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ON POSITIVE INTEGERS n SUCH THAT ¢(1)+ ¢2)+--- + ¢(n) IS A
SQUARE

FLORIAN LUCA AND AYYADURAI SANKARANARAYANAN

ABSTRACT. In this paper, we show that the set of positive integers n such that
the sum of the first n values of the Euler function is a square is of asymptotic
density zero.

1. Introduction

Let ¢(n) be the Euler function. Let

an= Y ¢(m)

1<m<n
and consider the set S = {n : a,, is a perfect square}. One checks that
S =1{1, 3, 14, 32, 54, 1458, 3765, 5343, 10342, 57918, 72432, 134072, ... }.

We conjecture that S is infinite but we do not know how to prove this. In this
note, we show that S is of asymptotic density zero. For a set A of positive
integers and a real number x we put A(x) = A N[1, x]. We then have the
following result.

THEOREM (1.1). The estimate #S(x) < cox/(log x)°°% holds for all x > 2
with some positive constant cy.

A result with a similar flavor was proved in [2], where it was shown that
the set of n such that the sum of the first n primes is a square is of asymptotic
density zero. In what follows, we use the Landau symbols O and o as well as
the Vinogradov symbols <« and >>> with their usual meaning. Recall that for
positive functions f(x) and g(x) the notations f(x) = O(g(x)), f(x) < g(x) and
g(x) > f(x) are all equivalent to the fact that f(x) < Kg(x) holds for some
constant K and for all sufficiently large x, while f(x) = o(g(x)) means that
f(x)/g(x) — 0 as x — co. We use p and ¢ with or without subscripts to denote
prime numbers.

2. Proof of the Theorem

Let x be a large positive real number and consider the set of n € S(x). We
also assume that our number n, if it exists, exceeds x/ log x, since there are at
most O(x/ log x) positive integers n failing this condition. Let ¢ > 0 be some
small number to be fixed later. We now discard some integers.

2000 Mathematics Subject Classification: Primary 11 A25; Secondary 11 N37.
Keywords and phrases: Euler function, sieve methods.
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Let P(n) be the largest prime factor of n. Put y = exp(log x/ log log x) and
So={n<x:Pn) <y}.

From known results concerning smooth numbers (see, for example, Section
I11.5.4 in [3]), we have that

log x
logy”

#So = W(x, y) < xexp(—u/2), whereu =

Since for us u = log log x, we get that

X
(2.1) #S) < m,

where a9 = 1/2.
Let w(n) be the number of distinct prime factors of n. Let
S1={n<x:0n)loglogx &[1—¢,2]}.

It follows easily from the well-known Hardy-Ramanujan inequalities (see [1])
that

2
(2.2) 4, < Xoglogx)”
(log x)™
where
(2.3) a1 =min{l — (1 - ¢e)log (¢/(1—¢)),1—2log (e/2)}.

We shall choose € > 0 small enough so that «; =1 — (1 — ¢)log(e/(1 — ¢)).

Let P; = {p: p =1 (mod 2°)}. Clearly, P; is the set of all primes except 2.
For i € {2, 3,4, 5} we put w;(n) for the number of distinct prime factors of n in
P; and we define

Si={n<x:win) <27V —¢)loglogx}.
We show that
w(loglog x)°
(log x)®
where a; = 2_(i_1)(1 — (1 — 8) ].Og(e/(]. - 8))) Indeed7 fixie {21 3’ 4’ 5} Assume

that n € S;\(Sp U S1) and write n = Pm, where P = P(n). Fix m. Then the
number of n < x with this property is

#S;, <«

>

<7T(£> < x < x  xloglogx
- \m mlog(x/m) ~ mlogy  mlogx ’

where we used the fact that x/m > P(n) > y because n ¢ Sy. Since n € S§;\S1,
it follows that m = a;b;, where a;, b; are coprime, a; has k; < K;, where
K; = |27 (1 — &)loglog x|, prime factors all congruent to 1 modulo 2/, and
b;has/; < L = |2log log x| prime factors none of them congruent to 1 (mod 2).
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Fixing k; and ¢;, we get that the number of » in this category is

x(loglog x) 1 1
D
10g * a;<x i b<x bi
w(a;)=w;(a;)=Fk; w(b;)=t;, w;(b;)=0
ki /z
= logx E 4!
p<x t>1 p<x t>1
PEP; PEP;
- xloglogx (e2-“Vloglogx + O(1) el — 2-=D)Jog log x + O(1)\
log x k; t; ’

where we used Stirling’s inequality k! > (k/e)*, and the known fact that if a
and b are fixed coprime positive integers then the estimate

1 loglogz
= = 0,(1
pz@ - &) + Op(D)

p=a (mod b)
holds for all z > 2 with a = 1, b = 2!. Since the pair (k;, ;) can be chosen in at
most K;L = O((log log x)?) ways, we get that

x(log log x)? 2-G-Deloglog x + O(1)\ "
=27 max
log x k<K ki

(e(l —27=Dy]oglog x + O(l)>gi
X max
G<L ¢
It is well known that if A is fixed, then the function

t— (eA/t)

is increasing for ¢ < A and decreasing for ¢ > A. Its maximum is at = A and
equals e4. For us, k; < K; < 2-% Dloglog x, therefore

#S, <«

x(loglog x)® /2= Veloglogx + O(1)\ ——1)
#S5 < Tog x K, exp ((1 -2 )log log x)
x(log log x)®
(log x)«i
with the desired exponent «;. Thus,
5
x(log log x)*

(24) # L:J SL < W .

We now choose K = [(log x)?|, where B8 € (0, a5) will be determined later,
and let Sg be the set of n € S such thatn +1 € U?ZOSJ forsome:=1,..., K.
By estimate (2.4), we get that

Kx(loglog x)3 - x(log log x)?

(2.5) #S6 < Tog 0~ (ognyf °
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We now order all elements of S\ (U?:o Sj) asx/logx <ny<ng<---<np<

x, and we denote by S7 the subset formed by the n;’s such that n;.; — n; > K.
Clearly,

(2.6) # < 2 < X

(log x)B
We let Sg be the set of remaining numbers in S. To estimate their number, let
one of such numbers be n. Thenn € Sandn+ k € Sforsome k € {1,..., K}.

We fix the number & < K. Write a, = B? and a,, = C?. By an estimate of
Walfisz (see [4]), we have that

(2.7) > m) = 7T2 + O(T(log T)*3(log log T)*/3)
m<T

holds for all T', therefore

=a,= Y dim)= —n + O(n(log n)**(log log n)*/?),

m<n

so that

53", (1 Ty ((1%’x>2/3(lo;,flogac)“/3)>1/2
B n
31/2
=——n + O((log x)?/3 log log x)*/3)..

Let M = c(log x)?/3(log log x)*/® be an upper bound for the above error, where
¢ is some absolute positive constant. Then
B=|mn|+m
for some integer m; € [—M, M1, where we put r = 3271, Similarly,
C=|rln+ k)| +ma,

for some other integer mgy € [—M, M]. We now fix m1, my. Then
28 ¢n+1D+---+d(n+k) =ay.,—a,=C>—-B2=(C—-B)XC+B).
Note that

C—B=|r(n+ k)| — |n| +mg—my = |7k] + mg — mq1+ 39,
where 6 € {0, 1}. Fix also 6. Then C — Biis fixed,andsoC+ B =2B+C —B =
2|tn] + D, where D = my + mg + |7k] + 8 is also fixed. Since n + j ¢ U?:o S;

it follows that w;(n + j) > 2-¢"D(1 — ¢)loglog x holds for all i = 1,2, 3,4, 5,
therefore

b+ 10> 3 i) > (1 eXloglog ) Z > 2201 o)loglog,

i=1

2l

where for a positive integer s we put vy(s) for the exact exponent at which 2
appears in the prime factorization of s. Thus, putting « = |(31/16)(log 2)(1 —
e)loglog x|, we get that 2* divides the left hand side of equation (2.8). Note
that

2% > (log x)31/101-2)log2 (1o x)*/3(log log x)%/3 > C2
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once ¢ is sufficiently small because (31log2)/16 > 4/3. Write C — B = 2'E,
where v < u/2 and E is odd. Assuming that 8 < 2/3, we also get that D =
|7k + m1 + mg +8 < 3C + 1 < (log x)*3(log log x) = 0(2*7?) as x tends to
infinity. Now equation (2.8) gives that

2“7 | |2mn| + D,
therefore
(2.9) |tTn] =2*"A+ D,

must hold for some positive integer A. For a fixed D, the number of values of
the right hand side is <« x/2*7". Since 7 > 1/2, it follows that, given m, the
equation |7n| = m has at most two solutions n. Thus, when &, m1, mo, §, v are
fixed, equation (2.9) shows that the number of solutions for n is
x
<2( = S
It remains to sum up over the number of choices. We note that mi, mg, 8 and
k determine v. We find it easier to count when we first fix v. Then % can be
fixed in at most K ways, m1 can be fixed in at most 2M ways, and 6 in at most
2 ways. Once these parameters are fixed, then C — B = |7k] + mg — m;1 + 8
is a translation of mo, where my € [—M, M]. Thus, in order for C — B to be
divisible by 2V, the parameter mg can be fixed in only 2(M/2" + 1) < 4M/2V
ways. Since now v < u, we get that the totality of such values for n is

xKM?u < x(log log x)11/3
2u (log x)

where y = (31/16)(log 2)(1 — &) — 4/3 — B. It remains to optimize between
estimates (2.5), (2.6) and (2.10), which leads to B = a5/2 and

3llog2 4 3 e
1-9) 16 —3_32<1—(1—s)log<1_8>>,

whose solution is ¢ = .0067063..., for which 8 = a5/2 = .000316476... .
Since (log log x)'/3 = (log x)°V, we get that indeed

+1) <

(2.10) #Ss <

X

which is what we wanted to prove.

3. Comments and Remarks

As we mentioned in the Introduction, we conjecture that S is an infinite set.
Here we give some heuristic in support of this conjecture. The expectation that
a random integer of size n is a square is 1/n'/2. Assuming that a, behaves
like a random integer of its size, it would follow, via estimate (2.7), that the
expectation that it is a square is about (=1 + 0(1))/n. Since

>t o(l))% = (" +o0(1)logx

n<x

as x — oo, we expect that S is infinite and, in fact, that #S(x) > log x.
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Note that while our theorem shows that S is of asymptotic density zero, the
estimate given there on #S(x) is too weak to allow us to decide whether the

series
>
nes n
is convergent. We leave this as a challenge to the reader.
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PROBABLE PRIME TESTS FOR GENERALIZED MERSENNE
NUMBERS

R. S. MELHAM

ABSTRACT. The classical Lucas-Lehmer test gives necessary and sufficient
conditions for the primality of 2 — 1, p an odd prime. Such primes are called
Mersenne primes. Here, taking b > 2 and a > 3 to be integers, and p to be an
odd prime, we give probable prime tests for (b +1)/(b+1) and (e” —1)/(a —1)
that are analogous to the classical Lucas-Lehmer test.

1. Introduction

The celebrated Lucas-Lehmer test gives necessary and sufficient conditions
for the primality of 2° — 1, where p is an odd prime. Define

b? +1 a? -1
R and M(p,a) = P

N(p, b) =

in which b > 2 and @ > 3 are integers, and p is an odd prime. In this paper
we construct probable prime tests for the numbers N(p, b) and M(p, a) that
are analogous to the classical Lucas-Lehmer test. Our motivation arose from a
perceived gap in the literature, since the classical Lucas-Lehmer test applies to
the numbers M(p, 2). For example, we have proved the following two theorems.
They are special cases of Theorem (3.7) and Theorem (4.2), respectively.

THEOREM (1.1). Define Ry = 76 and R,,1 = R?l + 3R, forn>0. Let p > 3
be prime and suppose N(p, 3) is prime. Then

R, 1 —76=0 mod N(p,3)if p=1 mod4;

e R, 1+ 1364 = 0mod N(p, 3) if p = 3mod 4.

THEOREM (1.2). Define Sy = 198and S, 1 = S6—6S%4-9S2—2forn > 0. Let
p > 3 be prime and suppose M(p, 6) is prime. Then S,_1+ 34 = 0mod M(p, 6).

In Section 2 we consider N(p, b) with b even, while in Section 3 we consider
N(p, b) with b odd. In Section 4 we consider the numbers M(p, a), and in
Section 5 we discuss the results obtained when our tests were used to search
for probable primes of the relevant types. Finally, in Section 6 we indicate
some possible directions for future research.

2000 Mathematics Subject Classification: 11Y11, 11A41, 11A51.
Keywords and phrases: Lucas-Lehmer test, Mersenne primes, new Mersenne conjecture, prob-
able prime.
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2. The case of N(p, b) with b even

Throughout this section we assume that b = 2¢, where c is a positive integer.
Leta=1++v2andB=1—+v2sothata+B=2,a8=—1,and a — B = 2V2.
Define two sequences of integers {U,} and {V,,}, for all integers n, by
a® — Bn

a—B"’°

We require the following, in which % and n > 0 are integers, and g is an odd
prime.

U, = and V, =a" + B".

(2.1) Vii=-V,+4U;.
(2.2) Vi1 = Vi +4U,.
(2.3) Vig =V, modgq, k> 1.
(2.4) Uiy = (8/q)Us, = (2/q)Uj, modg, k> 1.
- - 2¢ (¢ i\
(2.5) Vin = Vaen = ;(—1)Mm< o >V3l, n even.

Identities (2.1) and (2.2) follow from the definitions of U,, and V,,, while (2.3)
and (2.4) are specific instances of such properties for Lucas sequences. For
formulations more general than (2.3) and (2.4) see, for example, [5]. Identity
(2.5) can be proved in the same manner as Theorem 5 in [6], which states that
for the Lucas sequence L,,

c .
y 2¢ (c+1 ;
— } : (n+1)(c+i) 2i
Lch— izo(—l) ¢ CH( 9; )Ln, n,c> 1.
We also require the following lemma.

LEMMA (2.6). Let p > 3 be prime and suppose N(p, b) is prime. If b = 0 or
6mod 8 then (2/N(p, b)) = 1. If b = 2 or 4mod 8 then (2/N(p, b)) = —1.

Proof. 1t is convenient to write
2.7 Npb)=b""1—bP2 4 4+ b2-b+1.

Since b is even we see from (2.7) that N(p, b) = b2 — b + 1 mod 8. Hence,
if 5 = Omod 8, then N(p,b) = 1mod 8, and if b6 = 6mod 8, then N(p, b) =
7mod 8. In either case, (2 /N(p, b)) = 1. The remainder of the proof follows
similarly. O

Define the sequence {S,}={S}, n > 0, by
S() = Vb == VZC:

Spi1 = (a2 (et S%, n>0
n+l — Z(— ) m 92; ny = U,
i=0

We can now state the main result of this section.
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THEOREM (2.8). Let p > 3 be prime and suppose N(p, b) is prime. Then
©S,_1—Vy=0mod N(p,b)if b= 0 or 6mod8;
©S,_1+ Vpo =0mod N(p, b) if b =2 or 4mod 8.

Proof. From (2.1)-(2.4) and Lemma (2.6),

Voronpo-1=Ve = —Veiones +4Usines
~Vpi1+4(2/N(p, b)) Up,1 mod N(p, b)
_ { ~Vii1 +4U,, 1 mod N(p,b), if b= 0 or 6mod8

—Vipi1 —4Up, 1 mod N(p,b), ifb=2or4mod8

_ V, mod N(p, b), if b= 0or 6mod8
- —Viyomod N(p, b), ifb=2o0r4mod8 -

By (2.5) the sequences {Vj:},n > 1, and {S,},n > 0, satisfy the same
recurrence. Since Sy = V,, it follows by induction that S,, = V.1, n > 0, and
this completes the proof of Theorem (2.8). O

3. The Case of N(p, b) with b odd

Throughout this section we assume that b = 2¢ + 1, where c is a positive
integer. We require two additional sequences. To this end, let y = 2 + /5 and
8=2—+bsothaty+6=4,y5 = —1,and y— 6 = 2V/5. Define the two integer
sequences {W,} and {X,}, for all integers n, by

n_ §n
Wn:y , and X, =" +5".
y—20
The terms W, and X, satisfy identities that parallel (2.1)-(2.5). With the
same assumptions on %, n, and g we have

3.1 X, 1 =-2X;, +10W,.

3.2) X1 =2X, + 10W,,.

(3.3) Xjpg=Xpmodg, £>1.

(3.4) Wiy = (20/q)W,, = (5/q)W, mod q, ¢ #5, k> 1.
_ = 20+ 1 fetit 1\ Lo

The same comments apply to (3.1)-(3.4) as for their counterparts in Section
2, and (3.5) can be proved in the same manner as Theorem 6 in [6], which
states that for the Lucas sequence L,,

c

N 2c+1 fe+i+1 ;
L _ § : _ 1)+ De+D i ) L2+1 >0.
(et i:O( ) crit1\ 2041 ) > BE=

LEMMA (3.6). Let p > 3 be prime and suppose N(p, b) is prime.
e Suppose b =0 or 1mod 5. Then (5/N(p, b)) = 1.

e Suppose b = 2 or 3mod5. If p = 1mod 4 then (5/N(p,b)) =1 Ifp =
3mod 4 then (5/N(p, b)) = —1.
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e Suppose b =4mod5. If p=1or 4mod5 then (5/N(p,b)) = 1. If p=2or
3mod5 then (5/N(p, b)) = —1.

Proof. The proof of the first case of Lemma (3.6) is trivial and is left for
the reader. Suppose b6 = 2 or 3mod5. If p = 1mod4, we see from (2.7)
that N(p, b) = 1mod(b? + 1). This implies that N(p, 56) = 1mod 5, and the
result follows from the quadratic reciprocity law. Similarly, if p = 3mod 4,
N(p, b) = b2 — b + 1mod(b? + 1), which implies that N(p, b) = 2 or 3mod 5.
Once again, the result follows from the quadratic reciprocity law.

Next, suppose b = 4mod 5. If p = 1 mod 5, we see from (2.7) that N(p, b) =
1mod(d* — b3 + b2 — b + 1). This implies that N(p, b) = 1 mod 5, and by the
quadratic reciprocity law, (5 /N(p, b)) = 1. Similarly, if p = 4 mod 5 it follows
that N(p, b) = —b% + b2 — b + 1 mod(b* — b3 + b? — b + 1), which implies that
N(p,b) = 4mod5. Once again, (5/N(p, b)) = 1. The remainder of the proof
follows similarly. O

Define the sequence {R,}={R\®}, n > 0, by
RO = Xb = X20+1;

c

Ry — Z 2c+1 (C—H—'—I)Rﬁ”l,n>0.

i:00+i+1 2i+1

Next we state two cases that are required for the statement of the main

result of this section. These cases are drawn from the conditions in Lemma
(3.6) and, accordingly, we take p > 3 to be prime.

CASE(1). b=00r 1mod5, or b = 20r 3mod5 and p = 1mod4, or b = 4
mod 5 and p =1 or 4mod 5.

CASE (2). b = 2 or 3mod5 and p = 3mod4, or b = 4mod5 and p = 2 or
3 mod 5.

We then have the following theorem.

THEOREM (3.7). Let p > 3 be prime and suppose N(p, b) is prime. Then
e R, 1 — X; = 0mod N(p, b) if Case (1) holds;
e R, 1+ Xp,9 = 0mod N(p, b) if Case (2) holds.

Proof. From (3.1)-(3.4) and Lemma (3.6),
XoroNpo-1=Xow = —2Xp0)Npp + 10We )N ps)

~2X,,1 + 10 (5/N(p, b)) Wy,; mod N(p, b)

_ —2X4y.1+ 10Wy, ; mod N(p, b), for Case (1)
- —2X4y.1 — 10Wy,y mod N(p, b), for Case (2)

_ Xpymod N(p, b), for Case (1)
o —Xpomod N(p, b), for Case (2) -

By (3.5) the sequences {X;:}, n > 1, and {R,,}, n > 0, satisfy the same recur-
rence. Since Ry = X, it follows by induction that R, = X;..1, n > 0, and this
completes the proof of Theorem (3.7). O



PROBABLE PRIME TESTS FOR GENERALIZED MERSENNE NUMBERS 11

Theorem (1.1) is a special case of Theorem (3.7) in which b = 2c¢+1 = 3. The
cubic recurrence in Theorem (1.1) is therefore obtained from the recurrence for
{R,} by taking ¢ = 1.

4. The Case of M(p, a)

In this section we treat the numbers M(p, a). The sequences {V,} and
{X,} are the same as those used previously. In order to highlight analogies
with the results involving N(p, b), we take the sequences {S,} = {S\”}, and
{R,} = {Rﬁf)} to be generated by the same recurrences given earlier. Here,
however, their initial terms are taken to be So = V,, = V., when a is even, and
Ry = X4 = X911, when a is odd. We state our results without proof since the
proofs are entirely analogous to those given previously.

Firstlet a > 2 be even. Then Lemma (4.1) and Theorem (4.2) are analogous
to Lemma (2.6) and Theorem (2.8), respectively.

LEMMA (4.1). Let p > 3 be prime and suppose M(p, a) is prime. If a = 0 or
2mod 8 then (2/M(p, a)) = 1. If a = 4 or 6mod 8 then (2/M(p, a)) = —1.

THEOREM (4.2). Let p > 3 be prime and suppose M(p, a) is prime. Then
eS,_1—V,=0mod M(p,a)ifa=0or2mod8
¢S, 1+ Vs 2=0mod M(p,a)ifa =4or6mod8.

Theorem (1.2) is a special case of Theorem (4.2) in which a = 2¢ = 6. The
recurrence in Theorem (1.2) is therefore obtained from the recurrence for {S, }
by taking ¢ = 3.

Next let @ > 3 be odd. Then Lemma (4.3) and Theorem (4.4) are analogous
to Lemma (3.6) and Theorem (3.7), respectively.

LEMMA (4.3). Let p > 3 be prime and suppose M(p, a) is prime.

e Suppose a = 0 or 4mod 5. Then (5/M(p, a)) = 1.

e Suppose a = 2 or 3mod5. If p = 1mod4 then (5/M(p,a)) = 1. If
p = 3mod4 then (5/M(p,a)) = —1.

e Suppose a = 1mod 5. If p = 1 or 4mod5 then (5/M(p,a)) =1 If p = 2
or 3mod 5 then (5/M(p, a)) = —1.

For the statement of the next theorem, we require the following two cases
which are drawn from Lemma (4.3).

CASE (3). a = 0 or 4mod5, or a = 2 0r 3 mod 5 and p = 1mod4, or
a=1mod5and p=1or 4mod>5.

CASE (4). a = 2o0or 3mod5 and p = 3mod4, or a = 1mod5 and p = 2 or
3mod 5.

Recalling that a is taken to be odd, we then have

THEOREM (4.4). Let p > 3 be prime and suppose M(p, a) is prime. Then
o R, 1 — X, =0mod M(p, a) if Case (3) holds;
o R, 1+ X, o =0mod M(p, a) if Case (4) holds.
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5. Results of Some Testing

The following theorem, which is an instance of Theorem (2.8), is worthy of
special mention. It was discovered independently by the present author and
Richard McIntosh.

THEOREM (5.1). Define Sy = 6 and S,.1 = S2 —2forn > 0. Let p > 3 be
prime and suppose N(p, 2) is prime. Then S,_1 + 34 = 0mod N(p, 2).

Here the testing sequence is generated by the same recurrence used in the
classical Lucas-Lehmer test. Furthermore, the test described in Theorem (5.1)
is independent of Fermat tests (see Section 6). Our interest in the numbers
N(p, 2) was aroused when we became aware of a conjecture (the New Mersenne
Conjecture) of Bateman, Selfridge, and Wagstaff, Jr. [2], that linked these
numbers with the Mersenne primes. Although Theorem (5.1) is a composite-
ness test, we decided to test its performance in detecting the primes/probable
primes N(p, 2). In particular, we were interested to see if it turned up any
false positives. We applied it to all odd primes p < 100000, and detected only
the 32 known values of p < 100000 for which N, is prime/probably prime. We
then applied it to each of the 7 known values of p > 100000 for which N, is
prime/probably prime, and it detected each of these as well. For a list of the
known primes/probable primes N(p, 2), see [4].

We also tested the theorems corresponding to b =3, 5, 6, 7, 9, 10, 11, and 12
(of course only p = 3 produces a prime when b =4, and no primes arise when
b =8). Our results are summarized in Table (1). Similar testing of M(p, a) for
a =3,5,6,7,10, 11, and 12, produced the outcomes summarized in Table (2).

In Table (1), except for b = 3, our limits for p (right column), at the time of
writing, were higher than those that we could find in the available literature.
For example, see [3], [4], and [7]. This resulted in one more outcome for each
of b =5,9, 11, and 12, and two more outcomes for b = 6. In Table (2) our limits
for p were higher for a = 6, 7, 11, and 12. This resulted in extra outcomes for
a =7, and 12. Each of the extra outcomes in Tables (1) and (2) passed a strong
Fermat probable prime test with 20 random bases, and it is to this extent that
our tests have produced no false positives.

6. Final Comments and Future Directions

When used to search for probable primes of the relevant types, our tests
become slower as a and b become larger. Therefore, except for small ¢ and b,
they would not prove practical in conducting such searches.

To obtain the results in Tables (1) and (2) we programmed our tests in Math-
ematica 5.1 and used a laboratory of Intel Pentium4 3.0GHz based personal
computers over several months. For curiosity, we took a selection of cases from
Tables (1) and (2) and compared the speed of our tests with the speed of Mathe-
matica’s PrimeQ test. The current version of PrimeQ first tests for divisibility
using small primes, then uses the Miller-Rabin strong pseudoprime test base
2 and base 3, and then uses a Lucas test.

From Table (1) we selected the numbers N(3,26633), N(5,30133), N(6,
38447), N(7,18251), N(9, 3803), N(10, 3011), N(11, 6113), and N(12, 11353).
For each of these numbers we give, in the form of an ordered pair, the time (in
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Table |
base b | value of p that yields primes/probable primes N(p, b) | p <
3 3,5,7,13,23,43, 281, 359, 487,577, 1579, 1663, 1741, | 50000
3191, 9209, 11257, 12743, 13093, 17027, 26633
5 5,67, 101, 103, 229, 347, 4013, 23297, 30133 40000
6 3,11, 31, 43,47, 59, 107, 811, 2819, 4817, 9601, 33581, | 40000
38447
7 3,17, 23, 29,47, 61, 1619, 18251 40000
9 3,59, 223, 547, 773, 1009, 1823, 3803 30000
10 |5,7,19,31,53,67,293,641, 2137, 3011 30000
11 | 5,7,179, 229, 439, 557, 6113 20000
12 | 5,11,109, 193, 1483, 11353 20000
Table 2

base a | value of p that yields primes/probable primes M(p,a) | p<

3 3,7,13,71,103,541, 1091, 1367, 1627, 4177, 9011, 9551, | 50000
36913, 43063, 49681
5 3,7,11,13,47,127, 149, 181, 619, 929, 3407, 10949, 40000
13241, 13873, 16519
6 3,7,29,71,127,271, 509, 1049, 6389, 6883, 10613, 19889 | 40000

7 5,13, 131, 149, 1699, 14221, 35201 40000
10 19, 23, 317, 1031 30000
11 17,19, 73, 139, 907, 1907, 2029, 4801, 5153, 10867 20000
12 3,5,19,97,109, 317, 353, 701, 9739, 14951 20000

seconds) taken by our relevant test (first element), and Mathematica’s PrimeQ
test (second element), to verify probable primality. The times were (452, 789),
(2540, 3111), (6391, 7606), (1632, 1385), (54, 30), (32, 21), (327, 146), and (1429,
774), respectively. For the seven numbers M(p, a) corresponding to the primes
in similar positions in Table (2) the times were (1655, 3495), (508, 666), (1124,
1395), (8850, 7432), (2, 1), (1408, 639), and (2761, 1561), respectively.

