* and By,. We
shall work in detail the case when By is sesquilinear. The bilinear case is
similar and slightly simpler. Now, B},: U — U* is C-antilinear, and so is
(B‘?V)* : (U*)* — U*. Using the natural identification i;;: U — (U*)*, it easily
follows from the definitions that
By (iy@) = ip(@) o B}, = By(-,u) =%p, By(@, -).
That is
(By)* oiy =p, By,  andsimilarly  (By)* o iw = &g, By,

The only difference with the bilinear case is that the maps involved are all
linear and no complex conjugations appear; not in the definition of (B(b])*, nor
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in reversing the arguments in By. Since (B},)* is C-antilinear, it is easy to see
that
&gy ivo (By) ' = (B!
and since B‘?V is C-antilinear too, we obtain (ommitting the identifications iy
and iy),
B* = —(By) oy o (B!

= #,Bloyo (§BU (Bg,)—l)

= —€By, €By B‘i;’v ovyo (B[b])_l = &By €By B*
Therefore, €p, g, = 1, hence ¢, = ¢p,, or else B = y = 0 as claimed. The
proof of the second statement is completely analogous. O

Assume we have defined the geometry B = By @ By on U & W. The
following result states that the conditions g, = ep,, for the Lie algebra gg(U &
W), and ep, = —ep,, for the Lie superalgebra gg(U|W) are also necessary for
consistency in the computation of the Lie brackets in each case.

ProprosITION (3.1.1). (a) Let B; € Hom(W, U), v; € Hom(U, W), i = 1,2,
with B[b] oBi+vyio B‘?V = 0. Then

o o )
_(h BO1> , (72 %2> cgplUaW) <= sp, =ep,.
(b) On the other hand, if B}, o B — v* o B}, = 0. Then

(31 '301> R (;)2 '%2> } € gpUW) <= ep,=—¢p,.

Proof. We shall only prove statement (a) in the sesquilinear case. The bi-
linear case can be proved similarly, except that complex conjugations do not
arise. Statement (b) is completely analogous. Note first that Proposition (2.1.4)
states that

KO Bl))(o BZ)}EQB(U@W) — {BloyzﬂzoyleﬂBu(U)-

y1 O y2 0 Y10 B2 —y20B1 € gp,(W).

Now
B1oyz— Bzoy1 € gp,(U)

& Bjo(Bioys—Bzoy)+(Bioys—Baoy1) 0By =0
PN —yioBjoys+vs0By oy +(Bioys — Baoyl) o By =
& —ep,(yi o (By) oyz+v50(By) oy +(Bioys — Bzoy) oBy =0
& ep,(yioBso(BY) —v50Bi 0By +(Broys—Beoy) 0Bl =0
& €ByEBy(B2 oY1 — Broy2) 0By +(Broys —B2oy)) 0By =0
o (—ep,En, + D(Broys — Baoy1) o B =0
AN epy€p, = 1
= SBU = SBW.

O
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We shall now assume that U ~ W and define a geometry Bon U & W as in
2.2 above. We thus proceed to prove Proposition (2.2.1).

(3.2) Proof of Proposition (2.2.1). Just as in the proof of Proposition (2.1.4)
in 3.1 above, a direct computation leads to the set of equations shown in the
statements (a) and (b) of Proposition (2.2.1). Now the equations &’ o 8 + a* o
® =0and O o a+ 6 o )’ = 0 immediately imply that there is a non-zero
complex constant A such that () = A®’, as ((°)*)~! o ®” must commute
with any 6 : W — W. Note that the equations )’ o B+ 8* 0 ® = 0 and
@ 0 y+y* o = 0 now imply that either 8 = y = 0 or |A|? = 1. In particular,
the equations that 8 and vy satisfy can now be written in terms of ® and A as
AP o BB 0o P =0 and D oy+Ay* o (P) =0,

where in the first equation the plus sign corresponds to (a) while the minus
sign corresponds to (b). O

The analogue of Proposition (3.1.1) for the geometries described in (2.2), is
given by the following

ProposITION (3.2.1). (a) Let B; € Hom(W, U), y; € Hom(U, W), i = 1,2,
with ®° oy; + vy 0 Q" =0and O’ o B; + B o ®* = 0. Then,

0 B 0 B
G %) (5 )] cmwam.

(b) On the other hand, if ®" oy; + vy 0 Q’ = 0and Q’ o B; — Bf o P’ = 0.

Then
H(fl ’f;) , (;)2 %2)]] € ap(UIW).
Proof. Thisis also a straightforward computation using the results of Propo-
sition (2.2.1):
@ o(BroyaFBaoy)=TFBioP oyy+ 500 oy

— B oy 00’ —B5oyi o
=(EBioyz —Baoyp) oV
= —(y10Ba Fy20PB1) o V.
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SINGULAR POINTS AND AUTOMORPHISMS OF UNSTABLE
FOLIATIONS OF CP

CLAUDIA R. ALCANTARA

ABSTRACT. Let F; be the space of holomorphic foliations of CP of degree d.
We study the linear action PGL(3, C) x F; — F, givenby gX = DgXo(g~1)
in the sense of Mumford in [3]. In this paper we prove that an unstable
foliation X of degree d > 2 satisfies one of the following conditions: it is
a Riccati foliation, or its automorphism group Aut(X) is finite abelian or it
is isomorphic to a transitive finite subgroup of GL(2, C). We also prove the
existence of degenerate singularities for unstable foliations; and we give a
characterization of foliations on CP with an infinite automorphism group.

1. Introduction

According to the Geometric Invariant Theory (GIT), it is possible to study
the action of a reductive group G on a projective variety V by stratifying the
points of the variety in two categories: semistable points and unstable points.
By restricting the action of G to the semistable points we obtain what is called
a good quotient.

In most of the cases the variety V consists of certain geometric objects such
as algebraic curves, hypersurfaces, or pencils of curves. The usual action of G
on V is such that objects are in the same orbit if and only if they are isomorphic.

The unstable points in V are in some sense degenerate objects. For example:
If we consider the natural action of PGL(3, C) on CP?, where CP? is the space
of plane curves of degree 3, then a cubic plane curve is unstable if and only if
it has a triple point, or a cusp, or two components tangent at a point (see [12]).

Another example is the action of PGL(2, C) in the space of binary forms of
degree d. In this case a binary form of degree d is semistable if and only if it
has no root of multiplicity greater that % (see [12]).

The last example we will mention is the classification of pencils of cu-
bic curves in CP, up to projective automorphism, i.e., the natural action of
PGL(3, C) in the space of pencils of cubic curves. For this case the unstable
pencils of cubic are those whose associated elliptic fibration has singularities
of types I*, II*, IIT* in the Kodaira classification (see [11]).

The set which consists of unstable points on V is closed in the Zariski topol-
ogy. By very well known techniques developed by D. Hilbert and D. Mumford
(see [6] and [3]) it is possible to characterize these kind of points. These tech-
niques make use of the 1-parameter subgroups of G, recall that a 1-parameter
subgroup of G is a homomorphism, A: C* — G.

2000 Mathematics Subject Classification: Primary 37F75, 141.24.
Keywords and phrases: holomorphic foliation, unstable foliation, Riccati foliation, singular
point, automorphism group.
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For a fixed unstable point there exists a set of 1-parameter subgroups, such
that these 1-parameter subgroups are, in some sense, special to show the in-
stability of the point (see Theorem (2.8)).

From this set of 1-parameter subgroups, we can get a unique parabolic
subgroup of G, which gives us information of the stabilizer of the unstable
point (see Corollary (2.10)).

In this work the variety V is the space of holomorphic foliations of CP of
degree d, the group is the automorphism group of CPP and the action is given
by the change of coordinates.

We obtain properties of unstable foliations related to the multiplicity and
Milnor number of the singular points, the transversality of the foliation respect
to a rational fibration (in this case we will say that the foliation is Riccati), and
in the existence of algebraic solutions.

We also describe the automorphism group for unstable foliations through
the unique parabolic group associated to a special 1-parameter subgroup for
the foliation. Finally we give a characterization of foliations on CP with an
infinite automorphism group.

Let TCP(d — 1) = TCP ® Ocp(d — 1), the space of holomorphic foliations
of CP of degree d is F,; := PH%CP, TCP(d — 1)). The group PGL(3, C) of
automorphisms of CP acts linearly on Fy:

PGL(3,C) x Fy; — Fy4
(g X)— gX =DgXo(g™.

We study this action in the sense of the Geometric Invariant Theory (GIT)
and we obtain the following:

THEOREM (1.1). Let X be an unstable foliation of degree d > 2 with isolated
singularities. Then one of the following holds:

1. X is a Riccati foliation;

2. the automorphism group Aut(X) of X is finite abelian, X has a singular
point p of multiplicity greater than %, and a line solution which contains p,
both invariant by Aut(X);

3. the automorphism group Aut(X) of X is finite abelian, X has a singular
point of multiplicity greater than %, which is invariant by Aut(X);

4. the automorphism group Aut(X) of X, is isomorphic to a transitive finite
subgroup of GL(2, C) and X has a singular point of multiplicity greater than
2d3—+1, which is invariant by Aut(X).

THEOREM (1.2). Let X be a foliation of degree d > 2 with isolated singular-
ities. Then X has an infinite automorphism group Aut(X) if and only if:

1. there exists a 1-PS, A, such that X is A-invariant. If this is the case, X is
transversal with respect to the rational fibration associated to A. Or,
2. X is in the orbit of the foliation

9 9 Py, 2)
Y = P(y, Z)af + R(y, Z)a* = 0
x z R(y, 2)
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The foliation Y is Ay, _1)-unstable, has a singular point with Milnor number
greater or equal to d? + d and Y is transversal with respect to the rational
fibration associated to A, _1).

2. Geometric Invariant Theory

The following is a summary of the Geometric Invariant Theory, which will
be required for the sequel. All the definitions and results can be found in [12]
and [8].

Let V be a projective variety in CP", and consider a reductive group G acting
linearly on V.

Definition (2.1). Let x € V c CP”", and consider x € C"*! such that x € x.
Denote by O(x) the orbit of X in the affine cone of V. Then

(i) x is unstable if 0 € O(x).

(ii) x is semi-stable if 0 ¢ O(x). The set of semi-stable points will be denoted
by V5.

(iii) x is stable if it is semistable, the orbit of x, O(x), is closed in V5 and
dim O(x) = dim G. The set of stable points will be denoted by V*.

The main result in GIT is the following:

THEOREM (2.2) (see page 74 in [12]). (i) There exists a good quotient (Y, ¢)
of V5% by G, where Y is projective.

(ii) There exists an open set Y C Y such that ¢~ (Y*) = V® and (Y%, ¢)is a
good quotient and an orbit space of V* by G.

(iii) If x1, x2 € V' then ¢(x1) = Pp(x2) if and only if O(x1) N O(xz) NV £ ().

Now we describe the Hilbert-Mumford criterion for finding the unstable
points for a linear action.
Let A: C* — @G be a 1-parameter subgroup (1-PS). Then

C*—-GL(n+1,0)
t— )\(t) . (Cn+1 N (Cn+1
v — A,

is a diagonal representation of C*. There exists a basis {vo, ...,v,} of C**1
such that A(¢)v; = ¢"iv;, where r; € Z. This integer r; is called the weight of v;
with respect to the action of A(t) on C*1.

Definition (2.3). Let x € V and let Abe a 1-PS. If x € x and x = ), ; a;v;,
then A(t)x = > ; #""a;v;. We define the following function:

(2.4) mx, A) == min{r; : a; # 0}.
The numerical criterion can now be stated.

THEOREM (2.5) (see Theorem 4.9 of [12]). (i) x is stable if and only if u(x, A) <
0 for every 1-PS, A, of G.
(ii) x is unstable if and only if there exists a 1-PS, A, of G such that u(x, A) > 0.

Definition (2.6). If u(x, A) > 0 we will say that x is A-unstable.
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The following is done in order to state a Theorem due to G. Kempf, which
will play an important role in the proof of the results of this paper.

Definition (2.7). Let A: C* — G be a 1-parameter subgroup. The parabolic
subgroup P()\) of G associated to A is the subgroup of points g € G such that
limy_o A(£)gA~1(¢) exists in G.

Let I'(G) be the set of the one-parameter subgroups of G. Let’s define a
notion of length | | onI'(G) as a non-negative real-valued function such that:

1. forall A € ['(G) and g € G, ||gAg~}|| = ||A|| and

2. if T'is a maximal torus of G, there exists a positive definite integral-valued
bilinear form (, ) on I'(T') such that (A, A) = ||A||? for all A € T'(T").