In Sections 2 and 3 our tests are independent of Fermat tests precisely when
(2/N(p, b)) = —1 and (5/N(p, b)) = —1, respectively. The situation is similar
for the tests in Section 4. This observation was made in [1], p 1401; in relation
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to the types of Lucas tests described there. Therefore, we have achieved inde-
pendence from Fermat tests about half the time. In these instances, even for
larger a and b, our tests could prove useful when used alongside other probable
prime tests to verify probable primality.

Our objective has been achieved with the use of only two pairs of Lucas
sequences, and independence from Fermat tests occurs about half the time.
We pose the following questions. Can our objective be achieved with a finite
number of pairs of Lucas sequences, and in a manner where independence
from Fermat tests occurs all the time? If so, what is the minimum number of
such pairs?

Other avenues of research could involve estimates of the probability of error,
and comparisons between the speed of these tests and the speed of the standard
Lucas tests. Finally, we have made no progress in proving that any of our tests
are deterministic, and so there remains this possibility.
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A CHARACTERIZATION OF K-ANALYTICITY OF GROUPS OF
CONTINUOUS HOMOMORPHISMS

JERZY KAKOL, ELENA MARTIN-PEINADOR, AND SANTIAGO MOLL

ABSTRACT. For an abelian locally compact group X let X, be the group of
continuous homomorphisms from X into the unit circle T of the complex
plane endowed with the pointwise convergence topology. It is proved that
X is metrizable iff X is K-analytic iff X endowed with its Bohr topology
o(X, X) has countable tightness. Using this result, we establish a large
class of topological groups with countable tightness which are not sequential,
so neither Fréchet-Urysohn.

1. Introduction

For abelian topological groups X and Y we denote by Hom,(X,Y) and
Hom,.(X, Y) the set Hom(X, Y) of all continuous homomorphisms from X into
Y endowed with the pointwise and compact-open topology, respectively. Set
X Iﬁ =: Hom,(X, T), X =: Hom.(X, T), where T denotes the unit circle of
the complex plane. For every x € X the function x": X* — T, defined
by x(f) = f(x) for f € X", is a continuous homomorphism on X/ and
{x" : x € X} c (X})". By Pontryagin-van Kampen’s Theorem (see [10],
Theorem 24.8), if X is a locally compact abelian group, the mapping a: x — x"
is a topological isomorphism between X and (X)?. If X is an abelian locally
compact group, X/ is also locally compact and abelian, and by Peter-Weyl-van
Kampen’s Theorem X/ is dual separating, i.e. for different x, y € X, there ex-
ists f € X’ such that f(x) # f(y), see [14], Theorem 21. For an abelian group
X the set of all homomorphisms from X into T endowed with the pointwise
convergence topology is a compact abelian group, as it is a closed subgroup of
the product TX, see [11], Proposition 1.16. For a metrizable abelian topological
group X the group X is always an abelian complete Hausdorff hemicompact
group which is also a k-space, see [1], Corollary 4.7 and [5].

The main result of this paper is the following theorem:

THEOREM (1.1). Let X be a locally compact abelian group. The following
assertions are equivalent: (1) X is metrizable. (2) X Q is o-compact. (3) X Q
is K-analytic. (4) (X, o(X, X)) has countable tightness. Moreover, if X is

2000 Mathematics Subject Classification: Primary 22A05, 43A40, 54H11.

Keywords and phrases: Locally compact groups, compact groups, angelic spaces, Lindelof
spaces.
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Lindeléf, then each of the above conditions is equivalent to (5) X' is metric
complete and separable.

We believe this theorem is interesting since it relates two different fields of
research. It was motivated by several similar results concerning the spaces
C,(X) of all continuous real-valued functions on a completely regular space X
endowed with the pointwise convergence topology. (Calbrix [4], Theorem 2.3.1)
showed that if for a Tychonoff space X the space C,,(X) is analytic, then X must
be o-compact and analytic (cf. also [7], Theorem 3.7). If X is locally compact,
then X is a polish space iff C\,(X) is analytic, [13], Corollary 5.7.6. In [9] Corson
proved that a locally compact topological group X is metrizable iff the Banach
space Cy(X) of continuous, complex valued functions which vanish at infinity
is weakly Lindeléf. On the other hand, C,(X) is Lindeldf provided X is second
countable. The converse fails in general but very recently we have shown [12]
that for a locally compact topological group X the space C,(X) is Lindelof iff
X is metrizable and o-compact; in particular, C,(X) is Lindelof iff X is second
countable. Recall that a (Hausdorff) topological space X is said to be K-analytic
[16] if there is an upper semi-continuous set-valued map from the polish space
NY with compact values in X whose union is X. Notice that analytic = K-
analytic = Lindelof. A topological space X is said to have countable tightness
if for each set A ¢ X and any x € A (the closure of A) there exists a countable
subset B C A whose closure contains x. For a topological abelian group X the
coarsest group topology on X for which all elements of X" are continuous is
called the Bohr topology; we denote this topology by (X, X"). A topological
space X is said to be hemicompact if X is covered by a fundamental sequence
of compact sets, i.e. there is a sequence (K, ), of compact subsets of X such
that each compact set in X is contained in some K,. Finally by R and C we
denote the sets of real and complex numbers, respectively.

2. Proof of the Theorem
The proof of the theorem is derived from the following facts:
Fact (1). A locally compact Lindelof topological group X is hemicompact.

Proof. Take an open neighbourhood of the neutral element U whose closure
U is compact. Since X = J,.x xU and X is Lindeldf, there exists a sequence
(%,)n such that X =, x,U. Set K,, := U, x;U. Then (K,,), is a fundamental
sequence of compact subsets of X, so X is hemicompact. O

Fact (2). If X is a metrizable abelian group, X[ is a hemicompact k-space.

Proof. Let (U,),cn be a decreasing basis of neighbourhoods of zero in X.
Then UY = {¢ € X/ : $(U,) C T} is compact in the compact-open topology,
where T, := {z € C : |zl = 1,Rez > 0}. But X" = |J,U>. In fact, if
¢ € X, then ¢—X(T,) is a neighbourhood of zero, so there exists m € N
such that U,, € ¢ XT,). Therefore ¢ € UL. If K is a compact set in X7,
then K* C (X" is a neighbourhood of zero. The canonical mapping « is
continuous, therefore a }(K>) = {x € X : Re ¢(x) > 0,V € K} =: K7, is
a neighborhood of zero in X. Thus, K< D U, for some m € N, and we have
K C KT CUL.
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The proof of the fact that X/ is a k-space is harder. It was given indepen-
dently in [1], Corollary 4.7 and [5]. O

Fact (3) (See [1], Proposition 2.8). If a topological abelian group X is hemi-
compact, then X/ is metrizable.

FAcT (4). Let X be a Tychonoff space and assume that Cp(X, R) has countable
tightness. Then Cn(X,Y) also has countable tightness for any metric space
&, d).

Proof. Let A C Cp(X,Y) and assume that f € A (the closure in C,(X,Y)).
Define a continuous map T': C,(X,Y) — Cp(X, R) by T(g)(x) := d(g(x), f(x)),
where g € Cp(X,Y) and x € X. Note that 0 = T(f) € T(A) c T(A). By
assumption there exists a countable subset B C A such that T(f) € T(B);

hence, as easily seen from the definition of the pointwise convergence topology
inC(X,R)andin C(X,Y), f € B. O

Proof of the Theorem. (1) = (2): By Fact (2) the group X/ is hemicompact.
So X} is o-compact.

(2) = (3): If (By), is an increasing sequence of compact sets covering X 9’
set T(a) := By, for a = (n;,) € NV, It is clear that T is upper semi-continuous,
with compact values which cover X ﬁ.

(3) = (4): Since X, is K-analytic, then any finite product (X},)" is Lindelof.
By [2], Theorem II.1.1, the space Cp,(X 9, R) has countable tightness. Now Fact
(4) applies to deduce that the space C,(X), C) also has countable tightness.
Therefore (X, o(X, X)) (as a subspace of Cp(X ;)\, ©)) has countable tightness.

(4) = (1): Since X is a locally compact group, there exist a compact subgroup
G of X, n € NU{0}, and a discrete subset D C X such that X is homeomorphic
to the product R* x D x G, see [8], Theorem 1, Remark(ii). Therefore the
induced topology (X, X")|G coincides with the original one of G. Hence G
has countable tightness. Since a compact group with countable tightness is
metrizable, (see e.g. [12], Theorem 2); so X is metrizable as well.

For the last statement observe that under the assumption that X is metriz-
able and Lindel6f, Facts (1) and (3) apply to deduce that X/ is a separable
metric space. It is complete since the dual group of a locally compact abelian
group is also locally compact. The result follows now from the fact that X, is
the continuous image of X/' under the identity mapping. a

Recall that a topological space is sequential if every sequentially closed
subset of X is closed. In [6], Theorem 2.1, it was shown that for a metrizable
topological group X the dual group X, is Fréchet-Urysohn iff X' is locally
compact and metrizable. This result provides a large class of complete strictly
angelic hemicompact sequential non Fréchet-Urysohn groups [6], Theorem 2.3.
We supplement this result by the following

COROLLARY (2.1). If X is a metrizable locally compact non-compact abelian
group, then the group (X, o(X, X)) has countable tightness but it is not se-
quential, nor Fréchet-Urysohn.

Proof. From Glicksberg’s Theorem it follows that (X, o(X, X")) has the same
compact subsets as X. Since X is metrizable, it is already a k-space, and X
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does not admit a weaker k-space topology with the same compact subsets.
Therefore (X, o(X, X")) is not a k-space, and in particular it is not sequential
neither Fréchet-Urysohn, which are stronger properties. O

Remark (2.2). If X is a hereditarily separable topological group (in par-
ticular if it is metrizable and separable), then (X, o(X, X)) has countable
tightness.

This derives from the more general fact, brought to our attention by L.
Aussenhofer: If (X, 1) is a hereditarily separable topological space, then any
weaker topology & on X is hereditarily separable and hence (as easily seen) has
countable tightness.

We complete the note with the following observation about continuous func-
tions defined on a topological abelian group which are not homomorphisms.

PROPOSITION (2.3). Let f: X — T be a continuous functions defined on an
abelian topological group X which is not a homomorphism. Then there exist
a finite collection {zi, ..., z,} of integer numbers and a finite set {x1,...,%,}
in X such that for all ¢ € X" one has P(x1)?P(x2)?2 - plx,)» = 1 and
Re(f(x1)* - - - f(x,)*) < 0, where Re stands for the real part.

Proof. Clearly X 1? is a closed subgroup of C,(X, T) which can be considered
as a subgroup of the topological group TX. Thus, C,(X, T) is precompact and
S0 Xﬁ is dually closed as a subgroup of C,(X, T), see [3], (8.6). This means
that every element of C,(X, T) \ X" can be separated from X" by means of
a continuous character of C,(X, T), which in particular is the restriction of a
character on TX. On the other hand, it is well-known that the character group
of a product of topological abelian groups is the direct sum of the corresponding
dual groups. So the direct sum ZX) is the character group of TX. Hence for f ¢
Cp(X, T)\ X" there exists a character ¢ which can be written as z,, +2zy, + - - +2x,
with z,, € Z%) such that &(¢p) = ¢(x1)™ plxg)?2. - -+ .p(x,)? = 1forall ¢ € X"
and Re(§(f)) = flx)®1 f(axg)™2. -+ .flon)™ <O. O
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GROUP TOPOLOGIES ON VECTOR SPACES AND CHARACTER
LIFTING PROPERTIES

XABIER DOMINGUEZ AND VAJA TARIELADZE

ABSTRACT. Itisknown thatevery continuous character on a topological vector
space can be lifted to a continuous linear functional and, moreover, these
liftings give rise to a topological isomorphism between the dual group and
the dual space, when both are endowed with the compact-open topology. We
investigate the presence of these properties in more general topologized real
vector spaces.

1. Preliminaries

In Functional Analysis, the study of not necessarily linear, additive group
topologies on vector spaces can be traced back at least to the fifties. For in-
stance, topological vector groups (as defined below) were introduced by Raikov
([19]), but the notion had been implicitly used in earlier references.

The first insights on the group duality of topological vector spaces are from
about the same time (the words “group duality” meaning the use of the one-
dimensional torus, rather than the real line, as the dualizing object). M. F.
Smith proved in [20] that every continuous character on a topological vector
space can be lifted to a continuous linear functional and, moreover, these lift-
ings result in a topological isomorphism between the dual group and the dual
space, both endowed with the compact-open topology. (The first part of this
assertion was proved independently by Hewitt and Zuckermann in [14].)

These definitions and results were put together and given a new prominence
in W. Banaszczyk’s theory of nuclear groups ([2]). His work paved the way
to proving significant generalizations of several basic theorems from abstract
harmonic analysis and duality theory of topological Abelian groups, which were
carried out by himself and other authors. The theory makes essential use of
locally convex vector groups and other classes of topologized vector spaces.

In this paper we first give a survey of different topological properties that
may be present in a topological Abelian group which algebraically is a real
vector space. Next we explore the way these properties are related to the
possibility of lifting continuous characters to continuous linear functionals on
these spaces. Note that in the topological group framework, Nickolas ([18])
showed that the related problem of lifting continuous characters to continuous
real valued group homomorphims is relevant in the study of the structure of
dual groups.
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For any Abelian group G, any set U C G and any n € N we define

Un = ﬂ{xEG:ker}
k=1

Note that if G is a topological Abelian group and U is a neighborhood of zero
in G, the sets U,), n € N are neighborhoods of zero as well.

The symbol T will denote the multiplicative group of all complex numbers
with modulus 1, endowed with the topology induced by the usual one on C. The
canonical covering projection [¢ € R — exp(2it) € T] will be denoted by p. We
will also use a special notation for the following distinguished neighborhood of
1lin T:

T, = p(-1/4,1/4) = {t € T : Ret > 0}

The following fact is standard (for a proof see e. g. [2], 1.2):
ProPOSITION (1.1). Foreveryn € N, (T.)y,) = p([—ﬁ, ﬁ]).

For a given topological Abelian group G, let us denote by No(G) the family
of all neighborhoods of the unit element 0 € G, in the case of additive notation.
From Proposition (1.1) it is not difficult to derive the following known result:

PROPOSITION (1.2). Let G be a topological Abelian group and x: G — T a

group homomorphism. Then yx is continuous if and only if there exists U €
No(G) such that xy(U) C T,.

Group homomorphisms from G to T are usually called characters of G. We
shall denote by G the set of all continuous characters of the topological Abelian
group G. Note that G is an Abelian group under pointwise product of charac-
ters.

Let G be a topological Abelian group, and U a subset of G. The set of all
continuous characters y € G” such that y(U) C T, is called the polar of U
and denoted by U”. Dually, if V is a subset of the Abelian group G*, the set
of all x € G such that y(x) € T, is called the inverse polar of V and denoted
by V<. Aset U C G is said to be quasi-convex if U = U"". Keeping in mind
Hahn-Banach separation theorems, topological Abelian groups with a basis of
quasi-convex neighborhoods of zero (the so-called locally quasi-convex groups)
are expected to be a convenient generalization of locally convex spaces. (We
shall make more concrete this statement below.)

Let G be a topological Abelian group. Denote by o(G, G") the coarsest topol-
ogy for which all characters in G" are continuous; in other words, the initial
topology on G with respect to all homomorphisms in G*. (G, G"), usually
known as Bohr topology of G, is a precompact group topology, and it admits as
a subbasis of neighborhoods of zero the family of sets {x}* with y running over
G".

It is common to consider group topologies on the dual group G*. The most
usual one is the compact-open topology (topology of uniform convergence on
compact subsets of GG), which admits as a basis of neighborhoods at 1 the
family of all polars of compact subsets of G (this is also an easy consequence
of Proposition (1.1)). We will denote by G the group G equipped with the
compact-open topology.
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The following computation of the dual of R is classical; we single it out here
for later use. For any fixed real number¢, let p;: R — T be the mapping defined
by p:(A) = p(At) for every A € R.

PROPOSITION (1.3). Forthe additive group R endowed with its usual topology
we have
R" = {p; : t € R}
and the mapping t — p; is a topological group isomorphism between R and R,

For an elementary proof of this result see for instance [21], Lem. 21.5, Prop.
21.8(a).

In what follows we will be mainly working in the context of a real vector
space E endowed with a topology 7 such that (E, 7) is a topological Abelian
group with respect to addition (we will abbreviate this to “an additive group
topology” in what follows). A real vector space endowed with an additive group
topology will be called a group-topologized vector space over R.

Let E be a group-topologized vector space over R. We denote by E* the set
of all continuous linear functionals f: E — R. The set E* carries a natural
vector space structure; this vector space, when equipped with the topology of
uniform convergence on all compact subsets of E, will be denoted by E;.

We want to study the relationship between continuous linear functionals
and continuous characters defined on a group-topologized vector space E over
R. Itis clear that if f € E*, then po f € E".

The following notion arises naturally:

Definition (1.4). A group-topologized vector space E over R is said to have
the character lifting property if for every continuous character y: E — T there
exists a continuous linear functional f: E — R for which po f = y.

Proposition (1.3) says, in particular, that R has the character lifting property.
The above quoted result from [20] and [14] can be formulated as the fact that
any real topological vector space has the character lifting property. This is our
Corollary (3.11) below; an alternative proof of this result can be found in [13],
(23.32).

We will show that in some cases the following question has a positive answer:
let E be a group-topologized vector space over R with the character lifting
property; is E necessarily a topological vector space?

2. Group topologies on vector spaces

Recall that a group-topologized vector space (E, 7) over R is said to be a
topological vector space if the map

RxE — E
A\x) — Ax

is continuous when considering the usual topology on R, the topology 7 on E
and the product topology on R x E.

Next we weaken this requirement in several different ways. Recall that a
subset U of a real vector space E is said to be balanced if [-1,1]U = U, and
absorbing if for every x € E there exists « > 0 such that x € AU whenever
[A] > .
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Definition (2.1). A group-topologized vector space (E, 7) over R is said to be

(a) locally absorbing if every neighborhood of zero in E is absorbing,

(b) locally balanced if E has a basis of neighborhoods of zero formed by bal-
anced sets,

(c) atopological vector group if for every A € R, the map

E — E
X —  Ax

is continuous.

Note that a group-topologized vector space (E, 7) over R is locally absorbing
if and only if for every x € E the mapping [A € R — Ax € E] is continuous
(this simple fact was pointed out in [16]).

Topological vector groups! where first explicitly defined and studied in [19],
but the condition defining this class had been separately considered before (see
e. g. [3], §1).

In the following results and examples we give some information about the
relationships among these classes of spaces.

ProPOSITION (2.2) ([3], §1.5, Proposition 4). Let (E, 7)be a group-topologized
vector space over R. Then (E, T) is a topological vector space if and only if it is
locally balanced and locally absorbing.

An analogue of Proposition (2.2) is true in the complex case, but not for
a general locally compact valued base field. For simplicity we consider only
the real case in this paper, but most of the results are easily generalizable to
complex spaces.

PROPOSITION (2.3). Let (E, T) be a group-topologized vector space over R. If
(E, T) is locally balanced, then (E, T) is a topological vector group.

Proof. We must show that %U is a neighborhood of zero for any fixed A # 0
and U € Ny(E).

Fix n € N such that |A| < n. Since 7 is a group topology, there exists a
neighborhood of zero W such that W + .%. + W C U. In particular W C %U.
We may assume that U is balanced, and thus

1 1 1
Wc;Uchfo

=) %U is a neighborhood of zero, as required. O

PROPOSITION (2.4). Let (E, T) be a locally absorbing topological vector group.
If (E, T)is either metrizable or a Baire space then it is a topological vector space.

Proof. This follows from the fact that a separately continuous biadditive
map defined on the product of a Baire group and a metrizable group is contin-
uous ([22], Theorem 11.15). O

INote that the term “vector group” has been used in algebraic Abelian group theory for more
general groups than those underlying real vector spaces, and “topological vector group” has been
chosen in some references to designate the object we have called “group-topologized vector space”.
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Example (2.5). Anontrivial vector space endowed with the discrete topology
is a locally balanced topological vector group which is not locally absorbing.

Example (2.6). (This example uses some basic facts about group topologies
defined by characters; details not provided here can be found in [6], §2.3 or [4],
§3). Let H be a dense subgroup of R. Consider the initial topology on R with
respect to the family of characters T'y = {p,: h € H} C R". We will denote
this topology by 7. Clearly 7 = (R, R") is the Bohr topology of R.

(a) (R, 7g) is a Hausdorff precompact noncompact topological group. More-
over, Ty is strictly coarser than the usual topology of R.

b) (R, 7g) is a locally absorbing connected group-topologized vector space
over R. Moreover, (R, 7x) is not a topological vector space over R.

(c) (R, 7g) is not locally balanced.

(d) (R, o(R, R")) is a locally absorbing precompact topological vector group.
Moreover, the scalar multiplication

R x (R, o(R,R") — (R, o(R,R"))
(A, x) — AX

is sequentially continuous, but not continuous.
(e) If (R, 77) is a topological vector group, then H = R.

Proof. (a). Itis well known that (R, 75 ) is a topological group. It is Hausdorff
because I'y separates points of R. (R, ) is a precompact group, because it is
topologically isomorphic to a subgroup of the compact group T . Clearly, 7y is
coarser than the usual topology 7, of R. Since R is not precompact, we get that
Ty is strictly coarser than 7. (For a proof of this statement which does not use
this precompactness argument, see [5].) Assume that (R, ) is compact; from
this, according to the Open Mapping Theorem (see e. g. [15], Theorem 3) we
would deduce that the continuous identity mapping from R to (R, ) is open
as well; hence we would get a contradiction: 7, = 7. (However, there exist
nontrivial compact topological vector groups, see Remark (5.2).)

(b) Since Ty is coarser than the usual topology of R, we deduce that (R, 7z) is
locally absorbing and connected. (R, 7g) is not a topological vector space over
R because it is precompact and nontrivial.

(c) (R, ) is not locally balanced, because otherwise from the first part of (b)
and Proposition (2.2) we would get that (R, 7z ) is a topological vector space over
R, which would contradict the second part of (b). (Actually the only balanced
neighborhood of zero in (R, 75 ) is the whole group; this follows easily from the
direct proof given in [5] of the fact that any 7z-neighborhood of zero contains
arbitrarily large real numbers).

d) Fix A € R. We need to show that the mapping x — m,(x): = Ax is
(c(R, R"), (R, R"))-continuous. This is true because p, o m, = pp, for any
h € R. Consequently, the first part is proved. The scalar multiplication is
sequentially continuous because R and (R, o(R, R")) have the same convergent
sequences (this is a classical result, see for instance [9]). It is not continuous
because (R, o(R, R")) is not a topological vector space over R.

(e) Fix A € R. Assume that the mapping x — m)(x) = Ax is (g, TH)-
continuous. This implies that for every A € H the composition py o m, = pp,
is Tg-continuous. From this (see [4], Theor. 3.7 or [6], Theor. 2.3.4.) we get
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that p,, € I'y for every h € H. Hence, hA € H for every h € H. If (R, 7g) is
a topological vector group, then for every A € R the mapping x — m,(x) = Ax
is (7g, Tg)-continuous. Consequently we get hA € H,Vh € H, VA € R so
H=R. O

Example (2.7). Let E be as in Example (2.5), and F = (R, o(R, R")) (see
Example (2.6)). The space E x F, with the product topology, is a Hausdorff
topological vector group which is neither locally absorbing nor locally balanced.

In the remaining of this section we will discuss local convexity and local
quasi-convexity of additive group topologies on a real vector space.

Definition (2.8) (cf. [2],9.1). A group-topologized vector space over R is said
to be a locally convex vector group if it has a basis of neighborhoods of zero
formed by convex sets.

Locally convex vector groups are clearly locally balanced. From Proposition
(2.3) it easily follows that any locally convex vector group is a (locally convex)
topological vector group.

Locally convex vector groups were first defined in [19]. They became an
interesting object of study in view of their good duality properties (see [11])
and the fundamental role they play in the theory of nuclear groups ([1], [2],
[8D.

It is known (see [2], 2.4) that a topological vector space is locally quasi-
convex as a group if and only if it is a locally convex topological vector space.
It is not true that a topological vector group is locally quasi-convex if and only
if it is a locally convex vector group; indeed, it is easy to show that the non
locally balanced topological vector group (R, o(R, R")) (see Example (2.6)) is
locally quasi-convex.

In spite of this, something can be said about the relationship between local
convexity and local quasi-convexity in topological vector group setting. We
first state a Lemma:

LEMMA (2.9) (cf. [7], §18). Let (E, T) be a group-topologized vector space over

R. For every balanced subset B of E, the convex envelope co B of B is contained
in B™.

Proof. Fix by,...,b, in B and #4,...,{, nonnegative numbers such that
> r_1tr = 1. We must show that

b= tyb € B,
k=1

i.e. that x(b) € T, for every y € B". Fix such a y and define the characters
xXe: R—T, xpla)=x(aby), ke{l,...,n}.

Since B is balanced and y € B", we have yx;([—1,1]) ¢ T, for every k €
{1, ..., n}. Hence the characters y;, are continuous (see Proposition (1.2)). By
Proposition (1.3), for every £ € {1,...,n} there exists A, € R with y;(a) =
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p(Apa) for every a € R. From the inclusion Ap[—1,1] C [-1/4,1/4] + Z we
deduce A, € [—1/4,1/4], for every k € {1,...,n}. Hence

x(®) = xO_tebe) = [ [ x@bw) [ [ xalt) = pO_ Metn) € T
k=1

r=1 k=1 k=1
since Y p_q Aptp € > 1 tel—1/4,1/4] C [-1/4,1/4]. O

PROPOSITION (2.10). Let E be a group-topologized vector space over R.

(a) (Banaszczyk) If E is a locally convex vector group, then it is locally quasi-
convex.

(b)If E is locally balanced and locally quasi-convex, then it is a locally convex
vector group.

Proof. (a). This statement is contained in the proof of [2], Theorem 15.7; it
explicitly coincides with [1], Corollary 9.9.