Now we are ready to enunciate the Theorem by G. Kempf.

THEOREM (2.8) (see Theorem 3.4 of [8]). Let G be a reductive group acting
linearly on a projective variety V, fix x € V and a length || || on I'(G), then the
function

fo:T(G) — R
defined by
(x, A)
2.9) () = B0
( f Tl

has a maximum value By on the set |V, x| = {A € ['(G) : lim;_,0 A)x}, if this
set does not consist only of the trivial subgroup.

B, exists and is positive if and only if 0 € O(%). If this condition is verified,
the set A, of 1-PS, A, such that f(A) = By, satisfies:

1. A, is not empty.

2. There exists a parabolic subgroup P, such that P(A) = P, for all A € A,.

3. Any maximal torus of P, contains a unique member of A,.

4. A, is a principal homogeneous space under the unipotent radical of P,.

COROLLARY (2.10) (see corollary 3.5 of [8]). In the above situation, suppose
that x is unstable. Then

1. forall g € G, gP,g~! = Py,

2. P, contains the stabilizer in G of x.

The following is a useful tool for the method of 1-PS when G = SL(n, C). We
formulate the result for the case n = 3.

LEMMA (2.11) (see[12]). Every 1-parameter subgroup of SL(3, C) can be writ-

ten as
0 0
g\t)gt=g|l 0 tm 0 |g7t,
0 0 ™

for some g € SL(3, C), where ng > ny > ng and ng+ny +ng = 0. We will denote
the above diagonal 1-PS, A, by A, n,) and we will assume that the integers are
relative primes.

Remark (2.12). If ng > n1 > ng and ng + n1 + ny = 0, then % < —Z—z < 2.
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In this paper we use the group SL(3, C) instead of PGL(3, C) because they
are isogenous, and we will use the length ||gAy, 18 || = /02 + n? + n given
by the Killing form.

For purposes of this paper we will also need the following concepts and
results related to algebraic groups.

THEOREM (2.13) (see [1]). Let G be an affine algebraic group acting on an
algebraic variety and let x € V. Then the stabilizer in G of x is a closed subgroup

of G.

Definition (2.14). Let x € V, then the automorphism group of x is the sta-
bilizer in G of x and we will denote it by Aut(x).

Definition (2.15). Any finite subgroup G of GL(n, C) is called a linear group
in n variables. If the n variables of the group can be separated into two or more
sets, such that the variables of any set are transformed by all the transforma-
tion of G into linear functions of the variables of that set only, we say that G
is intransitive. If such a division is not possible, the group is transitive.

3. Foliations of CP

This section provides the definitions and results that we need to know about
the holomorphic foliations of CIP for the development of the paper.

Definition (3.1). Aholomorphic foliation X of CP of degree d is a non-trivial
morphism of vector bundles:

X:01-d)—7TCP,

modulo the multiplication by a nonzero scalar. Then the space of foliations of
degree d is F; :== PH?(CP, TCP(d — 1)), where d > 0.

PROPOSITION (3.2) (see [5]). Every foliation X € F; can be written as

P P P P(x,y,2)
X =P, y2—+Qxy2—+Rkxy2—=| Qky2
x ay 0z R(x, ¥, 2)

where P, Q, R € Clx, y, z] are homogeneous of degree d, modulo multiplication
by a nonzero scalar and if we consider the radial foliation

E’ — xi + i + Zi
- Tox yay 0z’
then X and X + F(x, y, 2)E represent the same foliation for all F € Clx, y, z]
homogeneous of degree d — 1.

Definition (3.3). A point p = (a : b : ¢) € CP is singular for the above
foliation X if (P(a, b,¢) : Q(a, b,c) : R(a, b,c)) = (ka : kb : kc) for some k € C.
The set of singular points of X will be denoted by Sing(X).

Definition (3.4). Let X € F; and let p be an isolated singularity of X. Let

Q(y’ 2) = Qm(y: z2)+ Qm+1(y, z)+ -
R(y,2)=R,(y,2)+ Rp1(y,2) + - -
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be a local generator of X in p = (1 : 0 : 0), where @;, R; are forms of degree
i, and @,,, R, are not identically zero. We define the Milnor number of p by
wp(X) = dimc 43?7}5 and the multiplicity of p by mp(X) := min{m, n}.

Remark (3.5). p,(X) > mn > mp(X)>2.

PROPOSITION (3.6) (see [2]). Let X be a foliation of degree d with isolated
singularities then

d+d+1=Y pX).

peCP

Definition (3.7). Anirreducible plane curve defined by a polynomial F(x, y, z)
is an algebraic solution for X or invariant by X if and only if there exists a
polynomial H(x, y, z) such that:

oF(x, y, 2)

oF oF
X (x, 5, 2) + R(x,, 2) (x, 5, 2) _

ay 0z
F(x,y, 2)H(x, y, 2).

Definition (3.8). A foliation X is a Riccati foliation if there exists a rational
fibration on a surface S, obtained from CP after a finite number of blow-ups,
whose generic fiber is transverse to the lifted foliation of X in S.

P(x,y,2) +Qx, y,2)

The following result is about foliations without algebraic solutions, a Theo-
rem by Jouanolou and completed by Lins Neto and Marcio Soares (see [7] and
[10D).

THEOREM (3.9). For d > 2, the subset {X € F; : X has no algebraic
solutions} is not empty and dense in Fy and it contains an open and dense
subset.

The next Theorem give us an open set of stable foliations. This set consists
of foliations with d? 4 d + 1 different singular points, i.e., every singularity
has Milnor number equal to one.

THEOREM (3.10) (see [4]). Ifa foliation X of degree d has d? +d + 1 different
singular points, then X is stable and every line L C CP has at most d + 1
singular points.

Remark (3.11). If a foliation X of degree d has d? + d + 1 different singular
points then X has a line solution L if and only if L has d + 1 singular points.

Proof. If the line L = ax + by + cx has d + 1 singular points of
d d d
X — P(x) y) z)a + Q(x) y’ Z)@ + R(x) y’ 2)&’

then the polynomial of degree d, aP(x, y, z) + bQ(x, y, 2)+cR(x, y, z) and L have
d + 1 common zeros. Hence by Bézout L is a factor of this polynomial.
Suppose that z is a solution for X, then we can write X = P(x,y, z)% +
Qx, v, 2)%, soSingXN{(x:y:2 €CP:z#0}=V(P(x1y1),Qx,y, 1)) has
at most d? different points. Hence Sing X N V(z2)=V(yP(x, y, z) — xQ(x, y, 2), 2)
has d + 1 points. O
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4. Proof of Theorem (1.2)

Suppose that X has an infinite automorphism group Aut(X). Since Aut(X)
is algebraic and infinite, it contains an algebraic group H of dimension one,
then H is either unipotent or a torus.

If H is a torus then it defines a 1-PS, A: C* — Aut(X) such that X is A-
invariant, i.e., A(#)X = X for all ¢ € C*.

Using the Lie derivative, it is easy to prove that X is transversal with respect
to the rational fibration associated with the flow given by A.

In case A = Ay n,) for some ng, n; € Z we have that the associated foliation
is X) = nox L + nly% + ngzL, which has degree 1. This foliation admits a
holomorphic first integral f: CP — CP!. The irreducible components of the
fibers of f are rational curves which are the leaves of X,.

Using a Theorem by Seidenberg (see [9]) we can reduce the singularities of
X, and we obtain a rational fibration f: S — CP! (where S is CP with a finite
number of blow-ups) such that the fibers are the separated leaves of X,. If X
is the lifting of X on S, then the generic fiber of f is transverse to the leaves
of X.

Obviously, if the weight of X with repect to the action of A is not zero, then
X is unstable.

If H is unipotent, then it is isomorphic to (C, +), and there exists a morphism
¢: C — Aut(X), this morphism must be of the form ¢(¢) = exp(A#). Since ¢ is
an algebraic morphism, then A must be a nilpotent matrix with trace zero, so

A is similar to
01 0 1 0
0O 0 0 |, or to 0o 1 ].
0 0 O 00

The possible morphisms are

1 ¢t O
d1t)=g| 0 1 O g‘l, or ¢ot) =g

S OO

S O
(=R
it I )

0 01

) g,
where g € Aut(X).

Since C is a unipotent group then its group of characters is trivial, therefore
¢()X = X in the affine cone of F; for all £ € C.

We can easily see that the foliation invariant by ¢9(¢) for all £ € C does not
have isolated singularities and the unique foliation invariant by ¢1(¢) for all
te CisY = P(y, z)aix + R(y, z)a%, where P, R are homogeneous of degree d in
Cly, zl.

In the chart Uy = {(1: y : 2) € CP} we have that the local vector field which

generates this foliation is
_yP(y: Z)
R(y,z) — zP(y,2) )’
SlY /-L(I:O:O)(Y) > d? +d.

The associated foliation to A, _1)is X\, ,, = 205 —y 55 —25; and kyy —kaz =
0 is a solution for X,, , for all k; € C. After blowing-up the point (0, 0) € Uy
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we obtain:

—Q(1, ws)

where w; = 0 is the exceptional divisor and the solutions of X Aoy AT Ws =k
for all £ € C, therefore Y is transversal with respect to the flow given by A _1).
The converse of the theorem is obvious.

5. Proof of Theorem (1.1)

The Theorem will be a consequence of the following lemmas and proposi-

tions.
To state the first Lemma, we need to define the following types of subgroups

of SL(3, C):
(I) An infinite linear algebraic group.
(A) A diagonal finite group: the elements of this group are of the following

form
a 0 O
0 b 0],
0 0 ¢
(B) Consider the following matrices:
1 0 0 100 p,2 0 0
11ka 0 Pk 0 5 T = 0 0 l 5 d)k: 0 Pk 0 )
0 0 p,° 0 i 0 0 0 pp
1 0 O
=10 0 -1],
01 O
where pj, is a k—root of the unity, and
(1 0 0) 1 (\/5 0 0
w=|[0 p 0|, o=—|0 pt—ps p2—pi|
0 0 p VB0 pE-pd ps-pl
1 2 0 0
n=g5 0 14+: —-1+1:z]).
0 1+: 1-—:

(Bla) The group generated by g, 7, pom, Where m =n —q =1 mod 2.

where abc = 1.

(B1b) The group generated by aq, 7 © p24m, Where m = 0 mod 2.
(B2a) The the group generated by ¥4, 7, 1, 2, where m = 1,5 mod 6.
(B2b) The the group generated by ¥4, 7, 1 © ¢gn, where m =3 mod 6.
(B3) The group generated by s, 7, 1, don, Wwhere (6, m) = 1.

(B4) The group generated by o, w, 0, ¢o,,, Wwhere (m, 30) = 1.
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LEMMA (5.1). Let V be a projective variety with a linear action:
SL3,C)xV — V.

Then the automorphism group for an unstable point for this action is, up to
linear equivalence, one of the above types (I), (A) or (B).

Proof. Usingthe classification of finite subgroups of SL(3, C) made in [15] we
have alist of 12 groups: (A)—(L). This classification is up to linear equivalence.

Let x € V, since Aut(x) is a closed subgroup of SL(3, C), then this group is
one of the above list or an infinite linear algebraic group.

On the other hand, for the one parameter subgroup A, ,,), where no >
ny > ng and ng + ny + ng = 0, we have that the associated parabolic subgroup
P(\,, »,) is the group of upper triangular matrices if ng > n; > ng and

ail Qaiz Qi3
P()\(gifl)) = 0 Qg2 Q93 S SL(3, (©)] ,
0 a3z ass

a;n a2 a3
P(\1,1) = a1 age ax | € SL(3,C) .
0 0 ass

If x is unstable and f, (see Theorem (2.8)) has a maximum positive value
in Agyg n,), then by the second part of Corollary (2.10) we obtain that Aut(x) C
P(Ayyn,)- Therefore, up to linear equivalence, the automorphism group Aut(x)
could be an infinite linear group or a finite group of the type (A) or (B). The
case (B) can occur only if f, has a maximum value in A¢ _1). O

PROPOSITION (5.2). Let X be a foliation of degree d such that wW(X, Ay n,)) >
0, where ny > ny > ny. Then the multiplicity of the singular point p = (1:0: 0)
of X is greater than %.

Proof. The foliation:

3 9 B P(x,y, 2)
X =P, y2—+Qxy2—+Rxy2—=| Qky2
x ay 0z R(x, ¥, 2)

is represented in affine coordinates (y, z) € Uy by a vector field of the form:

X Qo(y, 2+ Q1(y, 2) + Q2(y, 2) + - - - + Qu(y, 2) — yPy(y, 2)
"=\ Ro(y,2)+ Ri(y,2) + Ro(y,2) + - - - + Ry(y, 2) — 2Ps(y, 2) )’

where @;, R; and P; are homogeneous polynomials of degree j and d respec-
tively, in C[y, z].