(b). Fix an arbitrary U € Ny(E); we shall find a convex zero neighborhood
contained in U. Find a quasi-convex W; € ANy(E) contained in U. Next find
a balanced Wy € Ny(E) contained in W;. By Lemma (2.9), co Wy C W;*. Now,
since W; is quasi-convex and Wy C Wi, it is immediate that W5 C W< = W;.
Hence coWs is a convex neighborhood of zero contained in U. O

3. Lifting continuous characters

In this section we shall consider conditions under which a continuous char-
acter on a group-topologized vector space E over R can be lifted (i.e. written as
pof)toa continuous linear functional f: E — R. First we prove some related
algebraic results:

LEMMA (8.1). Let E be a real vector space and f, g group homomorphisms
from E to Rwith pof =pog. Then f = g.

Proof. (Suggested by the referee.) Let h = f — g. Then poh = 0, so
h(E) C ker p = Z. Since h(E) is divisible, this is possible only if 2~ = 0, i. e.
f=s O

PROPOSITION (3.2). Let E be a real vector space, x: E — T a character. The
following are equivalent:

(a) There exists a linear functional f: E — R such that pof = x

(b) For every x € E there exists u, € R with

x(Ax) = p(Apy) VA ER.
(c) For every x € E, the function [A € R — x(A) := x(Ax) € T]is continuous.

Proof. (a)=(c): Fix x € E; the function y,: R — T is continuous because for
any A € R, x,(A) = x(Ax) = p(f(Ax)) = p(Af(x)) and p: R — T is continuous.

(¢)=(b): Fix x € E; since y: E — T is a character, the function y,: R — T is
a continuous character and (b) is true by Proposition (1.3).

(b)=(a): By Lemma (3.1), w, is unique. Define thus f(x) = . To show that
f is linear simply use that y(A(x+y)) = p(A(ux + u,)) for every A € R and every
x, ¥ € E and that y(A(nx)) = p(Anu,) for every A, n € Rand x € E. O
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Remark (3.3). The following “real character version” of Proposition (3.2) is
true: Let E be a real vector space, y: E — T a character. The following are
equivalent:

(i). There exists a group homomorphism f: E — R such that po f = y.

(ii). For every x € E, the function [A € Q — xx(A) := y(Ax) € T]is continu-
ous.

Using this result one can find a character y: E — T for which (i) does not
hold, even for E = R.

COROLLARY (3.4). Let (E, T) be a locally absorbing group-topologized vector
space over R. Then for any T-continuous character y: E — T there exists a
unique (not necessarily T-continuous) linear functional f: E — R such that

pof=x

Proof. The existence of such an f follows from implication (c)=-(a) of Propo-
sition (3.2); the uniqueness follows from Lemma (3.1). O

THEOREM (3.5). Let (E, T) be a group-topologized vector space over R and
x: E — T be a T-continuous character. The following are equivalent:
(a) There exists a T-continuous linear functional f: E — Rwith po f = y.
(b) (b1) For every x € E, [A € R — x(Ax) € T| is continuous, and
(b2) The mapping (A, x) € R x (E, T) — x(Ax) € T| is “locally not onto”
at (0,0), i.e. there exist U € Ny(E, T) and & > 0 with xy([-8, 61U) # T.
(¢) The mapping [(A, x) € R x (E, T) — x(Ax) € T| is continuous.

Proof. (a)=(c): Note that y(Ax) = p(f(Ax)) = p(Af(x)) and thus the biad-
ditive map [()\, x) — X(/\x)} may be written as a composition of continuous
maps:

ML) ERXE— A fx) eRxRi— Af(x) e R— p(Af(x) €T.

(¢)=(b) is clear.

(b)=(a): Since (bl) is satisfied, by Proposition (3.2) there exists a linear
functional f: E — R such that po f = y. For f to be continuous it is sufficient
its being bounded on a neighborhood of zero. Since (b2) is satisfied there exist
6> 0,U € NVy(E) and 6 € R such that p(0) € x([-§, 81U) = p([-3, 81f(U)).
Consequently, the sets [—8, 8]f(U) and 6 + Z are disjoint. From this, since
[-6,8]1f(U) is balanced, we get that [, 6]f(U) is bounded. Hence, the set
f(U) is bounded as well. O

Example (3.6). There are nonliftable characters y € E” for which [A € R —
x(Ax) € Tl (x € E) and [x € E — x(Ax) € T] (A € R) are both continuous,
e. g. any nontrivial continuous character defined on the locally absorbing
topological vector group (R, o(R, R")) (see Example (2.6)).

Example (3.7). There are nonliftable characters y € E” for which the maps
[x € E — x(Ax) € T]1 (A € R) are continuous and [(A, x) € R X E — y(Ax) € T]
is continuous at zero: actually, if E = R with the discrete topology, the map
[(A,x) € R x E — Ax € E]is continuous at zero; and E has nonliftable charac-
ters (those which are discontinuous with respect to the ordinary topology; see
e. g. [13], 25.6).
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Next we collect some particular cases of additional properties of the space
E which are useful in lifting characters:

PROPOSITION (3.8). Let (E, T) be a locally balanced group-topologized vector
space over R and let x: E — T be a T-continuous character. The following are
equivalent:

(i) There exists a T-continuous linear functional f: E — R with po f = x.

(ii) For every x € E, the function [A € R — x(Ax) € T] is continuous.

Proof. In view of Theorem (3.5), only the implication (ii)=-(i) needs a proof.
This implication follows from (b)=-(a) in Theorem (3.5). Actually, since y
satisfies hypothesis (b1) in this result, we need to show only that y satis-
fies (b2), too. Since y is continuous and E is locally balanced, there exists
a balanced neighborhood of zero U in E for which y(U) C T, # T. Then
x([—1, 1]1U) = x(U) £ T. O

PROPOSITION (3.9). Let E be a group-topologized vector space over R. If
E is either metrizable or Baire and x € E” is such that the biadditive map
[(Ax) € Rx E — x(Ax) € T] is separately continuous, then there exists a
continuous linear functional f: E — Rwith po f = y.

Proof. This is another consequence of [22], Theorem 11.15; in view of the
implication (c)=-(a) of Theorem (3.5). O

Recall that E is said to have the character lifting property if every continuous
character on E can be lifted to a continuous linear functional. Using this
terminology, the equivalence (a)<(c) of Theorem (3.5) can be written as follows:

THEOREM (3.10). Let E be a group-topologized vector space over R. The
following conditions are equivalent:

(i) E has the character lifting property.

(i1) The mapping
RxE — (E o(E E")
Ax) = Ax

is jointly continuous.

COROLLARY (3.11) ([14], [20]). If E is a real topological vector space, then E
has the character lifting property.

Proof. As E is a topological vector space and the topology o(E, E") is coarser
than the topology of E, the conclusion follows from (ii)=-(i) in Theorem (3.10).
O

In connection with Corollary (3.11) it is natural to pose the following ques-
tion: If (E, T)is a group-topologized vector space over R which has the character
lifting property, is then (E, T) a topological vector space?

If we do not impose on E some extra conditions making the dual group rich
enough, the answer to the above question is negative, as the following example
shows.
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Example (3.12). Let 7 be a group topology on R such that (R, 7)" = {1}
(such a topology exists, even a metrizable one; see [17]). Then the group-
topologized vector space (R, 7) trivially has the character lifting property, but
it is not a topological vector space.

There is an important class of topological vector groups for which having the
character lifting property and being a topological vector space are equivalent
conditions:

THEOREM (3.13). Let E be a locally convex vector group over R. If E has the
character lifting property then E is a locally convex topological vector space.

Proof. By Proposition (2.2), it suffices to show that E is locally absorbing.
Suppose this is not so. Since E is locally convex, we can find an x € E and a
balanced convex U € Ny(E) such that x not absorbed by U. Since U is balanced
and convex, we have spU = | J,. tU. Hence,

sp{x} NnspU = {0}.
Let E = sp{x} ® spU @& F be an algebraic decomposition of E. Fix some
discontinuous character x: R — T. Define now
x:E—T, x(ux+u+f)=«u

foreveryu € spU and f € F. yisclearly a character; moreover, it is continuous
since y(U) = {1} (Proposition (1.2)). Let us prove that y is not liftable. Suppose
that there exists f € E* with p o f = x. Then, for every u € R,

k(u) = x(ux) = p(f(ux)) = p(uf(x))

and k would be continuous, as a composition of continuous maps:
neER— uf(x) e R— p(uf(x)) eT.
O

Remark (3.14). This proof actually shows that the following variant of The-
orem (3.13) is true: Let E be a group-topologized vector space over R. Suppose
that E has a basis B of neighborhoods of zero such that for every U € B, U is
balanced and sp U = (J, tU. If for every continuous character x on E there
is a linear functional f: E — R with p o f = x, then E is a topological vector
space.

COROLLARY (3.15). A real vector space endowed with the discrete topology
has not the character lifting property unless it is trivial.

An application of Proposition (2.10) yields the following reformulation of
Theorem (3.13) :

PROPOSITION (3.16). Let E be a group-topologized vector space over R. If E
is locally balanced, locally quasi-convex and has the character lifting property,
then it is a locally convex topological vector space.

The following question arises: Is it possible to eliminate the assumption of
local balancedness from Proposition (3.16)?
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4. Nickolas’ theorem and liftable characters

The following result can be extracted from the proof of the main theorem in
[18]:

THEOREM (4.1). Let G be a topological Abelian group which is a k-space.
Then for every character x in the path-connected component of 1in G2 there
exists a continuous homomorphism f: G — Rwith y = pof.

THEOREM (4.2). Let E be a group-topologized vector space over Rand y: E —
R a continuous character. Define for each t € R the character [x € E — x(x) :=
x(tx)]. Consider the following properties:

(i) There exists a continuous linear functional f: E — R with po f = x.

(ii) For every x € E the function [t € R — x(tx)] is continuous and moreover,
the mapping [t € R — x; € El' is continuous.

(iii) For every x € E the character [t € R — x(tx)]is continuous and moreover,
X 8 in the path-connected component of 1 in E).
Then (1)=(i1)=(iit) and, if E is a k-space, (1)< (it)<(iii).

Proof. (1)=-(ii): Suppose that there exists f € E* with po f = y. Then
clearly [t € R — x(¢x)]is continuous. On the other hand, in order to prove that
[t € R — x; € E}]is continuous we must show that for every compact K C E
there exists ¢ > 0 with

lt| <e xe€ K= x(tx) e T, .

Givent € R and x € E, we have x(tx) = p(¢f(x)). Since K is compact, f(K)isa
bounded subset of R. From this the existence of such an & > 0 follows at once.
(11)=-(iii) is immediate.
(iii)=-(i) if E is a k-space: By Proposition (3.2), y can be lifted to a linear
functional f. By Theorem (4.1), y can be lifted to a continuous homomorphism
g:E — R.By Lemma (3.1), f = g. O

Example (4.3). Consider the locally balanced topological vector group E =
(R, 7;), where 7; denotes the discrete topology. E is metrizable, hence a k-
space. By Hamel’s classical result ([12]), there exist many nonhomogeneous
group homomorphisms f: R — R. Let f be such a homomorphism. The char-
acter pof: E — T can be lifted to a continuous homomorphism f: E — R but
not to a linear functional. This shows that the condition concerning continuity
of [t € R — x(tx)] (x € E) cannot be dispensed with in (iii).

Example (4.4). Let E be the topological vector group (R, o(R, R")) (Example
(2.6)). Consider the (nonliftable) continuous character y on E defined by x(x) =
p(x). The space E” is topologically isomorphic with R with the usual topology;
this is a consequence of the classical Glicksberg theorem ([10]), and the fact
that R is topologically self-dual (Proposition (1.3) above). This shows that
(i1)=-(i) does not hold in general.



32 XABIER DOMINGUEZ AND VAJA TARIELADZE

5. The space of liftable characters

Let E be a group-topologized vector space over R.

For E two kinds of dual objects can be considered: the set E* of all continuous
linear functionals f: E — R and the set E” of all continuous characters y: E —
T.

The set E* is a vector space over R and it is usually called the dual space of
E. The dual space E* endowed with the compact-open topology will be denoted
by E. (A basis of neighborhoods of zero for the compact-open topology on E*
is given by the sets K° = {f € E* : f(K) C [-1, 1]}, where K is an arbitrary
compact subset of E.) Note that E’ is a Hausdorff locally convex topological
vector space.

As we have already mentioned, the set E” is an Abelian group under point-
wise product of characters; it is called the dual group of E. We denote by E/'
the dual group E" endowed with the compact-open topology. Note that E/' is
a Hausdorff locally quasi-convex topological Abelian group.

Suppose that E is a topological vector group over R. Then the Abelian group
E" carries a natural vector space structure; namely, if y € E” and A € R we
may define Ay: E — T by the expression (Ay)(x) := y(Ax), x € E. Since the
mapping x — Ax is continuous, we get that Ay € E.

PROPOSITION (5.1). Let E be a topological vector group over R. Then E! is
also a topological vector group over R.

Proof. E? is a topological vector group since AK is a compact subset of E for
any A € R and any compact K C E. O

Remark (5.2). Let E # {0} be a vector space over R endowed with the
discrete topology. Then E/* presents an example of a nontrivial compact topo-
logical vector group over R. Indeed, E/ is a topological vector group over R by
Proposition (5.1); E/* is nontrivial and compact, because it is the Pontryagin
dual group of a nontrivial discrete Abelian group E.

Let us introduce a mapping P: E* — E” by the following equality: P(f) =
pof, f € E*. Clearly, P(E*) is the subgroup of E” formed by those characters
which are liftable to continuous linear forms. We denote by P(E*). the set
P(E*) endowed with compact-open topology.

PROPOSITION (5.3). Let E be a topological vector group. Then

(a) P: E} — E! is an injective continuous linear mapping;

(b) P(E*). is a locally absorbing topological vector group.

Proof. (a)is straightforward.

(b): Since by Proposition (5.1) E is a topological vector group, its subspace
P(E*). is a topological vector group as well.

To show that P(E*). is locally absorbing, for any y € P(E*) and any compact
K C E we must find € > 0 with y([—¢, e]K) C T,. It suffices to choose ¢ > 0

with f(K) C [~ £, L], where f € E* is the lifting of y. O
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For a topological vector group E the mapping P: E¥ — E” may fail to be a
topological embedding (this is for instance the case if £ is R endowed with the
discrete topology). Below we present two non-pathological cases.

PROPOSITION (5.4). Let E be a hemicompact topological vector group. Then
P: Ef — E is a topological embedding (equivalently, P(E*). is a topological
vector space).

Proof. Since E is hemicompact, E/* (and thus, P(E*).) is a metrizable group.
By Proposition (5.3), the biadditive map [(A, x) € R x P(E*). — Ay € P(E*).]
is separately continuous. By [22], Theorem 11.15; it is jointly continuous. [J

PROPOSITION (5.5). Let E be a topological vector group. Suppose that ev-
ery compact subset of E is contained in some connected (or balanced) compact
set. Then P: EX — E! is a topological embedding (equivalently, P(E*). is a
topological vector space).

Proof. We know that P: E¥ — E/ is a continuous monomorphism. To show
that it is open onto its image we need to prove the following: For every com-
pact K C E there exists a compact S C E such that P(K°) > S* N P(E*);
equivalently,

fekE”, f(Scl[-1/41/41+7Z = f(K)C[-1,1].

Given a compact K C E, choose a compact and connected (resp. a compact and
balanced) S which contains K. Since f(S) is a connected set for any f € E*,
if f(S) € [-1/4,1,4] + Z then in fact f(S) C [-1/4,1, 4] and thus f(K) C
[—1/4,1,4]. O

COROLLARY (5.6) ([20]). If E is a topological vector space, then P is a topo-
logical isomorphism between E and E!.

Proof. This follows from Proposition (5.5) together with Corollary (3.11). O
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HOLDER ESTIMATES FOR THE 5-EQUATION ON SINGULAR
QUOTIENT VARIETIES

MARTIN SOLIS AND E. S. ZERON

ABSTRACT. Let C"/G be a singular quotient variety, where n > 1 and G is
a finite group of complex unitary matrices. The main objective of this paper
is to present a general technique for calculating Hélder continuous solutions
to the 9-equation on the singular variety C*/G. We then calculate Holder
continuous solutions to the d-equation on any surface with a simple (rational
double point) isolated singularity.

1. Introduction

As it is well known, solving the d-equation forms a main part of complex
analysis, but also has deep consequences on algebraic geometry, partial dif-
ferential equations and other areas. In general, it is not easy to solve the
d-equation. The existence of solutions depends mainly on the geometry of the
variety on which the equation is considered. There is a vast literature about
this subject on smooth manifolds, both in books and papers, but the theory on
singular varieties has only been developed recently.

Given a 9-closed (0, 1)-differential form A well defined on the regular part of a
singular subvariety 2, of C™, Gavosto, Fornaess and Ruppenthal have produced
a general technique for calculating Hoélder continuous solutions A to the -
equation A = A on the regular part of X; see for example [6], [5] and [11].
Their basic idea was to analyse 3 as an analytic covering over C", to solve
the corresponding d-equation on C", and to lift the solution from C" into 3
again. An alternative technique for solving the d-equation on surfaces with
an isolated simple (rational double point) singularity was later proposed by
Acosta and Zeron in [1], [2].

The main objective of this paper is to extend Acosta and Zeron’s technique
in order to calculate Hélder continuous solutions to the d-equation on singular
quotient varieties. We define the quotient varieties C* /G via the natural action
of groups of unitary matrices G on C”, for n > 1 and with the obvious matrix
multiplication. Thus, the quotient variety C* /G is the space of different orbits
{Hz| HeG} with z € C". Recall that a square [nxn]-complex matrix H is
called unitary if the Euclidean norm ||Hz|| = ||z|| is invariant for every point z
in C". We also need the following definition of critical spaces.

Definition (1.1). The critical space 3 of a finite group of unitary matrices G is
composed by all the vectors z € C" such that Hz = z for some element H € G
different from the identity matrix. The critical space X, C C" is then the union
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of a finite number of proper linear subspaces of C"*, and it is also an analytic
space of codimension greater than or equal to one.

Let G be a finite group of unitary [n x n]-matrices, and 3 C C" be its critical
space. The group G acts freely and properly discontinuous on the open set
C"\ 3, because 3, contains the fixed points of every element in G different from
the identity matrix. Thus, the quotient mapping 7 defined from C” onto the
singular quotient variety C" /G is locally a biholomorphism in C*\ 3. Moreover,
the image 7(3) is the singular set of C”/G and = is an orbifold covering in C".
On the other hand, there exists a natural metric Dg(-) induced on the quotient
variety C"/G. Given a pair of points x and y in C" /G, we define Dg(x, y) as the
Euclidean metric between the inverse fibres of the quotient mapping 7~ (x)
and 7~ 1(y) in C". Itis easy to prove that Dg(-) is a well defined metric function,
because the norm |Hz|| = ||z|| is invariant for all H € G and z € C".

Finally, a quotient variety C"/G is said to be well embedded in C?, with
p > n, whenever the quotient mapping 7 defined from C" onto C*/G may be
seen as a holomorphic mapping from C" into C?; a characterisation is presented
in Lemma (2.1). In particular, given a variety C"/G well embedded in C?, we
say that a (0, 1)-differential form A is defined and continuous on an open subset
U of C"/G if and only if there exist continuous functions f}, on U such that A is
equal to the finite sum ), f,dw, on the regular part of U, and where w), are
the axes of CP. The operator d must then be computed in terms of distributions.
We may now restate Henkin and Leiterer results on the d-equation [9].

THEOREM (1.2). Let C"/G be a singular quotient variety well embedded in
CP, where G is a finite group of unitary matrices and p>n>0. Consider the
quotient mapping m from C" onto C"/G, and the natural metric Dg(-) induced
in C"/G. Given any exponent 0<6<1 and any open ball Bg in C" of finite
radius R > 0 and centre in the origin, there are finite positive constants C1(R)
and Co(R, 8) such that: For every continuous (0, 1)-differential form A defined
on an open neighbourhood of w(Bg), and d-closed on the regular part of w(Bg),
there exists a continuous function h defined on w(Bg) which satisfies both the
equation 0h = X on the regular part of w(Bg) and the pair of Holder estimates:

() — h(y)|
1.3) R, + < Ci(BR)||Al|xBr)»
( 12l =Bp) x,yxg&m D(x, y)1 2 1B Al 7Bp)
(1.4) and [ =R (R ) Al

xyenlBrsl DX, ¥

This theorem is shown in the second section of this paper. Notice that
the regular part of 7(Bg) is obtained by removing the singular set w(2), and
that the notation ||2| g stands for the supremum of || on the set E. How-
ever, the condition that the group of matrices G is finite cannot be relaxed in
Theorem (1.2). Consider for example the infinite group S generated by the
biholomorphism z + e’z from C \ {0} onto itself, we have that the quotient
C/S is not even a singular manifold, for there is no point in C/S with an open
neighbourhood biholomorphic to an open set of C. Moreover, if we consider the
infinite group 7 generated by the isometries z — 1+z and z — i+z of C, we
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will have that the quotient C/7 is a torus (a non Stein manifold), and so the
d-equation cannot be solved in general.

On the other hand, one can easily generalise Theorem (1.2) in order to in-
clude (p, g)-differential forms A. Nevertheless, we are not going to analyse
these ideas here. Instead, we want to explain why the Hélder exponents 1/2
and 0<6<1 used in the pair of equations (1.3)-(1.4) are quite different from
the original exponents calculated by Acosta and Zeron [1], [2]. We shall prove
in the Holder estimate (3.12) of Theorem (3.10) that this difference originates
(and strongly depends) on the way C"/G is embedded in the space C?, where
p>n.

The next section is completely devoted to prove Theorem (1.2). A detailed
analysis on the embeddings of singular quotient varieties into some space C™ is
done in the third chapter of this work. Finally, in the last section of this paper,
we calculate Holder continuous solution to the d-equation on any surface with
a simple (rational double point) isolated singularity.

2. Proof of Theorem (1.2).

The main ideas in the proof of Theorem (1.2) were already presented in [2].
Nevertheless, we include this proof for the sake of completeness. We begin by
presenting the following characterisation of the quotient varieties which are
well embedded in the space CP.

LEMMA (2.1). Let C"/G be a singular quotient variety, where G is a finite
group of unitary matrices and n > 1. Consider the quotient mapping m from
C" onto the variety C"/G, and a topological embedding J from C"/G into the
space CP, for p > n. The composition J o is a holomorphic mapping from C"
into CP if and only if the topological embedding oJ is holomorphic in the regular
part of C"/G.

Proof. Recall that the topological embedding J is an injective, continuous
and closed mapping from C"/G into CP; so that / is a homeomorphism onto
its image. Let 3 C C" be the critical space of the finite group G, given in
Definition (1.1). We automatically have that 3, is an analytic set of codimension
greater than or equal to one, and that the regular part of w(Bg) is obtained by
removing the singular set 7(3).

We easily have that o is holomorphic in the regular part of C* /G if and only
if J o 7r is also holomorphic in C" \ X, because 7 is locally a biholomorphism
from C"\ 3 onto the regular part of the variety C"/G. On the other hand, notice
that o o 7 is a continuous function defined from C” into C?. Whence, since >
is an analytic set of codimension greater than or equal to one, the composition
J o is holomorphic in C" if and only if it is also holomorphic in C" \ ; recall
the Riemann extension theorem for continuous functions. O

We need as well the following simple lemma on the extension of 9-closed
differential forms. This lemma is strongly inspired on Lemma (2.1) of Acosta
and Zeron [2].

LEMMA (2.2). Let 3 be a smooth manifold in C" of complex codimension
greater than or equal to one, with n > 1. Given a continuous (0, 1)-differential
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form X defined on an open set U of C", and d-closed in U \ 3, the differential
N vanishes everywhere in U.

Proof. The result is trivial when n = 1, for every continuous (0, 1)-diffe-
rential form is d-closed in C; so we suppose from now on that n > 2. Moreover,
since the differential 9 is calculated locally, we can fix U to be a small open
ball. Finally, the differential oX is calculated in terms of distributions, so the
given hypotheses imply that |, v R"Adn vanishes for every smooth (n, n—2)-diffe-
rential form n with compact support in U \ . And we must prove that the
same integral vanishes for differential forms with compact support in U.

Define p(2) to be the Euclidean metric between the point z € C* and the
compact set 3 N U. We may easily find an open neighbourhood W of 3 N U
such that p is smooth (and the differential dp is bounded) in the open set W\ X,
because the intersection X N U is a smooth manifold of complex codimension
d > 1. Moreover, we also have that the 2n-volume of the level sets {p < r} is
of order O(r2) for small real numbers r > 0. In other words, there is a finite
bound b > 0 such that p satisfies the following conditions for all points z in
W\ 3 and indexes % :

ap(2)
0z,

- <
<b ZNU={p<0} and limmzo;

r—0+ r

where Vol(E) denotes the 2n-volume of the measurable set E ¢ C". Consider
now a smooth partition of the unit £(r) on the real line with :

0ifr < 1/5,

!
<35.
rifr> 1, Ad €0I=5

0<ér <1, &= {

Notice that fU NA [f(p/ r)w] vanishes for all smooth (n, n—2)-differential

forms » with compact support on U, and all real numbers r > 0 small enough

such that the level set {p < r} is contained in W. We just need to recall that

N is a (0, 1)-differential form continuous on U and d-closed in U \ 3. More-

over, the form ¢(p/r)o has compact support in U \ 2. Calculating by parts the
differential 9 of the product £(p/r)w yields that,

’/ §(p/r)N/\8w‘ = ‘/ RAwAIE(p/r)| < HN/\wHU5an Vol{p <r},
U U

where 0£(p/r) vanishes outside of the level set {p < r}. Moreover, the form
NAw has finite norm because it is continuous and has compact support on U.
On the other hand, we also have that,

/UN/\aw‘ /U [1—§(P/r)]N/\aw‘ + ’/Uf(p/r)NAGa)’

Finally, when r > 0 converges to zero, we obtain that |, 7 RAdw vanishes for
every smooth (n, n—2)-differential form o with compact support on U, and so
the form N is d-closed everywhere in U. O

IN

IN

_ 5b
(IknGo, + TnHN/\wHU> Vol{p < r} < co.

We have the same result for analytic spaces.
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LEMMA (2.3). Let 3. be an analytic set in C* of complex codimension greater
than or equal to one, with n > 1. Given a continuous (0, 1)-differential form
N defined on an open set U of C", and d-closed in U \ 3, the differential N
vanishes everywhere in U.

Proof. Define 31 := X to be an analytic set of codimension d > 1. Recall
that 9 is calculated locally, and that the regular part X, is locally a smooth
manifold. Since X is d-closed in U \ X1, a direct application of Lemma (2.2)
yields that oX vanishes in U \ 3, where 3 is the singular part of 3;. The
new analytic set 35 has codimension d > 2, so can we apply Lemma (2.2) in an
inductive process until we conclude that dX vanishes everywhere in U. Recall
that the empty set has codimension n+1. O

We need as well the following Henkin and Leiterer estimates, deduced from
Theorems 2.1.5 and 2.2.2 of [9]. The proof involves reformulating some parts
of Lemma 2.2.1 in [9], and the details may be found in [1] or [2].

THEOREM (2.4). Given an exponent 0<6<1 and an open ball Bg in C" of
radius R > 0 and centre in the origin, for n > 1, there are finite positive
constants C3(R) and C4(R, 8) such that: For every continuous (0, 1)-differential
form N defined on the compact set By, and d-closed on the interior Bp, there
exists a continuous function g defined on Bg which satisfies both the equation
dg = N and the pair of Holder estimates:

lg(2) — g({)]
2.5 + = Cs(R)|IN||B,»
(2.5) 1813z S =g 3(R)|N] B,
(2.6) and  sup 18(2) — 8(0)] < Cy(R, 8)||N||Bp-

Z,ZGBR/Z HZ*QVHS -

We are now in position to prove Theorem (1.2), one of the main results of
this paper.

Proof of Theorem (1.2). Let G be a finite group of unitary matrices, and C* /G
be a singular quotient variety well embedded in CP, so that the hypotheses of
Lemma (2.1) hold with p>n>0. Consider the quotient mapping 7 from C" onto
C"/G, and the natural metric Dg(-) defined as follows: given two points x and
y in C"/G, the value of Dg(x, y) is the Euclidean metric between the inverse
fibres 7~ 1(x) and 7~ !(y) in C*. We shall verify that Dg(-) is indeed a metric
function. Recall that the fibre 7~1(x) is an orbit { Hz| HcG} with m(z) = x. The
finiteness of the fibres implies that Dg(x, y) vanishes if and only if 7~ 1(x) and
7 1(y) are the same orbit, that is, if and only if x = y in C*/G. Moreover, the
fact that the norm |Hz|| = ||| is invariant for all H € G and z € C", allows
us to deduce that for each Z in 7~ (x) there exists a second point £ in 7 1(y)
such that D¢ (x, y) is equal to ||Z—{||. Whence, given three points {x;} in C" /G,
we can find relate points z;, in 7~ (x;) such that Dg(x1, x2) and Dg(xs, x3) are
respectively equal to ||z1—22|| and ||zz—z3||. The metric Dg(x1, x3) is then less
than or equal to ||z;—z3]|, by definition, and it is also less than or equal to the
sum of Dg(x1, x2) plus Dg(x9, x3). This inequality proves that Dg(-) is a well
defined metric function.
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On the other hand, we have that the quotient mapping 7 can be seen as a
holomorphic function from C" into C?, because Lemma (2.1) and since C"/G
is well embedded in CP. Hence, given any open ball B in C” of finite radius
R > 0 and centre in the origin, the partial derivatives of 7 are all continu-
ous and bounded mappings on the compact closure Bg. Thus, there exists a
finite positive constant C5(R) such that the following inequality holds for all
continuous (0, 1)-differential forms A defined on an open neighbourhood of the
compact set 7(Bg),

2.7) l7All By < Cs(RI|A[|x(By)-

Let 3 C C" be the critical space of the finite group of unitary matrices g,
given in Definition 1.1. We automatically have that 2 is an analytic set of
codimension greater than or equal to one, and that the regular part of 7(Bg)
is obtained by removing the singular set 7(3). Suppose that the continuous
differential form A is d-closed on the regular part of w(Bg). The pull-back
N = 77*A is then a continuous (0, 1)-differential form well defined on an open
neighbourhood of By, and -closed in the open set Bg \ 3, because 7 is locally a
biholomorphism from Bp \ X onto the regular part of w(Bg). Whence, consider-
ing Lemma (2.3) and Theorem (2.4), we automatically have that the differential
d(7r* A) vanishes and the equation dg = 7* A has a continuous solution g on Bg
which satisfies the pair of Holder estimates stated in (2.5) and (2.6) for a fixed
exponent 0<d<1.

Notice that the pull-back H*g is also a continuous function well defined on
By, for every H in G, because the norm || Hz|| = ||z|| is invariant. Thus, the finite
sum ), H*g, added over all matrices H € G, is both defined on B and con-
stant in the fibres of 7 (it is invariant under every pull back H*). Hence, if |G|
is the cardinality of the group G, there exists a continuous function 4 defined on
m(Bg) such that the pull-back (7*h)|G| is equal to the sum } _; H*g. We assert
that 9A = A on the regular part of m(Bg). This result follows automatically,
for:

T oh = Zwig: ZM = 7"\
Heg |g| Heg |Q\
Recall that the projection m(Hz) = 7(z) is invariant under the natural action
of every matrix H in the finite group G. Moreover,

28) bl = | 3 H'e

Heg

< llgllBe-

Now then, given two points x and y in the image 7w(Bg), the natural metric
Dg(x, y) is defined as the Euclidean metric between the finite fibres 7 1(x)
and 7~ 1(y). Whence, we can choose two relate points z and ¢ in the ball Bg
such that the norm ||z—{]|| is equal to Dg(x, y), and their respective projections
satisfy x = 7(2) and y = (). Recall that the fibre 7~ !(x) is equal to the orbit
{Hz|H€G}, and that this orbit is completely contained in Bg because the norm
||Hz|| = ||z|| is invariant for every H in G. We may now apply equation (2.5) of
Theorem (2.4), with X = 7*A, in order to deduce that,

he-h)| _ 1~ |88 (HD)
1G] £ Z

2.9
@9 Demyi = | He-HC?

< C3(R)||7* Al| B
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Besides, whenever x and y are both inside m(Bg/), we may apply equa-
tion (2.6), in order to deduce the following inequality for a fixed exponent
0<é<1,

|h(x) — h(y)|
Dg(x, y»
Finally, considering Theorem (2.4) and equations (2.7) to (2.10), we can de-

duce the existence of finite positive constants C;(R) and Cy(R, 5) such that
equations (1.3) and (1.4) in Theorem (1.2) holds. O

(2.10) < Cy(R, 8)||7" A|| By-

3. Embeddings of quotient varieties

Let G be a finite group of [ xn]-unitary matrices, and C"/G be a singular
quotient variety well embedded in CP, so that the hypotheses of Lemma (2.1)
hold with p>n>0. One automatically has that the quotient projection 7 can
be seen as a holomorphic function from C" into C?, and so it is interesting to
determinate whether there exists a relation between ||x—y|| and the natural
metric Dg(x, y) for every pair of points x and y in w(C"). This chapter is devoted
to do a partial analysis of the possible relations between these metric functions.

We restrict ourselves to analyse those quotient varieties C*/G which are
well embedded in CP and whose singular set is the origin of CP. Moreover,
we assume that the holomorphic quotient mapping 7 defined from C" into CP
is polynomial, and that each entry 7}, is a homogeneous polynomial of degree
n,, > 1. That is, each entry 7(sz) is equal to s™,(z) for all s € C and z € C";
and so 7(0) = 0. The surfaces with an isolate simple (rational double point)
singularity are the perfect model of these quotient varieties, as we shall see in
the next chapter.

The fact that the singular set of #(C") = C"/G is the origin implies that
the critical space of G satisfies 3, = {0}, according to (1.1). Notice that 3, is
contained in 7~ 1(0), and that 7—1(0) is the orbit of G composed exclusively by
the origin. Thus, whenever the equality Hz = z holds for some vector z € C”
and matrix H € G, then, either z = 0 is the origin or H is the identity matrix.
Consider the following estimate.

LEMMA (3.1). Let 7 be a mapping defined from C" into CP which is locally a
biholomorphism from C" \ {0} onto its image, for p>n>0, and such that each
entry 1y, is a homogeneous polynomial of degree m;, > 2. Then, there are two
finite constants Cg > 0 and A > 1 which satisfy the following inequality for all
w and zin C" with norms |w|| < 1and ||z|| > A,

p
| (z + w) — m(2)|
&2 D P

Proof. Recall that each homogeneous polynomial 7, of degree 7;, on C" has
an associate symmetric multilinear form I1, which is defined on the Cartesian
product [C"]™ so it has 1, > 2 entries, and it satisfies the main relation:
m1(2) is equal to II(z, ..., 2) for every z € C*. One may apply the polynomial
algebra theory [7, p. 221-226], or use the following polarisation formula for all
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elements s; € C and z; € C",

1 9
— (81214 - - +8p,2n,) -

k( 1) 2) ) ” ) N e
I1,(z, 2o, ..., 2 =
k nk! 081 asnk

Thus, every entry 7r;, has a simplified Taylor polynomial expansion for all
vectors w and z in C",

N J n—J
(3.3) mp(z +w) = m(2) + Z <Zk> i (w, ... w,%, ... 2).
j=1
The j-term in the sum above has order O(||w||’||z||™~/). Hence, there exists

of a finite constant C7 > 0 such that the following inequality holds for all w
and z in C" whose norms ||w|| < 1and ||z > 1,

HwH | (2 + w)—mp(2)—n (W, 2, ..., 2)]

B4 Z ERRE

On the other hand, the linear term 7,I1,(w, z, ..., z) in the Taylor expan-
sion (3.3) is equal to [V, 7, Jw, where V, 7, is the complex gradient with entries
dmp(2)/dz;. Therefore, if we define A, to be the [pxn]-matrix whose p-rows are
the horizontal vectors V,7;/||z||™ !, with z # 0 fixed, we shall have that A, is
invariant under the multiplication of z € C" by any positive real number. Re-
call that II, is a multilinear form with 71, entries. Moreover, it is easy to verify
that the following equation holds, and that the terms are all independent of
the magnitude of ||w|| and ||z]|,

p
(3.5) 3 ey, 2, ..., Z ”|[V cmpwl (Al
h=1

HZII"’B*lIIWII Al = o]

The last inequality in (3.5) can be shown by applying the square power to
both terms. The given hypotheses also imply that the set of all vectors V,,
has maximal rank for every fixed point z # 0 in C", and so there are n linearly
independent gradient vectors V.7, because 7 is locally a biholomorphism from
C"\ {0} onto its image. Whence, the [pxn]-matrix A, defined in the paragraph
above has both maximal rank and pseudo-inverse, recall that p>n>0. We can
then deduce the following result for all point z and w in C”* with z # 0,

lwll = A7 Aw] < [[A7] - [|Azw],
where A := (A}A,) 1AL

Notice that the [nxn]-matrix AJA, is invertible when A, has maximal rank;
see [3, p. 20] or [8], p. 285. Thus, the matrix norm ||A]| is a continuous
function bounded on the compact set given by ||z|| = 1. That is, there exists
a finite constant Cs > 0 such that the norm ||A,w|| is greater than or equal
to 2Cs||w|| whenever ||z|| = 1 and w is in C". Finally, a direct application of
equations (3.4) and (3.5) yields the following inequality for all elements w and
zin C" whose norms ||w| < 1 and ||z|| > 1,

(3.6) C7 I > 206-

w] i|77k(2+w)—77k(2)| _ A

m—1 =
2l = 2]l [[w]]
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The last inequality in (3.6) holds because the matrix A, is invariant under
the multiplication of z € C" by any positive real number, as we have already
said in the paragraph located between equations (3.4) and (3.5). Thus, we only
need to interchange z by its normalisation z/||z||. Finally, can choose a constant
A > 1 such that Cs > C7/A, and so equation (3.6) will imply the result (3.2)
for |w| < 1and ||z|| > A. O

We may now present the central result of this section: an estimate of the
metric ||7(2)—m()| against some power of ||z—{||. Notice that we can inter-
change ||z[|+]|{|| by the norm |z—{]| in equation (3.9), because this norm is
indeed less than or equal to ||z]|+||Z]-

THEOREM (3.7). Let C"/G be a quotient variety well embedded in CP and
whose singular set is the origin of CP, where G is a finite group of unitary
matrices and p>n>0. Suppose that the quotient mapping m defined from C"
into CP is polynomial, and that each entry m}, is a homogeneous polynomial of
degree mp > 2. Then, there exists a finite constant Cs > 0 which satisfies the
following inequality for all points z and { in C" such that ||z—{|| is less than or
equal to ||z—H{|| for each element H € G,

1 P me) -
AL g = O
2= (a2l + el
Moreover, if the sum ||z||+|||| is also less than or equal to a given finite constant

0 > 0; and we define N to be the maximum of all degrees n;, > 2. Then, we also
have that,

(3.8)

)N—l

Csllz — ZII(Il=ll + €]

(3.9) |(2) — w( D) = p-max{L, 682}

Proof. The fact that the singular set of #(C") = C" /g is the origin implies
that the critical space of G is given by 3 = {0}, according to (1.1). Notice that
3, is contained in 7~1(0), and that 7—1(0) is the orbit of G composed exclusively
by the origin, for 7(0) = 0. Thus, the quotient mapping 7 is locally a biholo-
morphism from C™ \ {0} onto its image. We can then apply Lemma (3.1) and
deduce the existence of a pair of constants C¢ > 0 and A > 1 such that the
inequality (3.2) holds for all elements w and Z in C* with norms ||w| < 1 and
2] > A.

On the other hand, it is easy to see that equation (3.8) does not change if
we multiply both points z and ¢ in C" by any complex number s # 0. Whence,
we only need to show that inequality (3.8) holds on the compact set defined
by ||z||+]|¢|| equal to 2A. We consider two principal cases in order to show
that (3.8) holds.

Case L. Take the norm ||z—{|| < 1. We may suppose, without loss of gener-
ality, that ||z|| is greater than or equal to ||{]|; and so,

lzll = (ll2ll + l121) /2 = A

Inequality (3.8) can be easily deduce from (3.2) in Theorem (3.1), we just
need to introduce the new variable w equal to {—z. That is, fixing N to be the



44 MARTIN SOLIS AND E. S. ZERON

maximum of all degrees 7;, > 2, we automatically have that,

2V (N [mi)-mi@)| [T -mi@)
>C
Hz—zu,; @Ay anum =2l =

Case II. Suppose that ||z—¢|| > 1. Define the compact set K composed by all
the pairs (z, {) in the product C" xC" which satisfies the following conditions,
l|lzl|+]/¢]| is equal to 2A and :

lz—HE|| > [lz=¢]| > 1 forevery Heg.

It is easy to verify that the left term of equation (3.8) vanishes if and only if
z = H{ for some element H in G, because the quotient mapping w(Hz) = 7(2)
is invariant under the action of each element H. Hence, the left term of (3.8)
is a continuous and non-vanishing function well defined for every pair (z, {)
in the compact set K described in the paragraph above, and so this function
is bounded from below by a finite positive constant Cg > 0. In other words,
inequality (3.8) holds in this case as well. O

Proof of (3.9). It is easy to show that inequality (3.9) holds by multiply-
ing (3.8) times ||z—¢|| and the N—1 power of ||z||+|{||. Thus, whenever the
sum of norms ||z||+||{]| is less than or equal to 6 > 0, we have the following in-
equalities, we introduce the maximum in order to deal with the cases whether
0 is greater or smaller than one,

p
Csllz=¢ [ (l2ll+1) ™ < 3 (2412l ™™ fmata)—mal@)]
k=1

< p-max{1, 0" ?}|m(z2)-7=()|.
O

We are now in position of showing an alternative version of the main The-
orem (1.2), using the Euclidean metric || - || of the ambiance space instead of
the natural metric Dg(-) of the quotient variety. The main difference between
Theorems (1.2) and (3.10) is that we need to introduce a new upper bound for
the main exponent 0<8<1.

THEOREM (3.10). Let C"/G be a singular quotient variety well embedded in
CP and whose singular set is the origin of CP, where G is a finite group of unitary
matrices and p>n>0. Consider the natural metric Dg(-) induced in C" /G, and
the quotient mapping 1 defined from C" into CP. Besides, suppose that each
entry my, Is a homogeneous polynomial of degree n;, > 2, and define N > to be
the maximum of all degrees m. Given any open ball Bg in C" of finite radius
R > 0 and centre in the origin, the following inequality holds for the finite
constant Cg > 0 given in Theorem (3.7) and all points x and y inside the image
m(Bg),

oy > —CeP®Y)
Y= Tmax({1, 2RIV}

Moreover, given any exponent 0<B<1/N, there is a finite positive constant
Co(R, B) such that: For every continuous (0, 1)-differential form A defined on
an open neighbourhood of w(Bgr), and d-closed on the regular part of w(Bg),

(3.11)




HOLDER ESTIMATES FOR THE 3-EQUATION 45

there exists a continuous function h defined on 7w(Bg) which satisfies both the
equation 0h = X on the regular part of w(Bg) and the estimate :
|h(x) — h(y)|

(3.12) ||h||7T(BR) + sup T — wllB < CQ(R: B)H/\”’)T(BR) .
x,yem(Bg) ||x - y”

Proof. Let x and y be two points in the image w(Bg). The natural metric
Dg(x, ) is defined as the Euclidean metric between the finite fibres 7~ 1(x)
and 7~ 1(y). Therefore, we can choose two relate points z and { in the ball Bg
such that the norm ||z—{|| is equal to Dg(x, y), and their respective projections
satisfy x = m(2) and y = w(?). Recall that the fibre 7~ 1(y) is equal to the orbit
{H{|HeG}, and that this orbit is completely contained in the ball Bg because
the norm || H{|| = ||{]| is invariant. We automatically have that ||z—{|| is less
than or equal to ||z— H{|| for every matrix H in G, because ||z—{|| is the minimal
Euclidean metric between the point z and the inverse fibre 7—1(y). Thus, we
may apply Theorem (3.7) in order to prove that inequality (3.11) holds, we just
need to analyse equation (3.9) and the following facts,

2R > |2l + |l¢ll = [lz = ¢[l = Dg(x, y).

Moreover, whenever one of the points x or y is not contained in the smaller
image m(Bg/2), we can easily deduce that the sum ||z||+||{]| is greater than
or equal to R/2; and so equation (3.9) can be rewritten as follows for every
exponent 0<B8<1/2, where M is the maximum of || x—Y|| for all points X and y
in the compact set 7(Bg),

1/2

B Asl/2—B 12 Cs Dg(x, y) [R/21N 1

B18) MY ey 2 | SRR
On the other hand, Theorem (1.2) implies the existence of a continuous
function A defined on 77(Bpr) which satisfies both the differential equation 0k =
A and the Hoélder estimates (1.3) and (1.4). We can then deduce the existence
of a finite positive constant Cq(R, B) which satisfies our final result (3.12), we
just need to apply equations (1.3) and (3.13) whenever one of the points x or
y is not in m(Bg/2), or equations (1.4) and (3.11) whenever both points x and y
are inside 7(Bg/2). O

4. Surfaces with simple singularities

We have already said, in the previous chapter, that the surfaces with an iso-
late simple (rational double point) singularity are the perfect model of quotient
varieties which satisfy all the hypotheses of Theorems (3.7) and (3.10). A deep
analysis can be found in the works of Dimca [4], Klein [10] and Slodowy [12]. In
particular, any surface with an isolate simple singularity X is a quotient space
C?/G which can be identified with the zero locus of a holomorphic polynomial
in C3, where G a finite subgroup of the special linear group SLs(C). Now then,
we need to verify that the product of the transpose conjugate H* times H is
the identity matrix for every H in G. Previous fact implies that G is a group of
unitary matrices, for,

|Hz||?> = (Hz2)*(Hz) = z*H*"Hz = 2"z = ||2|°.
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On the other hand, every finite subgroups of SLy(C) is generated by some
combinations of the following matrices, see for example pages 73 and 74 of
Slodowy [12],

1 1 0 1
1 .
Hl'_lﬂ[—i i He = 1 o |
i w1 | P O
me e [0 L] w0

where u = 2cos(2m/5) and p;, = e>™/* is the k-root of the unity. It is easy to

verify that the products H; H; and M; M}, are all equal to the identity matrix,
and so every finite subgroup G of SLo(C) is a group of unitary matrices. Finally,
we only need to verify that every surface with an isolated simple singularity
X is well embedded in C3, and that each entry of the corresponding quotient
mapping 7 is a homogeneous polynomial, in order to apply Theorem (3.10) for
calculating Holder continuous solution to the d-equation on surfaces X = C2/G
with an isolate simple singularity. We present below a list of the different sur-
faces with isolated singularities of the cyclic, dihedral, tetrahedral, octahedral
and icosahedral type. See [10] and [12] for details. We present the polynomial
relation which defines the surface X in C2, the generators of the quotient group
G, the quotient mapping 7 (whose entries are homogeneous polynomials), and
the corresponding main exponent 8 which is used in the Hélder estimate (3.12).
It is interesting to compare the upper bounds for the exponent 3 presented be-
low against the calculations done by Acosta and Zeron [1] and [2].

Cyclic singularities A,,_1: x1x2 = x5, for m > 2.
Generators of the quotient group: M,,.

Main exponent in (3.12): 0 < B < 1/m.
Quotient mapping: (s, ) = [s™, t", st].

Dihedral singularities D, ,9: x2x3 = x3 + 4x5'™, for m > 2.
Generators of the quotient group: Ms,, and Hs.

Main exponent in (3.12): 0 < B < 1/(2m + 2).

Quotient mapping: 7(s, t) = [(s*™ + ¢¥™), st(s*™ — 2™), s%1%].

Tetrahedral singularity Eg: x3 = x2 + 108xj.

Generators of the quotient group: My, H; and Hs.

Main exponent in (3.12): 0 < B < 1/12.

Quotient mapping: (s, ) = [x1, X9, x3], where:
x1 = 8%+ 14s%* + 18, x9 1= (s* + t4)(s® — 34s%t* + 18),
xg 1= st(s* — t4).

Octahedral singularity E7: x3x3 = x2 + 108x3.

Generators of the quotient group: Mg, H; and Ho.

Main exponent in (3.12): 0 < 8 < 1/18.

Quotient mapping: 7 = [x1, xe, x3], where:
x1 = 8%+ 14s%* + 18, x9 1= st(sB — 8)(s® — 34s%t* +¢8),
x5 1= s2t2(s* — t%)2,

e Icosahedral singularity Es: x3 = x5 + x5.
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e Generators of the quotient group: M7y and Hs.

e Main exponent in (3.12): 0 < 8 < 1/30.

e Quotient mapping: (s, t) = [x1, Xg, x3], where:
x1 := 820 + 30 1 522(s25¢% — s5¢25) — 10005(s20¢10 + 510420),
Xg 1= §20 — 2285155 4+ 494510410 | 22855¢15 4 420,
x5 := (1728)Y/5(s1¢ + 115546 — st11).
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GLOBAL QUALITATIVE ANALYSIS OF THE HARRISON’S
PREDATOR-PREY MODEL

MARIO CAVANI AND SAEL ROMERO

ABSTRACT. In this paper we describe the global analysis of the solutions of
the Harrison’s predator-prey model, which has been established in terms of
the dependence of the storage of nutrients in the rate of growth of the predator
that generates a delay in the consumption of the prey population. Rather than
just insert an ad hoc time lag, a mechanism has been proposed to produce the
delay in the response. The model attempts to improve, from a theoretical
point of view, the modelation of the predator-prey interaction. We show that
the Harrison’s predator-prey model has the point dissipative property and
therefore has a unique global attractor. The main result in this research
is that under certain feasible conditions on the parameters it is possible to
guarantee the existence of a unique orbitally asymptotically stable periodic
orbit which constitutes the global attractor when the system has a unique
nontrivial hyperbolic unstable equilibrium point in the positive cone Ri. Also,
it is possible to give conditions on the parameters such that the equilibrium
with positive coordinates is the global attractor for the solutions of the system.

1. Introduction

In this paper we analyze a predator-prey model proposed by Gary W. Har-
rison in [5]. One of the main improvements of this model is the idea intro-
duced by the authors related to the predator growth rate which depends on
the energy or the nutrient storage instead of the rate of consumption of prey.
The ideas of Harrison were conceived by comparing how well predictions of
the predator-prey models match both qualitative and quantitatively the data
of an experiment of Leo Luckinbill (see [7]) with Didinium nasutum (preda-
tor) and Paramecium aurelia (prey). Harrison tested the quantitative data
obtained from standard predator-prey models against the data of this exper-
iment in order to determine modifications that are important to introduce in
the predator-prey models to obtain a good match.

In order to introduce the Harrison’s predator-prey model, we set x as the
prey population density and y the predator population density. In the stan-
dard predator-prey models the prey usually grows logistically in the absence of
predators with a carrying capacity k. The saturating (Holling Type II) predator
functional response is widely accepted, and is given by

x
(1.1) fx) = e
where ¢ is the half-saturation constant, i.e., the level of prey at which half of
the maximum consumption rate occurs. In such a case, and assuming that

2000 Mathematics Subject Classification: Primary 34D23.
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there are not delays in the system, one of the most common predator-prey
mathematical model is given by the following system of ordinary differential
equations

(1.2) x':p(l—%)x—wf(x)y

(1.3) ¥ =of ®)y—vy

where the tilde (') denotes the derivative with respect to time ¢. The parameter
p denotes the specific growth rate of the prey. The term —yy represents the
rate at which the predators would decrease in the absence of the prey. The
parameter w is the maximum rate of prey consumption by a single predator.
The second equation for the predator population y in (1.3) holds the usual as-
sumption of proportionality between the predator rate increase and the rate of
prey consumption. The efficiency of converting prey into predator is given by

2. The model (1.2)-(1.3) has been analyzed extensively in [6] and certainly this

rcﬁodel explains the experimental results reported by Luckinbill on a qualitative
level, however, it cannot give a very good quantitative fit of the experimental
population densities. So, G. Harrison has explored several modifications of
the previous model by looking for a better fit of the Luckinbill’s data and has
tested some features that may be important to include in the predator-prey
interactions. He has observed that adding either predator mutual interfer-
ence or a sigmoid (or Holling Type III) functional response improves the fit
dramatically (see [7]). Also, Harrison has pointed out that when populations
are measured in terms of biomass, it makes sense that population growth rate
would depend directly on the rate of nutrient intake. On the other hand, when
the populations are measured in terms of number of individuals as in Luck-
inbill’s study, the reproductive rate would depend on the nutrient storage and
thus, in a delayed manner on the nutrient intake. The Harrison observations
indicate that this point of view helps to fit better the data.

Here we analyze mathematically the behavior of the solutions of a predator-
prey model of the Harrison type considering the Holling Type II functional re-
sponse f (x) that we have mentioned earlier in (1.1) combined with the delayed
reproductive rate. According to the Harrison’s reasoning, this model improves
the model (1.2)-(1.3) where it is supposed that the predator reproduction rate
responds instantly to prey consumption. In Harrison’s model, the delay men-
tioned earlier is introduced assuming that: 1) prey consumption creates an
inflow of energy and/or nutrients into the total energy and/or nutrients stored
in the predators, and 2) the overall predator-specific growth rate is an increas-
ing function of the average energy or nutrients per predator. So, the following
system of three ordinary differential equations

X’:p(lfg)xfwf(x)y
(1.4) Z' =of (x)y — 6Z

y’</\zy>y
y b

is introduced, where Z denotes the total energy/nutrient storage of the preda-
tors and the term 8Z in the second of the equations (1.4) denotes the rate
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. Z . . . .
of energy expenditure, — in the third equation of (1.4) is the average en-

ergy/nutrients per predator, y is the specific death rate of the predators, o
and A are constants of proportionality that label energy per prey and preda-
tors per energy per time, respectively. For sake of simplicity, we introduce the
new variable z = AZ which simplifies the equations (1.4) as
x wxy
/ — 1 _ 7) _
¥ =p(1-3)w b+
(1.5) y=z—vyy
;. OXY
b +x

where we continue denoting by o the product oA.