Suppose that @;(y, 2) = 3, a;j»/ 'z is not identically zero. The weight of
the monomial field with coefficient a;; respect to Ay »,) is 1 —no(d — j)—n1(j —
1) —nol = nog(2j —i — 1)+ no(j — 2i — 1) — nod and this weight is positive if and
onlyif 2(j—2i —1)+(2j—-i-1 >d.

If there exist 7, j such that a;; # 0 and j — 2i — 1 > 0, then

j—2-1_3. 1 . 2d+1
2 2773 & 3

d< 2j-i-1+%(j—2i—1) < 2j—i-1- <J.
0
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If for all 7, j such that j — 2 — 1 > 0, we have a;; = 0, then for all ¢, j with
ai; # 0 we have j — 2i — 1 < 0, therefore
d-1

3

Similarly for R;(y, z) = >, b;j»/~'2": If there exist i, j such that b;; # 0, then
j+1—2i >0, therefore

<.

d< 2j—i—1—%(2i—j+1) <2j—i—1+22i—j+1) =3i+1 ie,
0

. . nhg, . . .. J+1-2c 3. 1 . 2d+1 .
a2 1-20<2j—i—2—— =242 Je.
d<2j l+n0(J+ 20) < 2j—1i 2 g/~ e g <J

in the other case we have:

.. .. .. . ) . d+2 .
d<2]—z—%(ZL—J—1)§2J—L+2(2L—J—1):3L—2 z.e.,%<z.
0

Then the multiplicity of the singular point p =
O

We have always j > dT
(1:0:0)is greater than dT

PROPOSITION (5.3). A foliation X of degree d has a point p of multiplicity
greaterthan Qd“ ifand onlyif X is g, 18 ~1 —unstable for some g € SL(3, C).

Proof. We will follow the notation of the above proposition, then the weight
of the monomial vector field with coefficient a;;, b;; with respect to Ag_1) is
positive if and only if j > 241, O

LEMMA (5.4). Let X be a foliation of degree d such that w(X, Ag,n,)) with
ni > 0. Then z defines an algebraic solution for X.

Proof. The weight of the monomial field x¢~/y/ 2 is ny — no(d — j) — nij.
Since n; > 0 and ny > 0, ng < 0; this weight is negative or zero. Therefore z
divides R(x, y, z), then it is an algebraic solution for X. O

LEMMA (5.5). Let X be a foliation of degree d. Suppose that u(X, Agyn,)) > 0
for some A n,), With ny < 0. Then the multiplicity of the singular point p =
(1:0:0)of X is greater than %.

Proof. The proof is similar to that of Proposition (5.2). We must note than
ni < 0if and onlylf—— <1:

If there exists i, J, such that a;; # 0 and j — 2i — 1 < O therefore
d<2]—1—1—;(21—]4—1)§2J—L—1+2z—j+1zj+l§2j Le, 5 <J.
0
Similarly, for b;; we have:
d < 2‘]717%(217‘]71)§ 2j—i+2i—j—1=j+i-1<2j-1 z.e.,d% <j
0
O

Now we are ready to prove Theorem (1.1).
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Proof. Suppose that X is an unstable foliation. Then, for some AcI'(SL(3, C)),
fx(A) (see Theorem (2.8)) has a maximum positive value.

We will need the following trivial facts:

Let g € SL(3, C). Then p is a singular point of X with multiplicity m if and
only if g(p) is a singular point of gX with multiplicity m.

F(x,y, z) is an algebraic solutions for X if and only if F' o g is an algebraic
solution for X for all g € Aut(X).

Therefore, for our purposes, we can assume that A = A, ,,) for some integers
ng > n1. We have the following cases:

1. Aut(X) is infinite, in this case we apply Theorem (1.2).

Now suppose that Aut(X) is finite:

2. If n; > 0 we use Proposition (5.2) and Lemmas (5.1), (5.4). Since the
singular point is (1 : 0 : 0), the line solution is z and Aut(X) is of type (A), we
obtain that the point is in the line and both are invariant by Aut(X).

3. If n; < —1 we use again Proposition (5.2) and Lemmas (5.1), (5.5).

4. For n; = ng = —1 we have Proposition (5.3). In this case Aut(X) is of
type (B). O

With Proposition (5.2) we also obtain the following.

COROLLARY (5.6). Let X be an unstable foliation of degree d with isolated
singularities. Then there exists p € CP such that pu,(X) > ([%] + 1)([%] +1).

Proof. This is a consequence of Remark (3.5). In the proof of Proposition
(5.2) we have that m > [451] + 1 and n > [£2] + 1. O

The next Corollary is a generalization of Theorem (3.10).

COROLLARY (5.7). Let X € F4, where d > 2. The foliation X is stable if for
all p € CP we have:

wp(X) < W when d = 1 modulo 3, and

wp(X) < ([%] + 1)([%] +1) whend = 0,2 modulo 3.

Proof. If X is not a stable foliation, there exists A € I'(SL(3, C)) such that
w(X, A) > 0, so we can suppose that A = A, ,,,) for some ny > n;.

Using again proposition (5.2) we have that m > % and n > % ifd=1
(mod 3),andm2[%]—i—lanan[%]—&—lifdzO,Z (mod 3). O

Here [r] denotes the interger part of .

6. Final Remarks

1. The converse of the corollary (5.6) is not necessarily true: The foliation
X = =225 +(* + x22)5; + (v + x2) % is semistable and it has a singularity
with Milnor number 5in (1:0:0).

2. We are interested in studying the relation between the set of unstable
foliations and the set of foliations with algebraic solutions because every known
example of foliation without algebraic solution is stable with a finite but rich
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automorphism group (see [7] and [16]). In this context Pereira and Sanchez
proved the following:

THEOREM (6.1) (see [13]). Let X be a foliation of CP. If Aut(X) is finite
and acts without nontrivial fixed points on the space of cofactors, then either X
admits liouvillian first integral or X does not admit an algebraic solution.