The variable z has units predators per time and represents the predator’s
reproductive rate. The third equation of the system (1.5) says that the preda-
tor’s reproductive rate is not instantly a function of the rate of energy/nutrient
intake, but the rate of change of the reproduction rate is a function of the rate
of energy/nutrient intake. For given x and y the equilibrium level of z is given
by

— 6z,

_ oxy
- 8+ x)
and the equation for z could be written as

2 =68(zF — 2),

*

z

the larger value of 8, the faster z will move toward z*. Of course, z* is non-
constant since it depends on x and y. Note also that, if we replace z by z* in
the second of the equations of the system (1.5) and identify o with %, the first
and second equations of (1.5) would be equivalent to the equations (1.2)-(1.3).
Thus, when § is large, z will track z* closely and the resulting trajectory will
be very close to that given by equations (1.2)-(1.3) with a very little time de-
lay in the numerical response. If § is small, z will lag behind z*, producing a
significant delay in the predator’s numerical response to the prey density.

The main purpose of this paper is to obtain some global properties of solu-
tions for the model given by equations (1.5). We show the existence of orbitally
asymptotically stable periodic orbits with the same technical background as in
[1]. In our case, we apply the property of stability of periodic orbits as in [10]
and also the result of uniqueness of a periodic orbit, given in the next section.
Under certain conditions on the parameters we obtain the global attractor of
the system as a unique periodic orbit or an equilibrium point of positive coor-
dinates.

This paper has the following content: section 2 has some prelimiries defi-
nitions and theorems; in section 3 we reduce the equations of the model to an
equivalent pointwise dissipative system in order to establish the existence of
a global atractor; in section 4 we analize the parameter conditions for the sta-
bility and instability of the equilibria; in section 5 we show that the system is
uniform persistent and the existence and stability of periodic orbits; finally, in
section 6 we show parameters conditions for the existence of an unique globally
asymptotically stable periodic orbit.
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2. Preliminaries

In this section we will summarize the main facts related with our research.
Let D c R3, and consider the system of differential equations

(2.1) x'=F(x), xe€D.

For this system we put the same notations and related concepts as in the
section 2 of [1]. The system (2.1) is said to be competitive in D if the Jacobian
matrix of F' at x, F'(x), has non-positive off-diagonal elements at each point of
D. For the theory of competitive systems and the definitions of p-convex sets
and irreducible systems we refer to [9].

The following two theorems for competitive systems in R® are given in [9],
the first one is a Poincaré-Bendixson like theorem and the second one provides
sufficient conditions for the existence of periodic orbits.

THEOREM (2.2). A compact limit set of a competitive system in R3 that con-
tains no equilibrium points is a periodic orbit.

THEOREM (2.3). Let (2.1) be a competitive system in D C R? and suppose
that D contains a unique equilibrium point p which is hyperbolic and assume
that F'(p), the Jacobian matrix of F at p, is irreducible. Suppose further that
W$(p), the stable manifold of p, is one dimensional. If ¢ € D\ W*(p) and ¢*(q)
has compact closure in D, then w(q) is a nontrivial periodic orbit.

Definition (2.4). The system (2.1) is said to be pointwise dissipative if there
exists a bounded set B C R", such that for xy € R" and € > 0, there exists
T = T (xp,e) > 0 such that ¢;(xg) € V.(B), for ¢ > T, where V.(B) =
{x € R" : dist (x, B) < €}.

The following hypothesis are important for the next result given in [12].

(H1). System (2.1) is dissipative: For each x € D, ¢*(x) has compact closure
in D . Moreover, there exists a compact subset B of D with the property that
for each x € D there exists T'(x) > 0 such that x(¢, x) € Bfor¢t > T(x).

(H2). System (2.1) is competitive and irreducible in D.
(H3). D is an open, p-convex subset of R®.

(H4). D contains a unique equilibrium point x* and det(F’(x*)) < 0.

THEOREM (2.5). Let (H1) through (H4) hold. Then either
(a) x* is stable, or

(b) there exists a nontrivial orbitally stable periodic orbit in D.

In addition, let us assume that F is analytic in D. If x* is unstable then there
is at least one but no more that finitely many periodic orbits for (2.1) and at
least one of these is orbitally asymptotically stable.

It is well known that the dissipative hypothesis (H1) implies the existence
of a maximal compact invariant set, A, for the flow of the system (2.1) which
uniformly attracts compact subsets of D, see [4]. The following proposition of
H. R. Zhu and H. L. Smith in [12] has to do with this set A.
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PROPOSITION (2.6). Let w be a positive unit vector and 11 be the orthogonal
projection onto the plane that is orthogonal to w. Then Il|4, the restriction of
Il to A, is injective and (I1|4)~" is Lipschitzian. If this hyperplane is identified
with R?, there exists a Lipschitz vector field, Y, on R? such that I1 maps orbits
in A onto orbits of Y in R2, respecting the parametrization. Thus II(A) is a
compact invariant set for the flow generated by Y.

Now we introduce the following definition:

Definition (2.7). We say that the system (2.1) has the property of stability of
periodic orbits if each periodic orbit of this system is orbitally asymptotically
stable.

From the Proposition (2.6) we can establish the existence of a unique or-
bitally asymptotically periodic orbit for dissipative competitive and irreducible
system in R3.

THEOREM (2.8). Let (H1) through (H4) hold and assume that F is analytic
in D. If x* is unstable and if the system (2.1) has the property of stability
of periodic orbits, then there exists exactly one periodic orbit. Moreover, the
maximal compact positively invariant set, A, for the flow of the solutions of
system (2.1) is this unique orbitally asymptotically stable periodic orbit.

Proof. The condition (H4) implies that if the point x* is unstable then ei-
ther it is hyperbolic (i.e., no eigenvalues of the Jacobian matrix F’(x*) have
zero real part) and the equilibrium point x* has a two dimensional unstable
manifold, or x* is nonhyperbolic due to a nontrivial pair of purely imaginary
eigenvalues (plus a negative real eigenvalue). As the equilibrium point x* is
unstable, it is clear from the proof of the Theorem 1.2 in [12] that there are no
more that finitely many periodic orbits, {y;}” ;. If each one of these periodic
orbits is orbitally asymptotically stable, then according to the Proposition (2.6)
we have a Lipschitz vector field, Y, in R? having a finite number of orbitally
asymptotically stable periodic orbits, say {II(y;)}* ;. Clearly these orbits must
be concentric in the plane. But according to Corollary 1.4, pag. 55 in [3], two
concentric periodic orbits cannot be both orbitally asymptotically stable. This
contradiction implies that there must exist exactly one periodic orbit, i.e., the
number n must be equal to 1. Therefore the system (2.1) must have exactly
one orbitally asymptotically stable periodic orbit. By virtue of this and the un-
stability of the only equilibrium point x*, it is clear that for ¢ > 0, the periodic
orbit is the maximal positively invariant set A of the system (2.1). O

We need some results about stability theory related with compound matri-
ces, most of them can be found in [8].

Definition (2.9). Let A be a n x m matrix of real or complex numbers.
Let a;,_i,jy,...;, be the minor of A determined by the rows (iy, ..., ;) and the
columns (ji,...,Jp), 1 <i1<ilsg < - <, <n 1< i <jo<-<Jjp<m.
The kth multiplicative compound matrix A(*) of A is the (}) x (7) matrix whose
entries, written in lexicographic order, are a;,, ;... j,-

The kth additive compound of the n x n matrix A is defined as follows.
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Definition (2.10). Let A an n x n matrix. The kth additive compound Al*]
of A is the (}) x () matrix given by

k
Al — e (I+hA)( ) lncos

where I is the () x () identity matrix .

For instance the second additive compound matrix A?! for n = 3 is given by

) ai1 + ag a23 —Qai3
A% = aso an + ass a12
—asy ag1 Qg2 + 33

Finally, we need the following lemma given in [2].
LEMMA (2.11). Let k: [0, c0) — R, a twice differentiable function such that
lim;_, o k (¢) exists and k" (t) is bounded for all ¢t > 0. Then tlim F@t)=0
3. Dissipativity and equivalence to a competitive system

By introducing the scaling z — %, y — “? in the equations (1.5) we obtain
the following system
x/:p(l—f)x— axy

k ¢+ x
3.1 Yy =z—vyy
, axy
= —8
z b +x Z’

where, for sake of simplicity, we continue denoting the variables and param-
eters with the same symbols. So, we continue the analysis of the model with
the equivalent equations (3.1). For biological reasons all of the parameters
p, k, o, d, 5,y are considered as positives.

The next theorem guarantees that (3.1) is biologically well behaved and that
the dynamics of the system is concentrated in a bounded region of R3.

THEOREM (3.2). Let E = {(x,y,2) € R : x > 0, y > 0, z > 0}. Then,
E is positively invariant under the flow induced by (3.1). Moreover, (3.1) is
pointwise dissipative and there exists a constant M, independent of the ini-
tial data, such that the absorbing set (into which the solutions eventually
enter and remain) is given by: B = [0, k| x [0, M] x [0, M], where M =

max Pk Pk
min {p, §}" ymin {p, 8} | -
Proof. Clearly the system (3.1) is equivalent to the following integral equa-

tions
B ! x(7) oy (1)
x(z‘)—xoexp/0 {p(l— A >_¢+x(r)}d7’

t
(3.3) y(t)=yoe V' + / z(1) e,

—st ox (1) y(7) 7D
z(t) = zge / Py dr.
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These equalities certainly imply that solutions of (3.1) remain in E as long as
they are defined. Now, let us prove that the solutions of the system (3.1) are
bounded for ¢ > 0. Taking into account the solution of the initial value problem

’_ _n _
(3.4) n _p(1 k)n n(0) = xo > 0,
by comparison arguments, we get that the solution of the first equation of (3.1)
satisfies
k k— X0

Cozi,tZO,

. n< .
3.5) 0 < x(®) 1+ o exp(—pt)’ X0

which implies the boundedness of the solution x(¢) on the interval [0, co). The
previous relation implies that for a given ¢ > 0, there exists T'> 0 such that,
x(t) < k+efort > T. So, taking into account that

x(t) x(t)

1_T<1_k+s’

for t > T we get
(x(®) + 2(1))" < p(k + &) — min {p, 8} (x(t) + 2(2)),
which implies,

O<x(@)+z@) < +e t>T.

pk
min {p, 5}
So, the positivity of x(¢) and z(¢) implies the boundedness of the solution z(z).
On the other hand, for ¢ > T, it follows that

Y@ = z2@)—yy@®)

B—yy®), B= pl

min {p, §} te

IN

This implies that

yr <Py (- BYespr 0, 1>
Y Y

and therefore y(¢) is a bounded function. This shows the theorem. O

As a consequence of the theory given in [4], page 39, we get the following
corollary.

COROLLARY (3.6). Ifthe system (3.1) is pointwise dissipative then there exists
a nonempty global attractor in E.

Let D be the region in R? given by
(3.7) D:{(x,y,z)€R3:x<0,y<0,z>0}.

The following lemma shows that system (3.1) is equivalent to a competitive
and irreducible system in D.

LEMMA (3.8). By setting X = —x and Y = —y, the system (3.1) is equivalent
to a competitive and irreducible system in D.
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Proof. In this case the equations (3.1) are equivalent to the

X oXY
[ J—
X p<l+ k>X+¢—X
(3.9 Y =—z—-vY
,  oXY B
Z = r —x 6z,
that has the following Jacobian matrix given by
oX
all (1') X 0
0 asg -1 ,
odY oX a
6-X7 ¢-X

and this matrix has non-positive off-diagonal elements because X,Y < 0. O

4. Stability of the equilibrium points

System (3.1) has three equilibrium points: Ey = (0,0, 0), E, = (k,0,0) and
the equilibrium with positive coordinates E, = (x., ¥«, 2+), X+, ¥+, 2« > 0, where
__$dy _p Xx _
(4.1 X = 57’ Vi = 5y (1 A ) Xis 2o = YYs-
As we can see, the equilibrium E, = (x., y., ¥«) of the system (3.1) is in the
interior of the positive orthant, if and only if, the following constellation of
parameters hold

(4.2) oy < and o > &y.

ko
b+ k
In order to study the local stability of the equilibria, note that the Jacobian
matrix associated to system (3.1) is given by

(1 B Zx) _ody _ox
P k (¢ + x)? d+x
(4.3) J = 0 —y 1
ady ox -
(¢ + x) ¢+x

The proof of the following two lemmas are strightforward.
LEMMA (4.4). The equilibrium point Ey of the system (3.1) is a saddle.

LEMMA (4.5). The solutions of the system (3.1) have the following property:
tlim z2(t) = 0if and only if lim; ., y(¢) = 0.

In the following lemma we give a sufficient condition for the extinction of
the predator population.
LEMMA (4.6). a) If
ko
<5y,
b+ k="
then the equilibrium point Ej, is globally asymptotically stable.

4.7
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Proof. There are two possibilities: a) o < éy and b) o > &y.

a) From the last two equations of (3.1), we have
y o= z-vy

Z < oy-éa

If we consider the comparison equations

(4.8 u = v—yu

(4.9) vV = ou-oy,

it is easy to show that if o < &y for any solutions of the system (4.8)-(4.9) with
nonnegative initial values we have t11>nolo u(t)=0, tll>rglo v(t)=0. Let 0 < y(0) <u(0),

0 < 2(0) < v(0). If (u(@),v(t)) is a solution of system (4.8)-(4.9) with initial
conditions (x(0), v(0)), then by the comparison theorem we have y(¢) < u(?),
2(t) < v(¢) for all ¢ > 0. Hence 11m y(@) = 0, hm z(t) = 0. Now, for ¢ € (0, 1),

there exists t* = t*(g) such that for ¢ > t*,

p(i-e-Z)esvp(1-3)s

This clearly implies that tlim x(¢) = k. For this reason the equilibrium point
E;, = (k,0,0) is globally asymptotically stable.

b) First note that, if x(¢) > k then x/(¢) < 0 and therefore x(¢) decreases and
there exists some time £ at which x(¢;) = k. The dissipativity property implies
that x(¢) < k for all ¢ > ¢;.

Now, by mean of the last two equations of system (3.1) we get

/ / ox()y@)
(4.10) Z(t)+ 8y (1) m voy (t)
(o —yd)x )y () — y8y ()
b+ x(t)
This implies that
/ JeeN (o —y8)y(?) _ Y8
2O O =" ("(t) - y6>) |

The relation (4.7) imply that,
(o0 —y8)y (1)
—= " (x(t)— k).
Fram COH
And this implies that 2/ (¢) + 8y'(t) < O, for all £ > ¢;. If lim(z(t) + 8y(@®) = ¢,
¢ > 0, then taking into account Lemma (4.5) we get that hm 2(t) = c¢1 and

(4.11) Z@)+8y'(t) <

hm y(t) = ¢y, €1,¢9 > 0. This and Lemma (4.4) imply the ex1stence of the

equlhbrlum of positive coordinates (%, c1, c2) wich is contradictory with the fact
that under condition (4.7) no such equilibrium exists. This implies that

Jim (2(2) + 8y(2)) = 0,

thus, tlim 2(t) =0 and tlim y@&) =0
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Finally, if & = 2%

o — 0y
x(t) > k; x'(t) < 0, but in the point (%, 0,0) where x’(¢) = 0. So, x(¢) is
strictly decreasing and therefore none of the points in the hyperplane x = &
can belong to the w—limit set of a trajectory except the point (k, 0, 0) . Further-
more, from the equation for (z(¢) + 8y (¢))’ in (4.10) we can see that the function
(z(t) + 8y (¢)) changes its sign at most once, this implies that in the future the
function (z + 8y) is increasing or decreasing, in any case tll)rglo (z(t)+ 6y (1))

o — &y > 0, we have that in the region where

there exists, since the function (z + 8y) is positive and bounded. Suppose that
tlim (z(t) + 8y (t)) = ¢ > 0; as the function (z + 8y)” is bounded, according to

Lemma (2.11), we have that tlim (z(t) + 8y (t)) = 0. Taking into account the
equations in (3.1) we get,

lim (O‘x ®)y (@)

d+x(t)
If tlim y(@) = p > 0 then tlim z(t) = q > 0. This implies that tlim x(t) =

(ﬂ% = k; therefore point (%, p, @), p, ¢ > 0 must be an equilibrium point. But

such a form for an equilibrium point it is impossible to exist in this case. This
contradiction implies that must be p = 0, that is

tliTo (z@®)+ 6y (@) =0,

t—o0

- vﬁy(t)) =0.

and again tlim y (&) =0, tlim z(t)=0. O

Thus we have the following theorem about the stability of the equilibrium
point Ej.

THEOREM (4.12). The equilibrium point E}, is globally asymptotically stable,
if and only if, inequality (4.7) holds. Otherwise, if relation (4.2) holds then the
equilibrium point Ej, is unstable.

In the sequel we suppose that condition (4.2) hold. We are going to study
the stability of the equilibrium point of positive coordinates E.. The Jacobian
matrix of system (3.1) evaluated at this equilibrium point is

p (1 B 2;:) Ty« 5y 0

(d+x.)?
ady.
_IPFx Sy —6
(b + x,)? Y

and the characteristic polynomial of J (E,) is
pA) =det(J (E,) — M) = A2 + a1A2 + agA + a3

Is easy to see that

_ . OyTdy.
as = —det(J (E,)) = 7(¢+x*)2 >0,

and so we have the following lemma.
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LEMMA (4.13).
(4.14) det J(E,) = —a3 < 0.

And exactly one of the following hold:
(a) Re(A) < O for all eigenvalues.

(b) There is one negative eigenvalue and a pair of nonzero purely imaginary
eigenvalues (if and only if a1 > 0, ag > 0, and ai1as = as).

(¢) There is one negative eigenvalue and a pair of eigenvalues with positive
real part.

We are looking for sufficient conditions for E, to be hyperbolic and unstable,
because in this case Theorem (2.3) implies the existence of periodic orbits.
The following lemma provides sufficient condition for the local stability and
unstability of E.,

LEMMA (4.15). Let kg =
then:

B

X
d@+oy) (12x*) ,_(1-%)
o—oay 7 F k)T d+x,

(1) Ifk > ko, E, is an unstable hyperbolic equilibrium with a one-dimensional
stable manifold.

(i) If k < ko, E. is locally asymptotically stable if and only if
(4.16) (8+y+b—a)(b—a)@@+7y) > bdy.

Specifically, there exists k, satisfying x. < k. < ko such that for each k,
k. < k < ko, E, is hyperbolic and unstable with a one-dimensional stable
manifold. While for k, x,. < k < k., E, is locally asymptotically stable.

Proof. The matrix J (E,) can be written as
a—-b -6y O
J(E,) = 0 -y 1
b 8y -8
and its characteristic polynomial is given by
(4.17) pA) =A%+ a1A% + ag) + as.

where a; =y +b—a+8, a2 = (b—a)(8+y) and ag = bdy. We can see that

R T N GRS L A A
b_a_d)—i—x*(l 7) p<1 k>_ka(k° k).

So, if k£ > ky then b — a < 0, and therefore the coefficient ag of the polynomial
pin (4.17) is non-positive, hence the Routh-Hurwitz criterion implies that the
equilibrium point E, is unstable and the case (c¢) of Lemma (4.13) holds, and
this shows part (i). On the other hand, if 2 < kg, then 6 — a > 0. In that
case, the Routh-Hurwitz criterion implies that equilibrium point E, is locally
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asymptotically stable if and only if the relation (4.16) holds. In order to analyze
the conclusion of the part (i) of the lemma, let

A(R) = <5+y+2?(ko—k)> (Z?(ko—k)>(6+y)—b5y

(6+y+b—a)(b—a)@+y) - bdy

(y+8)(b—a)” +(y+ 57 (b—a) — dyb.

The function A (%) is decreasing for 0 < % < ko, and as we can see
A, = (y+6+p)(y+8)p >0,

and A (ko) = —38yb < 0. So there exists a unique value k., x,. < k, < kg, such
that A (k.) = 0. Clearly, if k., < k < ko, then A (k) < 0, hence E. is unstable
and again case (c) of Lemma (4.13) holds; while if x, < & < k., then A (k) > 0,
so E, is locally asymptotically stable. This shows part (i7) of the lemma. [

5. Uniform persistence and stability of periodic orbits

In this section we apply the theory of Uniform Persistence given by H.
Thieme in [11] and we refer to the reader to this paper for the basic defini-
tions.

We can easily determine the behavior of the solutions of (3.1) on the bound-
ary of E. The following lemma summarizes this situation and give us the two
dimensional stable manifolds of the equilibria Ey and E},.

LEMMA (5.1). Assume that relation (4.2) holds. Then

(i) The x-axis, the y-axis and the (y, z)—plane are invariants under the flow
induced by system (3.1).

(ii) The intersection of the stable manifold of the equilibrium point Eqy with
IE consists of all of the points (0, y, z) such that y > 0 and z > 0.

(ii1) The intersection of the stable manifold of the equilibrium point E;, with
IE consists of all of the points (x, 0, z) such that x > 0 and z > 0.

Now we will show that the predator and the prey populations are persistent
(see [11]) when relation (4.2) holds.

LEMMA (5.2). Suppose that relation (4.2) holds, then system (3.1) is uni-
formly persistent, i.e., there exist constants g; > 0, 1 = 1, 2, 3, independent of
the initial conditions, such that

tlim inf x(t) > &1, tlim inf y(¢) > &2 and tlim inf z(t) > e3.

Proof. LetY ={(x,0,0):0 < x < k+1}. We apply Theorem 4.6 of [11], and
notation of that result. Consider the following sets

X1 = {32 0<x<k+1,0<y<M+1,0<z<M+1}-Y,
Xo = {(0,y,2):0<y<M+1 0<z<M+1}UY,
X = XjuUX,.

where M is the constant given in Theorem (3.2). Now, X; and X5 are disjoint
subsets of E, X; and Xy are positively invariant sets for the solutions of the
system (3.1), X5 is compact and X = X;UXo5 is also compact. By Theorem (3.2)
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X is a global attractor in E. We need to prove that solutions u(#) of system
(3.1) starting in X; are eventually bounded away from Xg, uniformly with
respect to the initial data. The compactness assumption (C42) of Theorem
4.6 of [11] holds with B as in Theorem (3.2) (for small positive § as defined
in [11]). Define Q9 = Upcx,w(p), p = (x,y, 2). According to Lemma (5.1),
Qs consists of the equilibria Ey and E; and hence it has an acyclic isolated
covering M = My U M;, where M; = {E;} for | = 0, k (for the definitions of
acyclicity and isolatedness see [11]). The acyclicity comes out from Lemma
(5.1) and the the isolatedness is consequence of the hiperbolicity of the points
Ey and E;,. We must also to show that each M; is a weak repeller for X;;
for all u(0) € Xj, lim sup|u(t) E;| > 0. Suppose, for contradiction, that a

solution u(¢) with u(O) 6 X1 satisfies that hm u(t) = Ey. Then u(0) belongs to

the stable manifold of E,. But the 1ntersect10n of the latter with E consists of
the (y, z)—plane by Lemma (5.1) so we have a contradiction to u(0) € X;. An
entirely similar contradiction is reached if t11>nolo u(t) = E,, since the intersection
of the stable manifold of E;, with E, as described in Lemma (5.1), contains no
points of X;. Hence, by Theorem 4.6 of [11], X5 is a uniform strong repeller for
X1; that is, there are g1 > 0, g2 > 0 and &3 > 0 such that

tlim inf x(¢) > &1, tlim inf y(¢) > &9 and tlim inf 2(¢) > &3,
where g1, g2 and &3 do not depend on the initial values in Xj. O

Now we show that under certain conditions the system (3.1) has the property
of stability of periodic orbits.

THEOREM (5.3). Let 6y < and suppose that the numbers &1, g2 given

ko
b+ k
in the previous lemma satisfy
2peq o)
>p— ——=>0
k P (¢ + &1)?

Then system (3.1) has the property of stability of periodic orbits.

(5.4)

Proof. Let p(¢) = (x(t), z(t), y (¢)) be a periodic solution, then his orbit I' is
contained in intX; In accordance with the criterion given by J. Muldowney
in [8], in order to obtain periodic orbit of a autonomous system is orbitally
asymptotically stable, it is sufficient to show that the linear non-autonomous
system

(5.5) w (t) = JZ(p O)w(t)

is asymptotically stable, where J!?! is the second additive compound matrix of
the Jacobian J given by (4.3). For the solution p (¢), the system (5.5) becomes

2p ody )
wy=—|-p+Fx+ +v ) w1+ wa,
1 < P A (qb+x)2 Y 1 2
2p ay ox
5.6 L (_ _ _5> R
5.6) we qSerwlJr E (p+x)? w2 d>+xw3
oy
Wh = w1 — (6 + y)ws.
P (x| ’
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In order to show that the system (5.6) is asymptotically stable, we apply the
following Lyapunov function:

V(wi(t), wa(t), ws(t), x(2), y(t), 2(2)) = ||(Z2w1(2), wa(t), 22

kO] ’ y(@)

where ||-|| is the norm in R?® defined by
(|1, we, ws)|| = sup {|wz], (w1 + |ws]} .

From Lemma (5.2), we obtain that the orbit of p (¢) remains at a positive dis-
tance from the boundary of X;; therefore

y@) > a, z2(t) > @, @« = min{eg, g3} for all .
Hence the function V is well defined along p (¢) and

(5.7 V (w1, wo, ws; x, y, 2) > % (w1, we, w3)||,

where M = max{k + 1, M + 1}. Along a solution (w;(¢), wa(t), w3(¢)) of system
(5.6), V becomes

V)= Sup{wz @), (|w1 )] + |ws (t))}

(t)

Then we have the following inequalities:

2p oy
(5.8) D jwi @) < — <—P Tt Gra? + 7) w1 (&)] + [wa @),

(5.9) D, [ws @) < —( p+ ZLx+

G+ 8) lwa 0] + % (lwr(®)] + lws(®))

(5.10) D, |ws@®)| < -6 +7y)|ws@)|+ 5 w1 ().
(<15+x

From (5.8) and (5.10) we get
D, (lwi@®)] + w3 @®)]) < [we @) — L (jwy @) + |ws @)]),
2p oy

where L = min {— 4+ —x+———5+7v6+ } . Therefore
P A (¢+x)2 Y Y

D (E(lwy (0] + ws ) = (= — %)5 (Jws )] + [ws (1))

+ §D+ (|w1 (t)| + ‘w3 (t)|)

/

< (i — ‘l)i (\wl ®)| + |ws (t)‘)
2 Yy

+ Zwp 0] = LE (Jwi @) + w3 1))
y y

(5.11) < ; lws (8)] +
E Y D2 (wi )] + |ws @)
y y

From (5.9) and (5.11) we get
(5.12) D,V (@) <sup{hi1(®),ha®)}V (@),
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where
2p oy oxy
hit) = —(—p+FTx+——=+8+ ——,
1(t) (—pt o« Giaf ) @0z
/ /
haty = 242 -2 L
y =z )

and from the last two equations of (3.1)

/

2p oy z

hit) = p—"Fx— 8+ =+8
' BT gty z

2 !

p— Py A4 5 T z

ko (prx) 2

2p oy 2p ay .
If-6<p——x— 5 <0,then L = —p+ —x+ 5 +7; in that case

ko (a0 E™ 0 (gta)

z 2y 2p ay 2 2p ay
h(t):+——(—p+x+ +y|=—+p— T—x— .
2 y oz Yy k™ (p+a) z B (¢ptx)

Hence
(5.13) sup {0, ha®} <2 bp—Pu_ T o, 7
. 1(2), he <7 A ) mt
where p > 0 satisfies that p pr V< <0.Ifp 2p x 7y <
® — X < - <0.Ifp——x—
BT (¢ptx) k™ (p+x)

—&, then L = 8 + v; and then we get

/ / /

he)=2+2 -2 Gty =-6+2.
Y z Yy z
Hence
(5.14) sup {h1 (8), ha ()} < —6 + Z;

Let v = min {u, 6} . Then from (5.13) and (5.14), we have

!

(5.15) sup {hy1 (£), hs ()} < —v + Z;

Therefore, from (5.12) and Gronwall inequality,
V)<V zit)e ™ <V (0)Me™,
which implies that V (¢) — 0 as ¢ — co. By the equation (5.7) we can see that
(w1 (), we(¢), ws () — 0, as t— oo.

This implies that the linear system (5.6) is asymptotically stable and therefore
according to the previos mentioned result of J. Muldowney [8], the periodic
solution p(¢) is orbitally asymptotically stable. O
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6. Existence of a stable periodic orbit and global analysis

In this section we give our main results concerning with the existence of
periodic orbits and we describe the global attractor under the conditions of the
Theorem (5.3). The following theorem has to do with the existence of orbitally
asymptotically stable periodic orbits.

THEOREM (6.1). Let &y < ¢L and assume that the unique nontrivial

+k
equilibrium E, is hyperbolic and unstable. Then E, has a one-dimensional
stable manifold W*(E,). Furthermore, there exists an orbitally asymptotically
stable periodic orbit, and the w — limit set of every solution (x(¢), y(t), z(t)) with
x(0) > 0, y(0) > 0, 2(0) > 0 and (x(0), ¥(0), 2(0)) ¢ W*(E,) is a nonconstant
periodic orbit.

Proof. We apply Theorem (2.5) and Theorem (2.3) to system (3.1). From
Lemma (4.13) we see that the stable manifold of E. is one dimensional and
from Lemma (3.8) we can see that the system (3.1) is equivalent to the compet-
itive and irreducible system (3.9). The existence of an orbitally asymptotically
stable periodic orbit follows from Theorem (2.5) and the analyticity of the vec-
tor field. Note that (H1) holds by Theorem (2.5) and Lemma (5.2) (the latter
must be translated appropriately to system (3.9)), in particular, we take the
domain D given in (3.7). Using Lemma (5.2), Theorem (2.3) implies the final
assertion. O

In the following theorem we give conditions wich imply the existence of a
unique globally orbitally asymptotically stable periodic orbit. Also, we give
conditions for the global asymptotic stability of the equilibrium point E.,.

THEOREM (6.2). Under the conditions of the Theorem (5.3), the global attrac-
tors of the solutions of the system (3.1) are given as follows:

(1) If k > ko, then there exists a unique periodic orbit that is globally orbitally
asymptotically stable.

(1) If k. < k < ko, then there exists a unique periodic orbit which is globally
orbitally asymptotically stable.

(i) If x,. < k < k., then the equilibrium point E, is globally asymptotically
stable.

Proof. (i) According to the previous theorem there exists a periodic orbit.
Also, under the conditions of the Theorem (5.3) each periodic solution is or-
bitally asymptotically stable and in that case Theorem (2.8) assures that there
exists a unique periodic orbit. On the other hand, taking into account that the
system (3.1) is equivalent to the competitive and irreducible system (3.9) the
Poincaré-Bendixson Theorem (2.2) implies that the periodic orbit is globally
orbitally asymptotically stable.

(i) The proofis similar to the previous case.

(iii) Since the equilibrium point E., is locally asymptotically stable and the
system (3.1) has the property of stable periodic orbit by the Theorem (2.8), there
exists a unique periodic orbit which is orbitally asymptotically stable. This
situation is contradictory with the Poincaré-Bendixson Theorem (2.2) because
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system (3.1) is equivalent to a competitive system. For this reason, no such
periodic orbit exists and the equilibrium point E., is globally asymptotically
stable. O
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FREE-DIMENSIONAL BOUNDEDNESS OF THE MAXIMAL
OPERATOR

ADRIAN INFANTE

ABSTRACT. In this work we study the behavior of the constant appearing in
the weak type inequality (1, 1), for the centered maximal operator acting on
radial functions and associatedwith monotone radial measures, with respect
to the dimension of the underlying space euclidean. In the case of a monotone
increasing radial measure, we will prove that this constant is indeed inde-
pendent of the dimension. We will also see that the techniques used in this
case cannot be extended to the case of the maximal operator associated with
decreasing radial measures.

1. Introduction

Let 1 be a non negative Borel measure defined over the Euclidean space
R”™. Given a function f € Ll (du), the Hardy-Littlewood maximal operator is

defined as o 1
= — d
Muf@) = sup s | |0l duty),

where the supremum is taken over all balls B containing the point x, with
u(B) > 0. Also the centered Hardy-Littlewood maximal operator Mjf, is
defined by taking the supremum only over balls centered on x.

The centered maximal operator maps L (du) into L>>*°(du). This can be
proved using the Besicovitch covering lemma. An operator that satisfies this
boundedness property is of weak type (1, 1),

plx R M@ > Al < $ [ 1700l duto)
Rn

for more details see E. Stein [7].

One of the problems that has had special attention in recent years is the
study of the boundedness constants dependence of the underlying Euclidean
space. This has special importance to develop harmonic analysis for the infinite
dimensional case.

E. Stein [7] (see also [8]) proved that the centered Hardy-Littlewood maxi-
mal operator associated to the Lebesgue measure, M¢, is bounded on LP(R"),
p > 1, with a constant independent of dimension.

E. Stein’s result was extended by J. Bourgain [1] who proved it for the
maximal operator defined over symmetric bodies for p > 2. The range of p can
be extended down to p > % which was proved independently by J. Bourgain
[2] and A. Carbery [3].
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E. Stein and O. Stromberg [8] proved it for euclidean balls using an argu-
ment involving the method of rotations, that the constant of weak type (1, 1)
grows no faster than O(n).

Then, T. Menarguez and F. Soria [6] studied the behavior of the constants
appearing on the weak type inequalities for the dyadic maximal operator asso-
ciated to a convex body. Let B be a symmetric convex set in R”, B,.(x) denotes
dilation by r and translation by x of B. If ¢ = {q1},., is a lacunary sequence
of positive numbers, i.e. there is a positive number a, such that % >aq>1
for all &, we define the maximal operator as

1
M,f(x) = sup — [fl dy.
rez |Bg,l By, (x)
Then, there exists a constant C independent of dimension such that

C logn
n . < =
[{x € R : Myf(x) > A} < — (1+logaq) Al

for every function f € L'(R") and A > 0.

T. Menarguez and F. Soria [6] have considered the special case in which
the maximal operator associated to the Lebesgue measure is defined for ra-
dial functions of R”, these are functions of the form f(x) = fo(|x|), and they
have proved that for this maximal operator the bound is independent of the
dimension.

In this paper we study the size of the constant appearing on the weak type
(1, 1) inequality for the centered maximal operator associated with a mono-
tone radial measure defined over radial functions. In the case of monotone
increasing measures we will see that the constant obtained is independent
of dimension from the associated Euclidean space. But in the case of mono-
tone decreasing measures we see that the previous argument fails. Thus it
is an open problem the study the behavior of the constant appearing on the
weak type (1, 1) inequality, for the centered maximal operator associated to a
monotone decreasing radial measure defined over radial functions.

2. Case of monotone increasing measures

In this section we will study the size of the constant appearing on the weak
type (1, 1) inequality, for the centered Hardy-Littlewood maximal operator as-
sociated to a monotone increasing radial measure and defined on radial func-
tions of R”. In this case we will prove that this inequality can be established
with a constant independent of dimension.

THEOREM (2.1). Let M, be the centered maximal operator, defined over balls
on R" and associated to a measure du(x) = yo(|x|)dx, with vy a positive increas-
ing function. Let f be a radial function over R, then

p{x: Mif(x)> A} < %/ If)|duly)  forall A > 0.
Rﬂ.

In order to prove this result we need the next lemma in which the measure
of any ball centered at x can be compared with the measure of a set that
contains B with constants independent of dimension and such that it has a
good description in polar coordinates.
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LEMMA (2.2). Let x € R" and B any ball centered at x. Then there exists a set
Sp C S" L and two functions €1, € : Xp — R, such that €1(0) < |x| < ez(w)
for every o € 3,

BCD:={to: welp €(w) <t < elw)}
and w(D) < 2u(B).

The radial projection of u, denoted by wo, on the positive axis is defined for
a measurable set E C R, as

On /E dpo(®) = u({y: [y] € E}).

If u has density yo then we clearly have
dpo®) = t" Lyo(t)dt .

Proof of the Lemma (2.2). Let B be a ball centered at x and radius r. We
consider two cases. We consider first the case of the balls B containing the
origin 0. In this case we will set 3 = S» ' and D = BU By,((0). We define
€1(w) = 0 and e2(w) as the distance between the origin and the intersection of
the ray passing by the origin on the direction » with the boundary of D, i.e.

eo(w) = |sup {tw € D}|.
t>0

It is clear that w(D) < 2u(B), because (B, (0)) < w(B).

In the case of 0 ¢ B, we denote by I' the interior of the smallest cone con-
taining the ball B and with vertex at origin. We set g = I'n S*~1.

For each w € 2, we define €;(w) as the distance from origin to the first
intersection point of the ray o which passes by origin with the closure of B.
We define the set D by

D =D, UD,,
where
D) ={tw: wep e(w) <t <|x|}
and
Dy = B\ B,(0).

We define e5(w) as the distance between the origin and the farthest point of
the intersection of the ray o with the closure of D.

Clearly Dy C B. Also D is contained in the ball B,(z), where z is the point
on the segment Ox such that |z| equal to the distance from the set 9I'N B to the
origin. As D; C B,(2) and the measure u is increasing, we have

w(D1) < w(B(2)) < w(B),
where B = B,(x). O

Another tool that we will use in the proof of the theorem (2.1) is the following
result for n = 1: if u is a regular measure on R, then we can obtain the weak
type inequality using a simple geometric argument (see A. Garsia [4] and B.
Muckenhoupt and E. Stein [5]). More precisely, it satisfies

(2.3) b Muf@ >0} < 2 / Fo)l duy),
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for all A > 0. Observe that the constant appearing on the inequality (2.3) is 2.

Proof of the Theorem (2.1). Given a ball B with center at x and radius r,
S5 C 8" 1 €, e :35 — R, and D given as in the Lemma (2.2), then

ez(w)
(D) = / ( / tn_l‘)/o(t)dt> do(w) = /2 po(L)do(w),
3p €1(w) B

where w is the radial projection of u, and I, = [e1(w), ea(w)]. Observe that
€1(w) < |x| < eg(w) for every w € 3 g, and therefore |x| € I,.
Now by (2.3), considering

1
Mufolls) = sup — /1 Fol®)| molt)ds,

|x|el

we get, that
24)  po({teR: My folt)>A}) < / |F@)| po(t)dt, A > 0.

Now consider a radial function f with fo(|x|) = f(x), using the previous
Lemma, we have

IA

1 2
5 /B ol < o /D £ du(y)

2
T D ) “O(Iw)( A / fo(t)/U«o(t)dt) do(w)
< 2sup

¢ Hdt
|x|€l ,Mo(I)/|f0( )| o)
= 2M,,fo(|x)).

In the previous inequalities we have used that
| wolL)dot@) = )
3B
We have,

p{x e R" : M f(x)> A}

IN

do(w) " Lyo(t)dt
Sn—1 {£0: My fo>4}

/ o ({t >0: My fo®) > g}) do(w).
Sn—1

Using the estimate (2.4), we finally have

p{x eR": M{f(x)>A} < i/s d(r(w)/ |fo@®)| mo(®)dt
n—1 R

4
- X/anwdu.
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3. Case of monotone decreasing measures

The previous argument can not be used in the case of radial monotone de-
creasing measure u, since it is not known that

m(B) ~ w(D),

with constant independent of the dimension. Trying to retrieve part of the
argument we will study the problem of constant independence for a modified
maximal operator.

Let B = B,(x) be a ball with center x and radius r, with |x| > §. We define

Cr(x) = By(x) N T(x)

where I'.(x) is the smallest cone with vertex at origin and containing the set
(0B N dB(0)). If |x| < §, we simply say that C,(x) = B,(x).
Given a Borel measure u defined on R”, we define the maximal operator

M, f(x) = sup If| dp,

L
w(Cr(x)) C(x)

where the supremum is taken over all values r > 0.

THEOREM (3.1). If f is a radial function, then
— 2
wlxe B Mf)> 1) < 7/ \fldp.
A. Rn

Proof. The key of the proof is that each set C,.(x) can be written in polar
coordinates as

Crx)={t,0): 6 € 2.(x), e1(0) <t < €2(0)}

where 3,(x) = Tr(x)NS" 1 if x| > £ and 3.(x) = S"~1, if |x| < ;. Besides, and
this is crucial in the argument, we have €;(0) < |x| < €2(9) for all § € 3,.(x).
The remainder is similar to the argument given in the previous section.

If we set du(x) = duo(r)do(8), where (r, 6) are the polar coordinates of x and
duo the radial projection of du, we have

€2(0)
(G (x)) / dpo(r)do(6)
3.(x) Je

1(68)

/ ap(0)do(6),
3, (x)

where

€2(0)
an(0) = / dpaor).

1(0)
If f(x) = fo(|x|), we have
1
G oo [F@) duly)
1 1 €2(0) J p
= T (N (7]
/“L(Cr(x)) 3, (x) CYB( )aB(e) @) |f0(r)| MO(r) 0'(0)

IN

Mo fo(|x]).
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We have
plx: Muf@ >2} = /S,l o ({r: My for) > A}) do

2 [ 2
/ 2 / fol (Vdpo(ride = 2 / Fldu.
Sn—l)\ 0 A Rn

As we have mentioned before, the reason for not using the set D associated
to a ball B = B,(x) is that we do not know in general that

w(D) < Cu(B),

with constant C independent of the dimension. It would be interesting to
study this inequality on specific decreasing measures as the gaussian measure
dug(x) = e~1*’dx. For such measure one might expect for it to satisfy the
following inequality,

IN

O

(D \ B(x)) < Cu(B,(x) N By (0)),

with constant C independent of the dimension.

However, this is not true even in the case of the Lebesgue measure. We will
take r = |x|, so the origin is in the bound of the ball.

If it would be true, we should have

1

r/2 - no1 r/2 n—1
/ <(r2 C R (2rh - b2 ) an<c [ (erh—n)T an
0 0

with C independent of n. So

r/2 _— r/2 n—1
/ (r? — h?)" dh§(0+1)/ (2rh — h?) 7 dh.
0 0
By homogeneity we can take r = 1. In this case, the left hand side is

"1/2 n—1 3";1
12\ 2
/0 (1) T an>"

Therefore,

n—1

1/2
Cc+v [ (-1 dn
0

C ]_ 1 n—1
_ ¢ ;; )/(4y—y2)7dy-
0

IN

Equivalently, we have

n—1
1 L/idy — 42\ 7
<
0<C+1/0( 3 ) @y,

for every n € N, which is false because 0 < 43'3;3'2 < 1, for every y € (0, 1) and
by monotone convergence theorem we get

n—1

1 a2 2
lim <4y Y ) dy =0.
0 3

n—oo
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ON Q-INVARIANT ADELE-VALUED FUNCTIONS ON A

MANUEL CRUZ-LOPEZ

ABSTRACT. We initiate the development of an adele-valued function theory
defined on the adeéle group A of the rationals, parallel to the classical theory
over the circle. By introducing a variation of the Bohr—von Neumann con-
cept of almost periodic functions we characterize the adele-valued Q-invariant
functions on A. We also present a variation of the notion of invariant mean.

1. Introduction

In the real classical analysis over the circle, the basic object of study is the
Z-bundle structure Z — R — R/Z and the first step in the development of
the whole theory is the basic remark that there is a one to one correspondence
between

{Z-invariant functions R — R} «— {Continuous functions R/Z — R}.

In this paper we initiate a parallel theory by replacing this basic object with
the Q-bundle structure Q — A — A/Q, where A is the adéle group of the
rationals which is a locally compact abelian group, Q is a discrete subgroup of
A and A/Q is a compact abelian group (see [Mac] for a very nice historical and
complete description of the adele group of Q). Since

A/Q = lim R/nZ,

we see that A/Q is a projective limit whose n-th component corresponds to
the unique covering of degree n > 1 of R/Z. This is also called the algebraic
universal covering space of the circle R/Z with canonical projection A/Q —
R/Z, determined by coordinates projection. The Galois group of the covering
is Z, the algebraic fundamental group of R/Z. So, in many senses, the group
A/Q is a “generalized” circle and it seems plausible to try to rewrite, on the
one hand, the complete theory of Fourier analysis on it and, on the other, the
complete adele-valued covering function theory. We present the first steps of
the adele-valued theory on A keeping in mind both motivations. We note that
the C—valued Fourier analysis on A has been developed since the 1950’s (see
[Tate], and [RV] for a more recent account).

Similar to the classical case, we first prove that there exists a one to one
correspondence between

{Q-invariant functions A — A} «— {Continuous functions A/Q — A}.
This is done by presenting a variation of the theory of almost periodic func-

tions, originally introduced by Harald Bohr in 1925 (see [Bohr]), and later on

2000 Mathematics Subject Classification: Primary:43A70, Secondary:22B05, 43A60.
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generalized by John von Neumann in 1934 (see [Neu]). In 1938, André Weil, in
his important monograph [Weil], did a description of almost periodic functions
from a very general point of view, for transformation groups acting on general
topological spaces. Here we use these general ideas in the concrete case of
the group A identified with the group of translations {s — L} as a group
of homeomorphisms acting on C,(A, A), the space of adele-valued uniformly
continuous functions on A.

By studying this A-action, we extend part of the theory of Bohr-von Neu-
mann to functions defined in the adele group of Q that are adele-valued. We
use a characterization introduced by A. Weil of these kind of functions, by us-
ing the fact that any topological group admits a continuous representation into
a compact topological group whose image is dense. This extended notion will
then permit us to characterize the class of functions we are interested in: the
adele-valued functions that are invariant under the (additive) action of Q.

After presenting this variation of the almost periodicity concept, the next
important point to be considered (as in the classical case) is the notion of in-
variant mean.

As has been already said, the ideas developed in this paper are the starting
point of the development of a complete theory of adele-valued Fourier analysis
on A. Here we are only interested in invariant functions since they are also
the basic ingredient for the development of a ‘covering’ function theory for the
Q-bundle structure Q — A — A/Q. In forthcoming papers we will continue
developing this theory.

Finally, it should be pointed out that the analysis on the adele group of the
rationals has been of interest due to its importance for the physical formulation
of adelic quantum mechanics which treats real and p-adic quantum mechanics
in a unified way (see [DRK] and [Dral]).

In section 2 we describe the adele group A of the rationals and define an uni-
form structure on it. In section 3 we make the description of the adele-valued
almost periodic functions defined on A, and in the last section we generalize
the notion of invariant mean.

2. The adele group of Q

The adele group of Q. In this section we define our basic object, the adele
group A of the rationals Q. Since this is a classical object, we will only estab-
lish the general definitions and properties without any comment. A complete
description of A can be found in [RV] (Chap. 5).

If p # oo is any prime number, define the absolute value or norm |- |, on Q
by

0 ifx=0 "~

ord,(x) E

el = { v ifx #£0

where ord,(x) is an integer such that x = p and p does not divide a and

b. It can be seen that | - |, satisfies the usual properties of an ordinary abso-
lute value and is called a non-Archimedian absolute value or non-Archimedian
norm. If p = oo, then |x| is the usual absolute value on Q.
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By Ostrowski’s theorem, every nontrivial norm | - | on Q is equivalent to
| - |p for some prime number p or for p = co. The completion of Q with respect
to | - | is the field of p-adic numbers Q,, which is a locally compact complete
topological field. The ring of integers in Q, is the compact topological ring of
p-adicintegers Z, := {x € Q, : |x|, < 1}. If p = 00, then Qc = Rand Z., = Z.

From now on, we consider only the additive structure on Q, which makes
it a locally compact abelian group and Z, a compact abelian group.

Definition (2.1). The adele group A of Q is the restricted direct product of
Qp with respect to Z,,. That is,

A= {(xp) € H Qp : xp € Qp with x, € Zj, for all but finitely manyp} ,
P

where p is varying in the set of all prime numbers including p = oo.

Clearly, A is a subset of the ordinary set-theoretic direct product of the Q,
and, moreover, a subgroup of the group-theoretic direct product.

We define a topology on A by specifying a neighborhood base of the identity
consisting of the sets of the form [ » N, where N, is a neighborhood of 0in Q,
and N, = Z, for all but finitely many p. It is not difficult to prove that A is
a locally compact abelian topological group. Also, by Haar’s theorem we know
that there exists a (unique) left invariant Haar measure defined on A.

It is also possible to describe the adéle group of Q in the following way: If
Ar denote the set of finite adéles, that is, Ar is the restricted direct product of
Qp with respect to Z, for all p < oo, then A =R x Ag.

A very important fact is that Q is a discrete cocompact subgroup of A; i.e.,
A/Q is a compact abelian topological group with canonical projection Ilg :
A — A/Q. The group A/Q is called the adele class group of Q and the
following theorem gives a nice description of the adele class group of Q (see

[RV]):

THEOREM (2.2). There is an isomorphism of topological groups A/Q —
lim R/nZ.

Uniform structure on A. An uniform structure on A is determined by speci-
fying a family of subsets of A x A, called entourages, that satisfy certain axioms.
In the concrete case in which we are interested in, we exhibit a fundamental
system of entourages of such structure. To construct this system, we use the
sets U defined in the following way. To each neighborhood Uj of 0 in A we
associate the set U := {(x,y) € A X A : y —x € Up}. Let U be the family
which consists of all such sets U, where U, varies in a fundamental system of
neighborhoods of 0.

We verify directly that this family satisfies the axioms of a fundamental
system of entourages of a uniformity (i.e., a uniform structure) on A. That is,

e Each U contains the diagonal A C A x A since 0 = x — x € U.

e Since y — x € Uy if and only if x — y € —U)j, we conclude that —U € 4.

elfz—xecUpandy —ze€ Uy, then,y —x =@y —2+(z—x) € Uy+ Uy
and therefore, U + U € {l.
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We then have that 4 is a fundamental system of entourages of a uniformity
on A. This uniformity is also compatible with the topology on A, since, if
Ux)={yeA:y—x e Uy}, theny € U(x) is equivalent to y € x + Uy. That
is, U(x) = x + Uy, which is a neighborhood of x € A. We also have that, with
this uniform structure, A is a complete topological group.

We say that x, y € A are ‘close’ if there exists an entourage U of A such that
y € U(x). In this case, we will simply write x ~y y or, x ~ ¥.

3. Adele-valued almost periodic functions on A

Function theory on A. We will use the previously defined uniform structure
on A to define an uniform structure on Map(A, A), the set which consists of
all maps of A into itself. As before, we will denote by U any entourage of the
uniformity on A and by Uy any neighborhood of the identity in A.

For each entourage U of A, we define W(U) by:

WU) = {(®, V) : (P(x), ¥(x)) € U for every x € A}
={(®, V) : ¥(x) — P(x) € Uy for every x € A}.

If U varies in the family of entourages of A, the family of sets 20 := {W(U) :
U € 4} form a fundamental system of entourages of a uniformity on Map(A, A):
e Every W(U) contains the diagonal in Map(A, A) x Map(A, A), since U
contains the diagonal in A x A.
o —W(WU)=W(-U) e 2, since V(x)—P(x) € Uy ifand only if (x)—V(x) €
—Up.
e WWU)+WWU) c WU + U) € 29, since, if V(x) — ®(x) € Uy and 2(x) —
Y(x) € Uy, then 2(x) — ®(x) € Uy + Uy.
If Wy(®) := {¥ € Map(A, A) : ¥(x) — O(x) € Up}, then ¥ € Wy (D) implies
that W(x) € ®(x) + Uy, for every x € A.

Definition (3.1). The uniformity on Map(A, A) that has as a fundamental
system of entourages the set 20 is called the uniformity of uniform convergence.
The topology that induces is called the topology of uniform convergence. If a
filter 7 in Map(A, A) converges to an element @ with respect to this topology,
we say that F converges uniformly to ®.

The uniform space that we obtain when providing Map(A, A) with the uni-
formity of uniform convergence will be denoted by Map, (A, A). Map,(A, A)
is a topological group and the uniformity just defined is the natural uniform
structure it has as a topological group. Since A is complete, the uniform space
Map, (A, A) is also complete.

Denote by C(A, A) the set which consists of all continuous functions from A
into itself and by C, (A, A) the set C(A, A) provided with the topology of uniform
convergence. In what follows we will only consider C,(A, A).

Remark (3.2). 1. Cu(A, A) is a closed subset of Map,, (A, A).
2. Cu(A, A) is complete since it is a closed uniform subspace of the closed
uniform space Map, (A, A).

Definition (3.3). a). We say that a subset H of Map,,(A, A) is equicontinuous
at the point xy € A if, for each entourage U of A, there exists a neighborhood
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Uy of xg in A such that (®(x), ®(xg)) € U for every x € Uy and every ® € H.
We say that H is equicontinuous if it is equicontinuous at every point of A.

b). We say that a subset H of Map,(A, A) is uniformly equicontinuous
if, for every entourage V of A, there exists an entourage U of A such that
(P(x), P(y)) € V provided that (x,y) € U and ® € H.

Example (3.4). Recall that if ® : A — A is any uniformly continuous
function, then the translation of ® by an element s € A is defined by

L®(x) = Pg(x) := D(s + x).

If ® : A — A is uniformly continuous, then the family of translates {®; : s €
A} of ® is uniformly equicontinuous since the relation y — x € Uy is equivalent
to (s +y) — (s + x) € Uy. That is, for every entourage V of A, there exists an
entourage U of A such that ($y(x), Ds(y)) € V for every (x,y) € U and every
s €A

Almost periodic functions on A. According with the last example, if O :
A — A is uniformly continuous, then the family of translates of ®, {L,d :
s € A} is uniformly equicontinuous and therefore C,(A, A) is a translation—
invariant subspace. Then, identifying A with the group of translations {s —
L} acting as a group of homeomorphisms of C,(A, A), we can consider the
A-action by translations in C, (A, A):

A x C (A, A) — Cu(A, A), (s, ®) — L, = D,.