In this paper we obtain that the automorphism group of an unstable foliation
is, in some sense, small.
3. In [14] the authors proved the following

THEOREM (6.2) (see [14]). Let X be a codimension q holomorphic foliation
on a projective variety M. Suppose that Aut(X) contains an infinite linear
algebraic group. Then X belongs to one of the following classes:

1. X has codimension one and it is birationally equivalent to a Riccati
foliation.

2. There exists a projective variety N and a rational map(possibly with
indeterminacy points) w: M — N whose fibers are rational curves and such
that X is the pull-back of a holomorphic foliation Y on N.

3. X has codimension at least 2 and is tangent to a holomorphic foliation Y
of codimension q — 1.

In this paper we obtain a characterization of foliations of CP with Aut(X)
infinite.
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THE HOMOTOPY GROUPS OF L,-LOCALIZATION OF THE
RAVENEL SPECTRA T(m)/v; AT THE PRIME TWO

IPPEI ICHIGI, KATSUMI SHIMOMURA, AND RINKO TAKEDA

ABSTRACT. The Ravenel spectra T'(m) for non-negative integers m interpolate
between the sphere spectrum and the Brown-Peterson spectrum. It admits
an essential self-map «: 32P~2T(m) — T(m), whose cofiber we denote by
T(m)/v;. In this note we work in the two-local stable homotopy category
and study the homotopy groups of the Bousfield localization of T'(m)/vy with
respect to the ve-inverted Brown-Peterson spectrum.

1. Introduction

In the stable homotopy category of spectra localized at an odd prime number
p, the second author, A. Yabe and X. Wang ([11], [9]) determined the structure
of the homotopy groups of the sphere spectrum LS localized with respect to
the vp-localized Brown-Peterson spectrum vy 1 BP by use of the Adams-Novikov
spectral sequence

E3(X) = Ext}yp pp)(BP., BP.(X)) = m.(X).

Here the Ey-termis the Ext group in the category of BP,(BP)-comodules. Atthe
prime two, the second author and X. Wang ([10]) determined only the Es-term
of the Adams-Novikov spectral sequence converging to the homotopy groups
7.(L2S%), and we are interested in the stable homotopy category of spectra
localized at the prime two. In his book [8], Ravenel constructed the spectrum
T'(m) for each m > 0 characterized by

(1.1 BP.(T(m)) = BP.[t4,...,t,] C BP.(BP) = BP,[t1,t,...]

as a BP,.(BP)-comodule. These spectra admit maps T'(m) — T(m + 1) inducing
the inclusion on BP,-homology, and 7'(0) and T'(co) are the sphere and the
Brown-Peterson spectra, respectively. The homotopy groups of LoT(c0) are
determined by Ravenel as BP, @ BP, /(2*,v7°,v5°) in [7]. We have partial
results [2] and [4] on subgroups of the homotopy groups 7.(LsT'(1)). We use
the 2- and the v;- Bockstein spectral sequences to determine it for m > 1 in
two different orders:

1) the v1-Bockstein spectral sequence first and then the 2-Bockstein spectral
sequence,

2) the 2-Bockstein spectral sequence first and then the v;-Bockstein spectral
sequence.

As the first step in the order 1), the v;-Bockstein spectral sequence is com-
puted in [3], and we obtain the homotopy groups of LoT'(m) A M for the modulo
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two Moore spectrum M. In this paper we consider the first step of the order
2).

Let T(m)/v; denote the cofiber of a: 32T(m) — T(m) for m > 0 such that
BP.(a) = v1 — 2t1, whose existence is shown in section two. We then define a
spectrum C by the cofiber sequence

(1.2) T(m) /vy —> 27 T(m) /vy — C —> ST(m)/v;

for the localization map n: T(m)/v1 — 2*1T(m)/vl. We first determine the
Adams-Novikov Es-term of LoC in Proposition (3.8) by use of the 2-Bockstein
spectral sequence associated to the cofiber sequence

(1.3) D—>Cc-2-c 53D,

where D denotes the spectrum 7'(m)/v; A M for the mod 2 Moore spectrum
M. The Es-term of the Adams-Novikov spectral sequence for 7,(LoD) is de-
termined by Ravenel (cf. [8]) as follows:

(1.4) E5(LaD) = K (2). ® N(g10, 811, 820, 821);
where
(1.5) Kn(2), =vy'Z/2[vs, ..., Ups2l,

and g;; denotes the element of bidegree (1, 2/*1(2™+ — 1)), which is denoted by
hpijin [8]. Next, we show that every element of the Adams-Novikov Eo-term
E3(LyC) is a permanent cycle in Lemma (3.12), and the extension problem of
the spectral sequence is trivial in Lemma (3.13). These show the homotopy
groups of LoC are isomorphic to the Eqo-term.
In order to state our result, we introduce following notations: the algebra
E,.(2), = U2_1Z(2)[UI; V2, ..., Uny2l
such that K,,,(2), = E,,(2),/(2, v1), the elements
U; = Upy; € BP, fori>1,

the algebras
R = Ep_52), /(1) = vy 'Z)lve, ..., Unl,

R"=R [u%n, ugn} and

(n) __ 2"
R =R[u?],
and the submodules of E,,(2)../(2%°,v1) = Rlui, us] ® Q/Zs):
2
M) = @R;i+1)/(2i+1) {u?'/2i+1},
j=1
MOG) = B @) {ufud " 2wl 2 g 20 and
i 2i+17

Ml(l) — Ri+1/(2i+1){u%iu%i+1§10/2i+1, u% u’ g20/2i+1’

9l 9l i+1 _ 90 9l i+1
ujuy 819/2" = uj uj 89/2 } .
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Here g, is an element such that g,,/2 = u;l gjo/2, whose existence is shown
in Lemma (3.2).

THEOREM (1.6). The homotopy groups m.(LyC) for m > 1 are isomorphic,
as an R-module, to the tensor product of N(g11, §21) and the direct sum of the
modules R/(2>), M(i), M°(i) and M'(i) for i > 0.

Since the Es-term E;(Z*IT(m)/vl) is isomorphic to HQ.(LoT(m)/v1) =
Qlvg, vs, . .., Um]1 by [8], (6.5.7), the homotopy groups of LyT'(m)/v; are obtained
by observing the homotopy exact sequence associated to the cofiber sequence
(1.2).

COROLLARY (1.7). The homotopy groups m.(LoT(m)/v1) for m > 1 are iso-
morphic to the direct sum of the modules Zw[vz,vs,...,Un), 2 IR/(2%)
{g11, &1, gu1ge1} and @~y 2 MG & M°G) & M'(D)) ® A(g11, go1). Here %
denotes a shift of dimension.