The representation s — L is continuous, since, for each neighborhood V
of the identity in A, there exists, by uniform continuity of ®, a neighborhood
Ujp of 0 such that, ift —s € Uy, then ®(¢) —P(s) € V. Then, (t+x)—(s+x) € Uy,
and therefore ®;(x) — ®,(x) € Vy, for all x € A. That is, if s ~ ¢, then &g ~ Dy,
for all s, ¢ € A.

Also, if ¥ € Wy(®), then ¥(y) € d(y) + Uy, for every y € A. That is,
W(y) — ®(y) € Uy, for each y € A. Letting y = s + x, we see that, if s € A, then
V(x) — Dy(x) € Uy, for all x € A. Then, ¥, €¢ Wy (dy), for all s € A, and thus
the family {s — L;} is uniformly equicontinuous.

If ® € C, (A, A), the orbit of ® under the A-action is the set
O@) :={Ds:s € A} C Cyu(A, A).

Definition (3.5). We say that ® € C,(A, A) is almost periodic on A if O(®P) is
relatively compact in C,(A, A); i.e., if O(®) C Cy(A, A) is compact. Denote by
AP(A, A) the set of all adele-valued almost periodic functions on A.

The next proposition gives a characterization of this class of functions:

PROPOSITION (3.6). ® € Cy(A, A) is almost periodic on A if and only if for
every neighborhood W(®) of ® in C,(A, A), there exist sy, ..., s, € A such that,
forany s € A, L (L;®) € W(®), for at least one 1 < j < n.

Proof. Suppose first that O(®)is relatively compactin C, (A, A). Let Wy (®)C
C.(A, A) be a (uniform) neighborhood of ®. By compactness of O(d), there exist
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a finite number of elements s1, ..., s, € A, such that

O(®) C | Ly, (Wy(®)).
j=1

That is, for each s € A, we have that L;® € L; (Wy(®)), for some j. Hence, for
every s € A, L_;.(L;®) € Wy(®), for some ;.

Reciprocally, suppose that for each neighborhood Wy (®) of ® € C,(A, A),
there exist sy, ..., s, € A such that, for every s € A, L_ (L;®) € W(P), for at
least one j, 1 < j < n. That is, for every s € A we have that

L®(x) € | J(Ly®(x) + Up),  forallx € A.
j=1

This means that the set O(®)(x) = {L;®P(x) : s € A} is a relatively compact
set in A for every x € A. Since O(®) is also a uniformly equicontinuous set and
Cy(A, A) is complete, by Ascoli’s theorem we conclude that O(®) is relatively
compact in C, (A, A). O

Remark (3.7). The above propositionis equivalentto: ® € C,(A, A)is almost
periodic on A if and only if for every neighborhood V of the identity 0 € A, there
exist sy, ..., S, € A such that for any s € A, there exists atleatone j,1 < j<n
such that

Dy(x) — D (x) €V, for all x € A.

According with A. Weil (see [Weil]), it is possible to associate to any topolog-
ical group G, a compact group I" and a continuous representation p : G — I
such that the image of G under p is a dense subgroup of I'. The next proposition
also gives a characterization of almost periodic functions on A:

PROPOSITION (3.8) (Weil’s Criterium). ® € C,(A, A) is almost periodic on
A if and only if there exists a continuous extension ®y : I' — A of ® such
that ® = ®g o p, where I is a compact group and p : A — I is a continuous
representation whose image is dense.

Proof. Suppose first that ® € C,(A, A) is an almost periodic function. Let
K := O(®) denote the compact closure of O(®) in C,(A, A). Clearly, K is
invariant under the A-action. Denote by L° the restriction of L; to K in the
space Cy(K, K). Then, L® is a homeomorphism of K. Let I" be the closure in
Cyu(A, A), of the image of A, under the map A — Homeo(K) given by s — L*.
Then, I' is a compact group of homeomorphisms which is transitive over K.
Define & : I' — A by ®y(P,) := ®(x). Then, &y : I' — A is continuous and
b = CI)O o p.

Reciprocally, suppose that @ : I' — A is an adele-valued continuous func-
tion such that ® = ®j o p. Since s — L;®q is continuous and I' is compact,
then O(®g) = {L;Py : s € I'} is compact. If s € A, then

Ly(®g 0 p)(x) = Pg 0 p(s + x) = Py(p(s) + p(x)) = (L5 Po 0 p)x).
Hence, the orbit of ®( o p is mapped into the orbit of ®,, which is compact. [
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Invariant functions on A. First of all, observe that any continuous function
with compact support ¢ : A — R determines a continuous invariant (Q-
periodic) function

o(x) == Z oy + x),
veQ
and, any real-valued continuous Q-periodic function on A can be written in the
above form with ¢ continuous and of compact support.

The set Cg(A) of all these real-valued continuous invariant functions is
the totality of real-valued continuous functions defined on A/Q. Now, if d €
Cu(A, A), then ¢ o ® : A — R is continuous for any ¢ € Cg(A). Then, ®
determines a (vector space)-homomorphism ®* : Cop(A) — C@((ID*lA), given
by ¢ — ®*¢ = @ o .

Definition (3.9). We say that an adele-valued uniformly continuous function
® : A — A is invariant under Q or Q-invariant or, simply invariant if

Dy +x) =dx), ycQ xecA

Denote by C;,,(A, A) the subspace of C,(A, A) which consist of all adele-
valued invariant functions. If ® € C;,,,(A, A), then ®*¢ is also invariant, for
every ¢ € Co(A).

Example (3.10). Recall that A = R x A; and consider the natural inclusion
o : R — A. If ¢ is any real-valued invariant function on A, then ® := g o ¢ :
A — A is an adele-valued invariant function on A.

Example (3.11). LetT : R x A — A be the continuous translation flow on A
given by T'(¢, x) := o(¢)+ x. So, for any x € A we have a continuous translation
map T, : R — A given by T} (¢) := o(¢) + x.

If ¢ € Cg(A) we get an adele-valued continuous function with compact sup-
port ® := T, 0 ¢ : A — A given by

D(y) == (T o )y) = o(p(y)) + x.
Then, ® is Q-invariant: ®(y + y) = ®(y) forall y € Q and y € A.

According with the theory developed in the last section, we have the follow-
ing characterization (compare Chap. VIII, Sec. 33, [HR]):

THEOREM (3.12). Every invariant function on A is almost periodic. That is,
Cino(A, A) € AP(A, A). Moreover, if ® : A — A is almost periodic, then O(®)
is compact if and only if there exist a uniform compact abelian group T, a
continuous surjective homomorphism p : A — T, and a continuous function
®y : ' — A such that ® = Oy op.

Proof. The first statement is clear since for every s € A we have that ®; =
®,.,, for all y € Q. By proposition (3.6) we conclude that ® is almost periodic.
In order to prove the second part, first suppose that the orbit of ® is compact.
We can define a group structure on O(®) in the following way: If &, &, € O(P)
define
(bs D (Dt = (I)s+t‘

Then,



82 MANUEL CRUZ-LOPEZ

e @ is well-defined: If &; = &, and ®; = ®,/, then
Dy () =DP(s+t+x) =D +t+x) =0 +5 +x) =Dy _p(x).

Hence, &;,; = &y 4.

e & is associative, commutative. The neutral element is ® and the inverse
of &, is O_;.

e & is continuous in the uniform topology of O(®).

Therefore, O(P) is a compact uniform abelian group. The mappingp : A —
O(®) given by s — L;® is a continuous surjective homomorphism. Define
d) : O(P) — A by

Do(Dy) := D(x).
Then, @y : O(®) — A is continuous and ® = ®j o p.
Reciprocally, suppose that ®( : I' — A is an adele-valued continuous func-

tion such that ® = ®j o p. Since s — L;®q is continuous and I' is compact,
then O(®gy) = {L;Py : s € I'} is compact. If s € A, then

Ly(®g 0 p)(x) = ®g 0 p(s + x) = Py(p(s) + p(x)) = (L5 Po 0 p)(x).

Hence, the orbit of ®( o p is send it onto the orbit of ®y, which is compact.
Therefore O(®) is compact. O

If® € G, (A, A), themap p : A — O(®) given by s — L,P is a continuous
surjective homomorphism. Since ® is invariant, the kernel of this map is
Q and therefore O(®) = A/Q. Consequently, the map p coincide with the
canonical projection Ilg : A — A/Q. We conclude that there exist a one to
one correspondence between

{Q-invariant functions A — A} «— {Continuous functions A/Q — A}.

4. Invariant means

Recall that we can also describe A as R x Ay, where A is the restricted
direct product of Q, with respect to Z,, for all p < co. Denote by 0 = (0, 0) the
neutral element in A. The ‘leaf’ through 0, Ly := R x {0} is homeomorphic to
R and, if ® : A — A is any almost periodic function that sends L into itself,
then

CI)| Ly -= (130
is an almost periodic function on R. Thatis, ® 1, can be identified in a canonical
way with an element of AP(R), the set of real-valued almost periodic functions.
In fact, the mean value M(dy) of @ coincides with the usual mean value:

.1 T
M(®Dy) := Tll_}I{.lo o /_T Do(2)dt.

Suppose now that ® : A — A is any almost periodic function on A and
consider the function space AP(A), which consists of all real-valued almost
periodic functions defined on A. Then, ®*¢ = ¢ o ® is also an almost periodic
function for any ¢ € AP(A). The invariant mean of ¥ = ®*¢ is given by

M(¥) ::/q)*god,u,:/((po@)d,u,

where w is the normalized Haar measure on A described in section 2.
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Invariant means. If A = Rx Ay, then we have a natural inclusiono : R — A.
If ¢ : A — R is any uniformly continuous function on A, then the function
d, : A — A given by
D, (x) == o(e(x)),

is uniformly continuous on A. The set which consists of all adéle-valued func-
tions defined in this way is invariant under the A-action: for any s € A, L;®,,
is uniformly continuous. If ¢ : A — R is almost periodic, then L;®,(x) =
o o ¢s(x). Then, O(®,) C o(O(¢p)) is compact and therefore ®, is almost peri-
odic. If ¢ is an invariant function, then ®,, is also invariant.

Denote by AP, (A, A) the set which consists of all such almost periodic func-
tions defined on A. That is,

AP, (A, A) = {D, € AP(AA) : D, =g o, ¢ € AP(A)}.

THEOREM (4.1). If M : AP(A) — R is the invariant mean on A, then there
exists an adéle-valued invariant mean on A

M: AP,(A,A) — A

given by
M(®P,,) := o o M(gp),
where ®, .= o o ¢ and ¢ € AP(A).

Proof. For each ¢ € AP(A), there exists a unique invariant mean M(¢). If
®, := oogpis any almost periodic function in AP, (A, A), then we have a unique
adele M(®,,) given by

M(D,) := o o M(p).
This value M(®d,) satisfies:

o M(®,) = a(M(¢p)) € A for every @, € AP, (A, A).

o Mislinear: M(®, +V,) = o(M(@+ ) = o(M(@))+ (M) = M(P,) +
MW, ), for any &, = oo ¢, ¥V, = g oy € AP,(A, A).

e M is left translation—invariant: M(L;®,) = 0 o M(Lsp) = 0 o M(¢) =
M(®P,,), for any &, € AP,(A, A) and s € A.

e M(1,) = 1,: If 1, is the function identically equal to o(1) € A, then
M(1,) = 0o M(1) = 0(1) = 1,.

Therefore M is an invariant mean with adelic values defined on A. O

Remark (4.2). The existence of an invariant mean open the ways for the
further development of the theory. The next important things to do are, among
other things, to define the notions of characters and character group as well
as to analyze the possibility of the existence of a Bohr compactification. This
will be the subject of future work.
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A NOTE ON TRACES OF HORMANDER SPACES

MARIA JESUS PLANELLS AND JAIRO VILLEGAS G.

ABSTRACT. Our aim in this note is to extend a classical result on trace oper-
ators and extension operators to Hormander spaces in the sense of Beurling-
Bjorck, by using exponential weights and Beurling ultradistributions. The
vector-valued case is also considered.

1. Introduction

In the theory of trace operators, the following restriction theorem plays an
important role (see [7] and [8]): “Let & be a Hérmander weight (k(x + y) <
(1 +c|x])NE(y), x,y € R, c and N positive constants) and 1 < p < co. Let
also I be the hyperplane in R” of equation x,, = 0. If there is an open set
Q Cc R" with QN3 # () and the map

(D(Q), ||.||p’k) S DR us u (u,(x) = u(x, 0), ' € R

is continuous, then the function

o 1 [~ dx, VP 1 1
k(x)_<277/ock(x’,xn)1"> 5 ;‘FH—l:

is again a Hormander weight. Reciprocally, if the function &’ as defined by the
above formula is # 0 for some x’, the map u — u, can be extended from S to a
homomorphism of B,, ;, onto B,, ;. Asitis well known (see, e.g. [7],[8], [12], [16]
and [21]) this kind of results is important in function spaces theory (embedding
theorems, trace theorems, extension operators, structure theory, linear partial
differential operators,...). In this paper we consider more general weights than
in Hormander’s book (exponential weights; e.g. k(x) = e’ 0 < B < 1, see
Section 2) and extend the above result to Hormander spaces in the sense of
Beurling-Bjorck (see [3], [6], [9], [13], [14], [15], and [22]) by using Beurling
ultradistributions (the theory of the usual tempered distributions S’(R") is
inadequate for such general weights and one needs the more general theory
of Beurling ultradistributions). In Section 2 we collect some results on (scalar
and vector-valued) Beurling ultradistributions and in Section 3, following the
Hormander’s approach, we prove our main theorem and a corollary for the
scale of Sobolev spaces. Our methods are also valid in the vector-valued case.

2000 Mathematics Subject Classification: 46F05, 46E35, 46E40.
Keywords and phrases: Hormander spaces, Beurling ultradistributions, trace operators, ex-
tension operators.
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2. Notation and preliminaries

In this section we collect some basic facts about vector-valued ultradistri-
butions. Comprehensive treatments of the theory of (scalar or vector-valued)
ultradistributions can be found in [3], [4], [5] and [10].

The linear spaces we use are defined over C. Let E and F be locally convex
spaces. Then L (E, F') is the locally convex space of all continuous linear
operators equipped with the bounded convergence topology. We write E — F
if E is a linear subspace of F' and the canonical injection is continuous. We

replace — by &, if E is also dense in F. The topological dual of E is denoted by
E’ and is given the strong topology so that E' = L, (E,C). C™, D, S, D’ and S’
have the usual meaning (see [18]). In the vector valued case we write C™ (E),
D(E), S(E), D' (E) and S’ (E) (see [19]).

Let 1 < p < o0, k: R" — 10, 00[ a Lebesgue measurable function, and E
a Banach space. Then L, (E) is the set of all Bochner measurable functions
f:R" — E for which ||f||, = (Jz. [If ()% dx) VP is finite (if p = co we assume
Ifllo = esssup,cp [|fllg < 00). Ly (E) denotes the set of all measurable
Bochner functions f: R* — E such that kf € L, (E). Putting ||f||ka(E) = [|kf1l,

for f € L, (E), L, (E) becomes a Banach space isometrically isomorphic to
L, (E). When E is the field C, we simply write L, and L ;. If f € L, (E) the
Fourier transform of f, f or Ff, is defined by f (¢) = Jon [ (x) e %%dx.

Let M (or M,,) be the set of all continuous real-valued functions w (x) on R"
such that w (x) = o (|x|) where o (¢) is an increasing continuous concave func-
tion on [0, oo[ with the following properties: (i) o (0) = 0, (ii) fooo %dt < 00
(Beurling’s condition), (iii) there exists a real number a and a positive number
b such that o (¢) > a + blog(1+¢) for ¢ > 0. The main assumption is (ii),
which is essentially the Denjoy-Carleman non-quasi-analyticity condition (see
[3], Sec.1.5).

If o € M, then I, is the set of all positive functions £ on R” for which there
exists a constant A > 0 such that k(x + y) < ¥k (y) for all x and y in R".
If &, k1, ks € K, and s is a real number then log £ is uniformly continuous,
k€ Ko, krks € K, and My(x) = sup, g, S5 € K, (see [3], Th.2.1.3).

If o € M and E is a Banach space, we denote by D, (E) (D,, if E is C)
the set of all functions f € L, (E) with compact support, such that ||f||, :=
Jgn | ()| ze**®Pdx < oo, for all A > 0. For each compact subset K of R”,
Do(K,E) = {f € D,(E) :suppf C K} (D,(K) if E is C), equipped with the
topology induced by the family of norms {||-|, : A > 0}, is a Fréchet space
and D, (E) with the inductive limit topology, D, (E) = ig)lDw (K, E), becomes

K
a strict (LF)-space. Let S, (E) (S, if E is C) be the set of all functions f €
L1 (E) such that both f and f are infinitely differentiable functions on R" with
Bar(f) = sup, cpn €@ |09 (x)]| ; < 00 and Gur(f) = SUp,cgn P 0*F(®)|E <
oo for all multi-indices « and all positive numbers A. S, (E) with the topology
induced by the family of seminorms {p, ), G} is a Fréchet space and the
Fourier transformation F is an automorphism of S, (E). A continuous linear
operator from D, into E is said to be a ultradistribution with values in E.
We write D/, (E) (D., if E is C) for the space of all E-valued ultradistributions
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endowed with the bounded convergence topology. If () is any open set in R”,
D, E) (D,(Q) if E is C) is the subspace of D,(E) consisting of all functions
f with suppf C Q. D,(Q, E) is endowed with the corresponding inductive
limit topology. D, (), E) = L(D,(Q), E) (D, (Q) if E is C) is the space of all
ultadistributions on () with values in E. A continuous linear operator from S,
into E is said to be an E-valued tempered ultradistribution. S, (E) (S, if E is
C) is the space of all E-valued tempered ultradistributions equipped with the
bounded convergence topology.

Finally, ifw € M, k € K,,1 < p < oo and E is a Banach space, we denote by
Bp(E) (see[3],[6],[9],[13], [14], [16] and [22]) the set of all E-valued tempered
ultradistributions 7' for which there exists a function f € L, (E) such that

(u, ff) = Jpo u()f (x)dx, u € Sy. By (E) with the norm

_ = 1/p |
(@ fuu kT @dx) i p< oo
1T, =

€SS SUP,cpn | k(0)T(x)| if p=oo

becomes a Banach space isometrically isomorphic to L, (E) and, therefore,

to L, (E). (In the previous formulae we have written T (x) instead of f (x),
we shall frequently commit this abuse of notation.) Spaces B, ;(E) are called
Hormander-Beurling spaces with values in E.

In the proof of our theorem we will need the following proposition.

PROPOSITION (2.1). Let w € M, k € K,, 1 < p < o and E a Banach space.
Then S, (E) — B, (E) — S, (E). Moreover, S,(E) is dense in B, (E) if p < oc.

Proof. See [22], Prop. 3.3. O

3. Main results

In this section we extend the restriction theorem of Hérmander to the case
of weights in the class K, and so we work in the context of (scalar and vector-
valued) Héormander-Beurling spaces.

THEOREM (3.1). Let w € M,, and o’ € M,_1 be such that w(x’,0) < c o’ (x’)
(x' € R" ! and ¢ some constant > 0). Let also p € [1,00), k € K, and k' the
function

v i oo dé, -1/p’ 1 i_
(%) k@"@w[mMaaw) 35 =L,

(R'(&") = infy, k(&' &) if p = 1). Let 3 be the hyperplane x, = 0in R" and E a
Banach space. Then we have

1. ' € K, if there is an open set ) in R" such that QN2 # () and the map
(Dw(m, ||~Hp,k) — DL R Nt u— u (u,(x) = u@, 0), x e R*™1)

is continuous.

2. If the function k' defined by (x) is # 0 for some &', the map u — u, extends
from S, (E) to a topological homomorphism & from By, ,(E) onto By, ;,(E) (G is the
trace operator). Moreover, it admits a continuous linear right inverse R (and
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hence R is an extension operator), therefore ker & is a complemented subspace
of By r(E). Finally, if u € B, ,(E) has compact support then odu € By, (E) also
has compact support and supp & u C supp u N R 1,

Proof. (1) Case p > 1.Since k € K, by hypothesis we have

k(&) &) < &G ORE, &)
for all &, &) € R"! and every &, € R (), ¢ positive constants) and then

T dE el /Oo dén

oo kG, £ T oo R(E', E)P
Therefore, k' is well defined over all R*~! if 1/k’ < oo at some point. In this
case we see that

o 1y oo e
i/ dé, / P < ehew/ ¢ i/ dé, , P ’
2m o k(& &P 21 | k(&' &P

that is to say
K@) < SO @
and so £ € K,. Consequently to prove (1) it will suffice to show that the

hypothesis on () imply that integral [ fooo k(;’% converges for some £. So we

follow Hérmander’s argument in the classical case: Let ¢ be any element of
D,QN3) (¢ #0), x € D,(Q) such that ¥y = 1 in a neighborhood of supp ¢
contained in ) (here we use [3], Th.1.3.7) and consider the linear form

(S, ||~Hp)k) —-C:u ~— - u, (x"e(x’) dx’

_ / (), (el d.
Rr—1
By hypothesis and Theorem 2.2.7 in [3] we have

/ u, (e dx'| = [(@ Oaws)| < Cllxulpe
Rn—1

< Clixllum,llullpe € Sa,

or equivalently (by Parseval’s identity and the definition of norm || - |, z)

< Cllxll,m, @m) "7 || ka,, u€ES,.

(27T)7n+1/ ax(gl)é(gl) dfl
Rr—1

Therefore, by virtue of Fourier’s inversion formula and Fubini’s theorem, %, (¢')
can be written as

8,E) = 5 / AU, £)de,
T [ee]

and then it follows that
@) / 8 (EVBENE = @m) ™ [, OB
R”_l

which yields the estimate

/ a(f)é(g’)df’SC|x|1,Mk<2w>"/P’aan,k, uES,.
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Since the Fourier transform is an automorphism of S,,, S, is dense in L, ;, (note

that D, N D N L, [3land D, C S, C L, ) we deduce @(&') € L,y 1z, that

is,
2l . ,p/< ~ dg, ) :
d¢ = —— | d¢ < 0,
Ll5e) = [ oo ([ ggaw) <o
showing that there are points £’ such that
< dé
o RE W T

In case p = 1 we obtain

. i— N #
SUp |PE01 ) = suplIele)]sup s 5 < o0

and there are points ¢’ for which

sup ——— < oc.
PR e
The proof of (1) is complete.

(2) From the relationship between w and »’ we cannot conclude that u, €
S, (E) when u € S,(E), in principle one can only assert that

S,(E) — S(R"LE)(— S (R"LE)— 8, (E)).

u = U
Let us see that this restriction operator o is well defined and bounded from
(S0 B, IHp0) = By (B)
u [ ogu = LLz .
Since ¢’ ou € S, for all ¢ € E’ we have (taking into account the scalar case)
(@s@),e) = ous) = (€ owsE)

1 e ——
- %/_of U, Endéy

1 * Aol ’
_ <27T/_Oou(§,§n)d§n,e>

and using Hahn-Banach theorem we get,
1 (o]
~ N ~ el
i, () = 5 / e &),

for all u € S,,(E). Taking norms and using Hoélder’s inequality we see that

1 o) 1/p
ey < 5 ([ 1o, el e e,

* de, \W
( oo R, gnw')

1 o) l/p
( | e ez e, gn>dgn) :

k/(é‘:/)

— 2m)7 !
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multiplying both members by /(¢'), taking p—th power, integrating over R?~1
and using Fubini’s theorem we obtain

1/p L 1/p
( / 2@l k’<§’>"d§’> < @mr ( / Gl kp(g)dg) :
R R™

n—1

that is, [[oull,, < |ull,,, u € S.(E). Since, by virtue of Proposition (2.1),
S,(E) is dense in B, ;(E) we can extend o to all B, ;(E) obtaining a bounded
operator & : B, x(E) — By (E). Observe now that, for each u € B, ,(E), ou

coincides with F~19 where 9 is the function
! 1 > ~ !
o€ =5 [ ol b
T J_co

In fact, if u € B, (E) then & € L, ,(E) and so (&, -) is Bochner measurable
&-a.eand kP&, ) [|a&, )% € L1(R) &'-a.e. Reasoning as before with &, (when
u € S,(k)), we see that ¥ is well defined ¢'-a.e, belongs to L,, ;- (E) and satisfies
H]‘—7119||p’k, < |lull,,- Now, since gu = F~'9 when u € S,(E) and S,(E) is
dense in B, ,(E), then follows from this and from what was said before that ou
also coincides with 719 if u € B, ;(E). To conclude the proof we will show
that & is onto. Let z € B, ;/(E). Suppose first that p = 1. Given any € > 0 we
can find a function g € C*(R") such 0 < g(¢) < lon {¢: k(&) < K'(&)A + )}
and g(&€) = 0 on {& : k(¢) > k'(¢')(1 + €)} (see [11], Th.1.1.4). Put

2¢)8(OhEn)

U ==&

where h € L1(R) is strictly positive and

&) = o / 8@, ENh(ENE, .
77- o0

U is of course Bochner measurable and

/R KO |UE)|nde KO U@z dé

/{§:k<g><k/<§'><1+s>}
(1+e k'€ (/ U, &lle dén) d¢’

Rrn—1

IN

— @mte / F ()2 pdé’ < .
Rn—l

So U € L14(E) and u = F~ U € By,(E). Finally, it is easy to see that
du = z (remember that gu = F 19 where (&) = &£ [7 a(¢, &)dé, =
= [ U@, &)déy = 2(&)). In case p > 1 we take

2ENE (&P

U = P
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then also U is Bochner measurable and

/ 12(6")||5 REPE/ (PP
. k(&)Pr’

dé — / BRI
Rr—1

dgn !
(/ k(E, £,)P7 - 1>) o
— o / 12| BR (€ Pde < .
Rnfl

Therefore U € L, ,(E)and u = FU e Bp,x(E). In the same way as before, we
check that cu = z. As a consequence, & is a topological homomorphism from
By, x(E) onto B, ;/(E). Examining the above proof, we see that the operator

R:B,w(E) — ByuE):z>u=F U
is linear and satisfies

[ Rz]|1,z
1Rz]

T+ ezl

<
< llzlpw, p>1.

Consequently R is a continuous linear right inverse of & and as it is well
known (see, [20], p.543) this implies that ker & is a topologically complemented
subspace of B, ,(E).

Finally, let u € B, ;(E) be with suppu = K compact in R” and let (¢;);° be
a regularizing sequence in D,, (¢; € D, [ ¢; = 1, suppe; C B, and g; | 0).
By [15], Prop. 3.4; u;(= ¢; xu) € Dw(Ksj.) and u; — u in B, ,(E). Since the
trace operator & is continuous and ou;(x') = uj(x’, 0) it follows that 6u; — ou
in B, ;(E) and suppou; C K, NR""!. Thus suppou C K NR""! (recall that
B, 1 (E) — S,,(E) by Proposition (2.1)). O

Remark (3.2). If p = oo part (1) of the theorem is still valid. In fact, using
the estimate (notation as in the proof of the theorem)

I

(c positive constant) it follows that the map ¢ — @(&')isin Ly 1, since by virtue
of the above estimate, the density of D, in S,, and the fact that for each i € Cyg
(continuous functions of compact support) there is a sequence (¢;);° C D, such
that supp k¢; all lie in a fixed compact and k¢; — A uniformly on R” (see [3]),
we have

dé <clli||L ues,,

0,k?