We note that the homotopy groups of LyT'(1) /vy are given in [6]. The struc-
ture of 77, (LoT'(m)/v1) for m > 1in Corollary (1.7) is less complicated than that
of the case for m = 1. So it seems that it is useful to determine the homotopy
groups 7(LoT(m)) for m > 1 completely. For m = 1, we know the structure of
subgroups of 7,(L2T'(1)) (cf. [2], [4]).

2. A change of rings theorem and structure maps

We work in the stable homotopy category of spectra localized at the prime
two. Let BP denote the Brown-Peterson ring spectrum, and consider the Hopf
algebroid (A, I') associated with it, where

A= W*(BP) = BP* = Z(Q)[vl, Vo, ... ],
I'= BP.(BP) = BP,[t,ts,...].

The Hopf algebroid I" gives rise to another one
(A, Fm) - (A) F/(tl: ceey tm)) - (A; BP* [tm+1; tm+2, . ])

Recall the Ravenel spectrum T'(m) in (1.1) for m > 0, which is a ring spectrum
with multiplication w: T(m)AT(m) — T(m). Ravenel showed in [8] the change
of rings theorem
E3(T(m) A X) = Extp (A, BP.(X))

for a spectrum X. If X is the sphere spectrum S°, then we have an element
v1 € Extg’j (A, A) for m > 0. This element is represented by v; — 2¢; in the
cobar complex Q2 BP,(T(m)) for computing E3(T(m)). Since ES™**(T(m)) = 0
by observing the reduced cobar complex, the element v; survives to a homotopy
element o’ € mo(T'(m)). We now let T'(m) /v, denote the cofiber of the composite

a: S2T(m) = T(m) A 82 —2% = T(m) A T(m) —> T(m).

Let M and M, be the modulo two Moore spectrum and the cofiber of the
localization map S° — SQ, respectively. In this paper we consider the spectra

D=Tm)/vyAM and C=T(m)/vi N M.
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These fit in the cofiber sequence (1.3). The BP,-homologies of the Ls-localiza-
tions of these spectra are

BP,(LyD) = v, 'BP, /(2,vlt1, ..., tn] and
BP.(LyC) = vy, 'BP, /(2°,v)[t1, . . ., tm].
Consider a spectrum
E,(2) = vy 'BP(m + 2)
for the Johnson-Wilson spectrum BP(m + 2) such that 7.(BP(m + 2)) =
Zgylvy, v, . .., Upmio]. Since

vy 'BP, /J 2% E,(2)./d @4 T,

for an invariant regular ideal J of length two is a faithfully flat extension, we
have an isomorphism

(2.1) Ext}, (A, vy BP,/J) = Ext} o(En(@)., En(2)./J)

shown by the same way as the proofs of the change of rings theorem in [1].
Here

is the induced Hopf algebroid, and

(2.2) 3m(2) = En(2)[t1, t2, - .. 1/ MW i) : k> 2).
Note that m + 2 is the smallest number n such that

vy 'BP, /J 1 v BP(n), /J @4 T
is a faithfully flat extension.

PROPOSITION (2.3). The Adams-Novikov Es-terms for computing .(LsC)
and w,(LgyD) are isomorphic to

E3(LyC) = Bxty o(En(2)., En(2)./(2%,01) and
E3(LsD) = Ext} 0/(En(2)., En(2)./(2, v1).

Proof. The isomorphism on E3(LyD) follows from (2.1). Since LoC = hoco-
lim, LoT(m) A M, for the mod 2* Moore spectrum M}, the change of rings
theorem (2.1) also shows the isomorphism on E3(LyC). O

Consider the Hopf algebroid (E,,(2)., 2,,(2)) (see (2.2)). We read off the
behavior of the right unit ng: E,.(2), — 2,,(2) and the diagonal A: ¥,,(2) —
2.(2) ®g, 2, 2m(2) from that of I',,. Hereafter we set v = 1 and use the
notation

Ui =Upy; and  s; =ty
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for i = 1, 2. Recall the Hazewinkel and the Quillen formulas:
n—1
v, = 20, — Z@kv%’:k €cQ®A=Qlh,4,...]
k=1

M) =S G2, €QOT =Q® Alty, ty,...], and

=0
S uae)= Y et cQalesl.
i+j=n i+j+k=n

Then a routine computation shows

LEMMA (2.4). The right unit ng: A — I'y, and the diagonal A: T, — '), ®4
I',, act on generators as follows:

Nr(y) = v, forn <m,
nrw1) = uy + 2sy,
nr(usg) = ug + 2s2  mod (vy),
A(s1)) =51®1+1® sy,
Alsg) =s9®@1+1®sy mod (v1).
3. The Adams-Novikov Es-term for 7.(LyC)

We begin introducing the cocycles of cobar complexes that represent gener-
ators gj1 and g .

LEMMA (3.1). The elements s? + u;s; for j = 1,2 are cocycles of the cobar
complex Q}mEm(2)*/(v1).

Proof. Since d(u;) = 2s; and d(s;) = 0,
d(s?+ujs;)=—2s;®s;+2s;®s; =0 mod (vy). a
LEMMA (3.2). There are elements

1
2uw; = Z(_D”*lﬁ(zu;lsj)" € Of, u; ' En(2)/(2% v1)
n>0

for j = 1,2 such that d(w;) = 0.

Proof. Note that 3°,_o(—=1)""*1(2u;'s))" = log(1 + 2u;'s;) = log(nr(u,))
—log(u;). Since

1
log(ng(y;))) = log(1 — (1 — ngu)) = — > —(1— )"

n>0
= Y -y = > -
n>0 n n>0 n
1
= (=) ~(1—u))") = nrlog(l — (1 - u))

n>0

= nr(log(u;)),
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we see that d(2w;) = d(log(1 + 2u;13j)) = dd(log(u;)) = 0. Therefore, d(w;) =
0 as desired. O

Note that u?kfle in O} E,(2)/(2%,v)) for each k£ > 0. Let
gn and u§k71§j0 € Ezl(LgT(m)/vl AM,})

denote the homology classes of the cocycles of Lemma (3.1) and u?kilw i, Te-

spectively, for each & > 0, where M, denotes the mod 2* Moore spectrum.
Consider the subalgebras

F = KM72(2)* = R/(2) = UQIZ/Z[UQ, MRS vm];
(3.3) FW=F [u%, ugn} , and
(n) — "
F"=F [uf } ,
and the submodules
2
No=PuiF" and
j=1
NO(L) = F(i+1) {u% ugiﬂ’ u%i u%Hl’ u%i ugl}
of the polynomial algebra K,,(2), = Flu1, us]. Then, as an F-module,
Kn(2). = (Fluil + Flug)) ® P N°G)

i>0
=Fo @ (No e NG),
i>0
ujKn(2), = u;Flu;l o @ N°G) and

i>0

(3.4)

s Kin(2). = G N°G)

i>0
for j = 1, 2. Under these notations, we rewrite (1.4) as follows:
(3.5) E;(LsD) = AN(g11, 821) © (Km(2)x @ A1 g, u284)) -
The factor K,,(2), ® Nu1819, U284¢) is decomposed into the direct sum
(3.6) Kn(2)s © 8101 Km(2)s) @ 8o0(u2Kin(2).) © 819820 (U1u2 Kin(2).).

We consider the connecting homomorphism 8: E§(LsC) — E5"'(LsD) on the
factor K,,(2). @ AN(u1810, U2890)- The behavior of 6 is read off from the following
lemma:

LEMMA (3.7). The connecting homomorphism 8 acts as an R-module map
on the elements of E9(L2C) as follows:

8(1/2)=0 and
S(u%isu%it/ZiH) = Su%isugtglo + tu%isu%itgm’

where s, t and i are non-negative integers.
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Proof. Note that ujfls j Tepresents ufg . The lemma follows then immedi-
ately from the relations d(u;) = 2s; and the binomial coefficient theorem. [J

PROPOSITION (3.8). The Adams-Novikov Es-term Eg(LsC) is isomorphic to
the module given in Theorem (1.6).

Proof. Put E* = Kn(2). © A1y 1)y B = R/2%) & By (Mli) & M)
and B' = @,., M'(i). By [5], Remark 3.11, it suffices to show that the sequence

2 & 2 8

(39) 0 EO BO BO El Bl Bl E2 0
is exact. In fact, B* ® A(g11, g&21) C E5(LoC) by Lemma (3.7), and the exact
sequence (3.9) induces a commutative diagram

(E* @ AY — (B* @ A’ — (B* @ A’ —>> (B* ® A)**!

L,

E3(LyD) —“— E§(LsC) —2—> E§(LsC) —2> E5*(LyD)

of exact sequences, where A = A(g11, g21). Then, the middle maps are isomor-
phisms by [5], Remark 3.11.
By (3.6) and (3.4),

E'=Fa @ (NoaNG),

i>0

2
= (Engoqu[uj]) o P (EU(;') @ ELC(i))

=1 i>0
=@ (Voo ) e EC0),
i>0
E?= @glogzoNo(i)’
i>0
where
EY () = FUTY {ul ud 1o 3 Ul Fops u%luggm} ,

i+

. . i+1__ —_ i i__
EMC@) = FHY {ul u% 8205 u% u% 810 u% u% gzo} , and
1 2 ;
N () — = 2" p(i+1)
N (@ = @gjouj F
j=1

Note that u;Flu;] = @, ?F(”D Each summand of E° fits in one of the
exact sequences

0—>F — F/(2°) 2~ F/(2%) — 0,

0 — N(i) — MG) —> M) —> N'(j) — 0, and
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0 —= NOG) —> M°G) —2> M°(G) —>> ELI(j) —= 0

by Lemma (3.7), and the direct sum of these shows the exact sequence

2 &

(3.10) 0 E° B B E! Dizo EXCG) — 0.

Lemma (3.7) also shows the exact sequence
0 —= ELC() —= M) —2= M) —> 810820 N°() —= 0
and the direct sum yields the exact sequence

2

(3.11) 0—> @5 EXC0) B! E? 0.

Bl

Splice the exact sequences (3.10) and (3.11) and we obtain the desired exact
sequence (3.9). O

Since the Adams-Novikov Ez-term E5(L2C) for s > 3 is trivial by Proposition
(3.8), every element of E5(LyC) for 0 < s < 3 is a permanent cycle in the
Adams-Novikov spectral sequence. For s = 0, we have

LEMMA (3.12). Every element of ES(LZC) is a permanent cycle in the Adams-
Novikov spectral sequence.

Proof. Let x/2' € EJ(LyC). Suppose that d3(x/2) = y/2/ # 0. If x/2i+! €
R/(2%), then there exist elements y;, = d3(x/2*) for k > i such that 2y, = y,_;
and 2y;.1 = y/2/ # 0, and so the y}’s generate a module isomorphic to R/(2>°)
in E3(LyC). This contradicts Proposition (3.8). So we may assume that x/2/+!
belongs to M (i) or M°(i). Then, d3(x/2") = y/2 # 0forl =i — j + 1. Since
x € EY(LsD) is a permanent cycle by Ravenel [8], the integer [ is greater than
one. Then, the element x/2/~! is a permanent cycle and survives to a homotopy
element [x/2!~1] such that «.([x/2'"']) = [y] € m.(LsD), where « is the map
in (1.3), and [z] denotes the homotopy element detected by an element z in
the Es-term. Since y € ES(LZD), there is an element 4 € {g;; : j = 1, 2,i =
0,1} such that yh # 0 € E5(LyD). Note that it detects [yh] # 0 € 7.(LgD).
By Proposition (3.8), we see that xh/2! ¢ El(LyC), which is a permanent
cycle since E5(LyC) = 0 for s > 3. This implies a contradiction: 0 # [yh] =
w([xh/2!71]) = Kk, 2.([xh/2']) = 0. We notice here that xgjy/2""1 € E(LyC)
since the cochain xs;/2""1 is a cocycle. O

LEMMA (3.13). In the Adams-Novikov spectral sequence, the extension prob-
lem as an R-module is trivial.

Proof. Let¢ € m.(LoC)be elements detected by x/2/ € E9 (LsC) = EJ(LsC).
It suffices to show that 2/¢ = 0. Indeed, the relation 2/(x/2/) = 0 in the Es-
term gives that of the homotopy. Since x € EJ(LyD) is a permanent cycle (cf:
[8]) and 2/71¢ is detected by x/2, 2/~1¢ is in the image of the induced map
t.: m(LeD) — m,(LoC) from the map in (1.3). It follows that 2/(1,([x])) =
1.([2x]) = 0 as desired. O
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