PE)
h(E)dE| <
hecofmwgl rn R(E) (©)d¢| < ¢

which in turn implies that for each compact K of R”

()
su
heC(K), HEH o<1 |Jrn R(E)

hE)dg| <c,

that is, ||%||L1(K) < ¢ (L1(K) is isometrically imbedded in C(K)'). Since the
constant c is independent of K, we obtain ¢(¢) belongs to Ly 1/;,. Therefore,
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there exist points ¢ such that
> dé
—00 k(gl) fn)

< 0.

Let m € R, 1 < p < oo, E be a Banach space and let I, be the isomorphism
of §’(E) onto itself given by

L(f) = FH((1+ 1) ""F).
Then W]'(R", E), m > 0, are the classical Sobolev spaces (Slobodeckij spaces if
m not integer) and
HYR"E)=1,L,[R", E), mecR,
are the Sobolev spaces. For definitions, notation and basic results about vector-
valued classical Sobolev spaces and Sobolev spaces see [1], [2], [17] and [23].
Finally, let us recall that a Banach space E UMD (cf. [1]) provided that for
1 < p < 0o martingale difference sequences d = (dy, dg, ...) in L,([0, 1], E) are
unconditional, i.e.
lerdr +eada + - ||, < Cplldr +da2 +---|p

whenever €1, €5, ... are numbers in {—1, 1}.

COROLLARY (3.3). Let1 < p < oo, m > 1% and let E be a Banach space.

1. The short exact sequence

. _ M7L,
0 —kerg - H'R",E) > H, "(R"LE)—0

(7 is the trace operator and j the canonical injection) splits, i.e., & has a con-
tinuous linear right inverse R (= an extension operator) and j has a continuous
linear left inverse.

2. If m is a positive integer and E c¢UMD then the short exact sequence

0 — kers - WI'R", E) % H Y @®E) 0

splits.
3. If p = 2 and E is hilbertian then the short exact sequence
0 — kers - WIR™, E) & W (R L E) — 0

splits.

Proof. (1) If we take the weight k(¢) = (1 + |¢ |2)m/ ? then it is easily seen
that )
k/(f) _ C(m, p/)(l + |§/|2)(M—F)/2
where C(m, p') is a positive constant. Thus B, ;(E) coincides with H}'(R", E)

m—-2 . .
and B, (E) with H, * (R"~!, E)and so (1)is a direct consequence of Theorem
3.1.
(2) If m is a positive integer and E UMD then
Wy (R, E) = H(R", E)

(equivalent norms) (see [1], [2] and [17]) and so we obtain (2).
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(3) It is well-known that
W'(R", E) = H'(R", E)
and ) )
W, 'R*LE)=H, *(R"LE)
(equivalent norms) when E is hilbertian. O

The above corollary extends well-known scalar results (see, f.i., [12]).
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IDEALS OF INTEGRAL AND r-FACTORABLE POLYNOMIALS

RAFFAELLA CILIA AND JOAQUIN M. GUTIERREZ

ABSTRACT. We study the ideals of vector-valued m-homogeneous polynomials
between Banach spaces factoring through an L,(uw) space as a composition of
an operator 7' and a polynomial @, either in the form @ o T (right factorization)
or in the form T o @ (left factorization).

We prove that these ideals are maximal and, as a consequence, we show
that, if » < m, in most cases, the ideal of m-homogeneous right r-factorable
polynomials is not normed. This answers a question raised by K. Floret.

In order to obtain these results, we first study the ideals of (Pietsch) inte-
gral polynomials. We show that these polynomials factor through the canoni-
cal inclusion of a C(K) space into L1 (K, ) for some measure u. We also prove
that the ideal of integral polynomials is the smallest maximal normed ideal
of polynomials.

Some general results on ideals of polynomials are also obtained. Namely,
we prove that, for 0 < A < 1, a A-normed ideal of vector-valued m-homoge-
neous polynomials is maximal if and only if it is ultrastable and regular.

1. Introduction

Given a real number r > 1 and an integer m > 2, we introduce the ideal
(Pprleft, yleft) of all m-homogeneous polynomials that are factorable through an
L,(u) space as a composition of a (linear bounded) operator 7" and a (continuous)

polynomial @ in the form T oQ (left factorization), and the ideal (Prm oright ) right

of all m-homogeneous polynomials that are factorable through an L,(u) space
in the form @ o T (right factorization).
We prove that these ideals are maximal and, as a consequence, we show
,Pm,right ’yright
r > /r

that, for 1 < r < m, in most cases, the ideal is not normed.

This proves a conjecture of K. Floret (see comment after [F2], Proposition 3.1).

To achieve this, we establish some properties of the ideals of (Pietsch) inte-
gral and nuclear polynomials.

More precisely, in Section 2, we prove that the (Pietsch) integral polynomials
factor through the canonical inclusion of a C(K) space into L1(K, u) for some
measure u. This result, of independent interest, is used in Section 4 to prove
that the ideal of Pietsch integral polynomials is ultrastable.

In Section 3, we show that, for 0 < A < 1, a A-normed ideal of m-homoge-
neous polynomials is maximal if and only if it is ultrastable and regular. It
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Keywords and phrases: right r-factorable polynomial; left r-factorable polynomial; (Pietsch)
integral polynomial; nuclear polynomial.
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is also shown that maximality implies completeness. These results extend to
the vector-valued case what had been obtained for scalar-valued polynomials
in [F2], and the extension works as expected, so that the Section has a rather
expository nature.

In Section 4, we show that the ideal of nuclear polynomials is the smallest
Banach ideal of polynomials, and that the ideal of integral polynomials is the
smallest maximal normed ideal of polynomials.

Section 5 deals specifically with the ideals of left and right r-factorable poly-
nomials, giving the results mentioned above.

Throughout, E, F, G, X, Y denote Banach spaces, E* is the dual of E, and
Bg stands for its closed unit ball. The closed unit ball Bg- will always be
endowed with the weak-star topology. By N we represent the set of all natural
numbers, and by K the scalar field (real or complex). By E = F, we mean that
the Banach spaces E and F are isometrically isomorphic. We use the symbol
L(E, F) for the space of all (linear bounded) operators from E into F endowed
with the operator norm. We say that an operator h € L(E, F) is an embedding
if it is an isomorphism onto its image h(E). Given a space F', we shall denote
by Ir the identity operator on F', and by kr the natural isometric embedding
of F into its bidual F**.

Given m € N, we denote by L("E, ..., E,,; F') the space of m-linear (contin-
uous) mappings from E; x --- x E,, into F, while P("E, F') denotes the space
of all m-homogeneous (continuous) polynomials from E into F' endowed with
the supremum norm. When F is omitted, it is understood to be the scalar
field. Recall that with each P € P("E, F) we can associate a unique symmetric
m-linear mapping P: Ex ™) xE — F so that

Px)=P (x (m), x) (x € E).

With each polynomial P<P("E, F) we associate an operator Tp: E—P(" 1E, F)
given by

Tp(x)(y) := P (x, y, m=1), y) (x,y € E).

For the general theory of multilinear mappings and polynomials on Banach
spaces, we refer the reader to [Di] and [Mu]. The notion of ideal of multilinear
mappings goes back to Pietsch [Pi2]; further developments can be found, for
instance, in [F2] and [FH].

We use the notation ®™E := E® ™) ®F for the m-fold tensor product of E,
and E ®, F for the completed projective tensor product of £ and F (see [DU] for
the theory of tensor products). By @™E := E®, ") @,E we denote the m-fold
symmetric tensor product of E, that is, the set of all elements u € ®™E of the
form

n
u:Z/\jxj@)f’(l?@xj neN M eKxjecE1<j<n).
=1

We write @' (E for the completion of the space ®@{'E endowed with the
injective symmetric tensor norm €5 defined by
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n n
> Ajxie M el = sup Y At (x)"|.
j=1 o =

On the space ®7'E, we can also define the projective symmetric tensor norm
s by

n
ms(u) := inf Z|/\j|||xme,
Jj=1
where the infimum is taken over all representations of ¥ € ®7'E in the form

n
u= Z/\J-xj@ (m) ®x;,
Jj=1
forx; € E, \; € K(1 < j < n). We write @ .E for the completion of ®@7'E
endowed with the 74 norm.

For symmetric tensor products, the reader is referred to [F1].
IfA e LU"E,..., Ey; F), the linearization of A is the operator

AE\®; @, E, —F
given by

n n
A 2;@Qxmy | =Y A@yj..., X))
J=1 J=1

for all x,; € E, (1 < k < m,1 < j < n)[Ryl, page 24. For a polynomial
P € P(™E, F), its linearization

P: g E—F
is the operator given by

P> Nxje™ax; | =) A\Px)
J=1 J=1

forallx; c Eand \; e K(1<j <n).

The operator

P("E, F) — L (@0 E, F)
given by
P—P

is an isometric isomorphism [F1], Proposition 2.2.

Given 1 < r < oo, a polynomial P € P("E, F) is r-dominated (see, e.g.,
[M, MT)) if there exists a constant £ > 0 such that, foralln € Nand (x;)? ; C E,

we have N N
(Z ||P(xi)|;l> <k sup <Z x*(xi)|r> .
i=1

x*€Bgx \ 7
Note that, for m = 1, we obtain the (absolutely) r-summing operators. If
m = 1 and r = 1, we have an absolutely summing operator, whose norm (the
infimum of the constants % that verify the definition) is denoted by || - ||as-
It is well known that a polynomial P € P(™E, F') is r-dominated if and only
if there are a Banach space G, an absolutely r-summing operator T' € L(E, G),
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and a polynomial @ € P("™G, F) such that P = @ o T'. A proof of this fact may
be seen in [CDG], Theorem 5.
A polynomial P € P("E, F) is nuclear [A1] if it can be written in the form

(LD Px)=> x@"y; (xcE)
i=1
where (x}) C E* and (y;) C F are bounded sequences such that
(1.2) >l 1™yl < oo
i=1

We denote by Py(™E, F') the space of all m-homogeneous nuclear polynomials
from E into F', endowed with the nuclear norm

oo
1Pl := inf |27 1™ 1yl
=1

where the infimum is taken over all bounded sequences (x}) C E* and (y;) C F
which satisfy (1.1) and (1.2).

A polynomial P € P(™E, F) is Pietsch integral (resp., (Grothendieck) inte-
gral) [A1] if there exists a regular countably additive, F-valued (resp., F**-
valued) Borel measure G of bounded variation on Bg- such that

(1.3) P(x) = / @M dS")  (x € E).
By

The symbol Ppi("E, F') (resp., Pi("E, F')) denotes the space of all Pietsch integral
(resp., integral) m-homogeneous polynomials from E into F, endowed with the
Pietsch integral norm (resp., integral norm)

|P|lpr := inf|G|(Bg-)  (resp., ||P|it:= inf|S|(Bg-)),

where |G| denotes the variation of § and the infimum is taken over all vector
measures G satisfying the definition.
It is well-known and easy to verify that

Px("E, F) C Ppi("E, F) C PiI("E, F)
with
IIP|l1 < |IP]lpr < ||Pl|n  for every P € Py("E, F).
For ¢ € E* andy € F, let $"®y € P("E, F) be the polynomial given by
(¢"2y) (x) == [p®)]"y  (x € E).
A polynomial in the linear span of the set
{¢"®y: ¢ €E", ye F}

is called a polynomial of finite type.
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2. Factorization of Pietsch integral polynomials

In this Section, we give a result on factorization of integral and Pietsch
integral polynomials through the canonical inclusion from a C(K) space into
L1(K, u) for some measure w. This result, interesting in itself, will be used in
Section 4 (Theorem (4.2)).

We start by two preparatory lemmas, the first of which is well-known and
immediate.

LEMMA (2.1). For m € N, the operator
j: ®Z:,SE — C(BE*)
given by

Jj (Z Aix; @ ) ®xi> (x*) := Z Ai(x™ ()™,

i=1 i=1
where \; € K, x; € E (1 <i < n), x* € E*, is an isometric embedding.

Given a compact Hausdorff space K, let §: K — C(K)* be the evaluation
mapping defined by 6(w) = §,, for all w € K, where

8u(f) == fw) forall fe CK).

It is easy to check that ||6,|| = 1 for every w € K.
The following result was essentially noticed by Villanueva [V2], Corollary
2.4.

LEMMA (2.2). Let K be a compact Hausdorff space, and let h € L(E, C(K)) be
an operator. Define the polynomial R € P("E, C(K)) by R(x) = [h(x)I". Then
the linearization

R: ®e s E— C(K)

is a well-defined operator, with norm
|B| =121 =11

Proof. Clearly, |R|| = ||h||™. For A; € Kand x; € E (1 <i < n), we have

HR (i: Aix; @ M) ®xi> ‘ Z NR(x;)

=1 =1

= sup

Z AiR(x;)(w)

= sup
weK

Z Ailh(x)(w)]™

Z Ail8u(R(a)I™

= sup
weK

< [|R[I™ sup
x* EBg+

Z Al () 1™

=1

Z A% ® M) @

=1

= [IA™

>

€s
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S0 HRH < ||&|I™. On the other hand, for every x € By, we have

2 (e )< o= o

hence
HEH > sup ||hx)]|™ = ||A]™.
xEBg

Combining both inequalities yields HEH = ||h||™. O

THEOREM (2.3). Given a polynomial P € P("E, F), the following assertions
are equivalent:
(a) P is Pietsch integral.

(b) There are a compact Hausdorff space K, an embedding h € L(E, C(K)),
and a regular countably additive, F-valued Borel measure G of bounded vari-
ation on K such that

P(x) = / [A(x)w)]™ dG(w) (x e E).
K

(¢c) There are a compact Hausdorff space K, an embedding h € L(E, C(K)), a
finite nonnegative countably additive, Borel measure u on K, and an operator
S € L(L1(K, w), F) such that the following diagram is commutative

E N F

i Ts
CK) —— LK w

where dJ is the natural inclusion, and R is the polynomial given by
R(x) :=[h(x)]™  forall xc€E.

(d) There are a finite measure space ({1, 2, u), an operator S € L(L1(Q, w), F),
and an embedding h € L(E, L.(Q, w)) such that the following diagram is com-
mutative

E 2. F

i Ts
Lo ) —— L1, p)

where J is the natural inclusion, and R is the polynomial given by R(x) =
[A(x)]™, for all x € E.

(e) There are a finite measure space (Q, 2, u) and operators
T: @ s E — Lo (€, )
and S € L(L1(Q, w), F) such that the following diagram is commutative

@m E _P F

Tl TS
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where J is the natural inclusion. In this case, the operator P is Pietsch integral
and, for every € > 0, we can choose the measure space and the operators S and
T so that

< P| < <||P
IS|<1 and HPHPI < ||T| () < HPHPI te.
If one (and then all) of these assertions holds, then we have
I1Pllec = [P -
Moreover, if P is Pietsch integral, then
[[P|lpr = inf]|R[|™|S|(K)

where the infimum is taken over all K, h, and G as in (b). Also, we can choose
Sin (c)with ||S|| < 1, and

| P||p1 = inf||R||u(K)

where the infimum is taken over all R, K, S, and w as in (¢). A similar equality
holds for the factorization of (d).

Proof. (a) = (b) is obvious.
(b) = (¢). By [DU], Theorem VI.2.1, § may be seen as the representing
measure of an operator T': C(K) — F given by

T(f) = / F(w) dS(w).
K

Since G has bounded variation, T is absolutely summing, and ||T'||,s = |S|(K)
[DU], Theorem VI.3.3. By [DU], Corollary VI.3.7, there are a nonnegative
countably additive, Borel measure u on K, with © = |G|, and an operator
S € L(L1(K, w), F), with ||S]| < 1, such that T' = S o J, where JJ is the natural
inclusion.

C(K) F

A

Li(K, n)
Let R € P("E, C(K)) be the polynomial given by
R(x) := [h(x)]™ forall xeE.

Then

Sod o R(x) =T(R(x)) = / R(x)(w)dS(w) = / [A(x)w)]™ dG(w) = P(x),
K K

so the diagram of (c) is commutative.
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(¢) = (d). The operator ¢/ of the diagram of (¢c) can be naturally factored in
the form J = iy o i, where i, and i; are natural inclusions:

E E F
Y |
C(K) J LK, )
L. (K, 1)

If Q(x) := [A(x)]" for all x € E, we obtain the diagram of (d) with R := i, 0Q =
(fc 0 )™,

(d) = (e). Given the diagram of (d), the operator T' := R is well-defined and
continuous (Lemma (2.2)) and we obtain the diagram of (e).

Therefore, P is a Pietsch integral operator (see [DU], Theorem VI.3.12 and
[DJTI, Examples 2.9). By the argument of [DU], pages 167-168, given € > 0,
it is easy to see that we can obtain a diagram as in (e) with ||S|| < 1 and

7], < izl < [P+

(e) = (a). Assume that P satisfies the diagram of (e). Let
Jj: @8 E — C(Bg-)
be the isometric embedding of Lemma (2.1). Since the space L..({2, u) is injec-
tive, T' admits an extension

T:C(Bg-) — Loo(Q, )
such that T = T o j and H'TH = ||

@ E - .5

7

e

L. (Q, w) — Li(Q, w)

The operator S o J o T' has a representing measure § defined on the Borel
subsets of Bg-, with values in F** [DU], Theorem VI.2.1. Since SoJ o T is
absolutely summing (and hence weakly compact), the measure § is regular,
countably additive with bounded variation, and its range is contained in F
[DU], Theorem VI.2.5, Corollary VI.2.14, Theorem VI.3.3. Moreover,

soJonz/ fx)dS@)  (f € C(Bp),
B«

and
S| (Bg-) = HsoJo:F

as
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(this equality will be used later on). We have
P(x)=P (x® (m) ®x)
—SodoT (j <x® (m) ®x))
- /BE* Jj (x@ (m) ®x> (x*) dS(x*)

- / Lo (0] dG(x™),
By~

so P is Pietsch integral, and (a) is proved.

Suppose now that P is Pietsch integral. Given € > 0, choosing K := Bg- in
(b) and letting h € L(E, C(K)) be the natural isometric embedding, it is clear
that there is a measure G such that

[Pllpr < |A]™|SI(K) < [|P|lpr + €.
From the proof of (b) = (c), we obtain ||S|| < 1, . = |G|, and || R|| = ||2]|™, so
[1Plpr < || R||w(K) < [|P|[pr + €.

Similarly, there are (), u, S with ||S|| < 1, and an embedding & € L(E, L.(, w))
such that the diagram of (d) holds, and

[Pllpr < [|A]I" w(€) < ||P|lpr + €.
From the proof of (d) = (e), we have
IP[,, < 1Tl 1edl S
< |IT|lllf|las  [DUI, Theorem VI.3.12

_ HEH u(Q)  [DJIT], Examples 2.9

= ||h]"uw(@Q)  (by Lemma (2.2))
< ||[Pllpr + €.

Since € > 0 is arbitrary, we get
1P|, < 1Pl
PI
Moreover, since P is Pietsch integral, we can factor it as in (e), with

IS| <1 and H?HPIS||T\|u(9)gHFHPI+e.
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Following the proof of (e) = (a), we obtain
[ Pller < [S[(Bg~)
= HS odoT

< 17l | 7| 151
< [ s 17|
= ||T||w(Q)  [DJT], Examples 2.9

< HFH +e€.
PI
Since € > 0 is arbitrary, we get
1Pl < [P
PI
and we conclude that
1Pl = [P
PI

Let P € Ppi("E, F'). Assume that we have found K, h, and G so that the
formula of (b) holds, with

[1Plp1 > [[2]™|SI(K).
Then, going through the proofs of (b) = (¢) = (d) = (e), we have

1Pl[er > [[2]]™|SI(K)
= || B[|w(K)

- HEH w(@Q)  (by Lemma (2.2))
= [|T[| w(€2)
2|,
= [|P[lpr,
a contradiction. Therefore,
[ Pllpr = inf {||A[|™[S|(K) : K,h,§G asin(b)} .
Recalling that ||S|| < 1, the above chain of inequalities also proves that
| P||pr = inf {||R|w(K) : K, R, S, n asin (c)}
[|Pllpr = inf {||R||m() : Q, R, S, nasin(d)},

and the Theorem is proved. O

In (b) = (c), we chose u = |G|. Since § is regular, u is also regular [D],
§15.6, Corollary 2 to Proposition 21, so the measure u in (c), (d), and (e) may
be supposed to be regular.

In order to see that Theorem (2.3) is also true for integral polynomials, we
need the following result whose proof is standard.
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THEOREM (2.4). A polynomial P € P("E, F) is integral if and only if the
polynomial kp o P € P("E, F**) is Pietsch integral. Moreover, in this case we
have

[Pllx = [lkr o P|lpr-

Proof. Let P € Pi(™E, F') and € > 0. Then there is an F**-valued measure
G on Bg- as in the definition of the integral polynomials such that the equality
(1.3) holds, and

[Pllr < [S](Bg-) < || Pllx + €,

SO

2.5) ko P(x) — / @IS (x € E),

Bg-
and kg o P is Pietsch integral, with
|kF o Pllpr < |G| (Bg~) < [|P|1 +€.
Since € > 0 was arbitrary, we obtain
lkr o Pllpr < [|P[1-

Given now a polynomial P € P(™E, F) such that kr o P is Pietsch integral,
there is an F**-valued measure G on Bg- as in the definition of the Pietsch
integral polynomials such that the equality (2.5) holds, and

llkr o Pllpt < |G| (Bg~) < ||kr o Pllpr + €.

Identifying y € F with kp(y) € F**, since kr o P(x) = P(x) for all x € E, we
obtain the equality (1.3), so P is integral, and

[Pllr < |G (Bg+) < ||kr o Pllp1 + €.
Since € > 0 was arbitrary, we have
[ Pllx < [[kF o P|lpr-

Combining both inequalities yields
|kF o Pllpr = [|P[|1.
O

Therefore, the statement of Theorem (2.3) is true for integral polynomials,
with the following modifications:

Part Theorem (2.3) new Theorem

(a) P is Pietsch integral | P is integral

(b) G is F-valued G is F'**-valued

(c) and (d) | factorization of P factorization of kg o P

(e) factorization of P factorization of kg o P
P is Pietsch integral | P is integral




106 R. CILIA AND J. M. GUTIERREZ

In the case of multilinear mappings, Theorem (2.3) is essentially contained
in [V1], Corollary 2.7. The proof in the multilinear setting is easier, and our
proof is not an adaptation of it, since a simple adaptation would yield factor-
ization through C(K™), while we are interested in factoring the polynomials
through C(K). The equivalence

P is a Pietsch integral polynomial <« P is a Pietsch integral operator

is given in [V1], Corollary 2.8, without the equality of the norms. The isometric
version was established in [CL1], Proposition 2.10. The (isometric) equivalence
of (a) and (e) for the (Grothendieck) integral version of Theorem (2.3) was
obtained in [CL2], Proposition 1.

Remark (2.6). We might ask whether, given a compact Hausdorff space K
and an embedding & € L(E, C(K)), it is always possible to factor every P €
Ppi1(™E, F) in the form

E N F

(2.7) Rl Ts

C(K) — Li(K, w)

with R(x) = [h(x)]™ for all x € E. This is true in the linear case (m = 1)
[V1], page 59; it is also true in a certain sense for m-linear mappings [V1],
Corollary 2.7, but it is false in general for polynomials of degree m > 1 as the
following example shows.

Let E := C[0, 1], K := [0, 1], let h € L(E, C(K)) be the identity map, and let
R € PCE, C(K)) be the polynomial given by R(x) = [h(x)]? (x € E). Consider
the functional ¢ € C[0, 1]* given by

1
S(F) = / fode (f € Clo, 1],
0

and the polynomial of finite type (so Pietsch integral) P € P(2C[0, 1]) defined
by P = ¢2.
Let f € C[0, 1] be given by

41 - 2¢t), if
f@) =

=
o= O
— DN

0, i
Let g(t) := f(1 —¢) for all ¢ € [0, 1].

Consider the symmetric tensor
u=fog+gafcxClo1].
Then
Pw =P(f2g)+Pgsf)
=P(f,8)+ P& )
=2¢(f)p(g) = 2.
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On the other hand,

Ruw=R(f®g+Rgof) =2fg=0.
If the diagram (2.7) is commutative for F' =K and S =V € L([0, 1], w),
so is also the following one for the functional P:

®2 00,11 —2— K

il v
Clo, 11 —— L([0, 1], )

S0 o -
2=Pu)=VodoRu)=0,
a contradiction.

3. Ideals of vector-valued polynomials

In this Section, we recall the notion of ideal of vector-valued polynomials,
and we show that, for 0 < A < 1, a A-normed ideal of polynomials is maximal
if and only if it is ultrastable and regular. It is also noted that maximality
implies completeness. The Section extends to the vector-valued setting the
results given in [F2], §2, for ideals of scalar-valued polynomials.

The notion of A-norm may be seen in [DF], 9.2. The following definitions are
given in [FH], 4.1 (see also [F2], 1.2).

Definition (3.1). Asubclass Q of the class P™ of m-homogeneous polynomials
between Banach spaces is called an ideal of m-homogeneous polynomials if the
following three conditions are satisfied:

(a) The component Q(E, F') := P(™E, F')N Q is a vector subspace of P("E, F')
for all Banach spaces E and F;

(b)forallP c Q(E,F), T ¢ L(X,E),and S € L(F,Y), wehave So PoT ¢
X, Y);

(c) the polynomial ®™1: K — K given by ®™1(z) = 2™ belongs to Q.

Definition (3.2). Given an ideal of m-homogeneous polynomials Q, a func-
tion Q: Q@ — [0,00[, and a number 0 < A < 1, the pair (Q, Q) is called a
A-normed (resp., normed) ideal of m-homogeneous polynomials if:

(a’) Q is a A-norm (resp., a norm) on Q(E, F) for all Banach spaces E and F;

(b’) under the hypotheses of (b), we have

Q(SoPoT)<|IS[QWPT|™;
(c)Q@"1) =1.

Every ideal of polynomials contains all the polynomials of finite type of the
same degree.

Easy arguments show that, if (Q, Q) is a A-normed ideal of m-homogeneous
polynomials, and P € Q(E, F), then

|P|| < Q(P),
and, for all ¢ € E* and y € F, we have
0 (¢"2y) = 1™yl
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If E is finite-dimensional, then
QE, F)=P("E, F).

In this case, all A\-norms Q generate on the space P("E, F') the same topology
of pointwise convergence on E.

In what follows we shall need some basic results of the theory of ultraprod-
ucts. We give the definitions and results that we shall use, and we refer the
reader to [H] or [Si] for more details.

Let I be an index set and let U be an ultrafilter on I. Let (E;);c; be a family
of Banach spaces. Consider the Banach space ¢, (I, E;) of all bounded families
(x;)icr with x; € E; for every i € I. For each (x;) € {o.(I, E;), limy||x;|| exists.
Consider the subspace of /., (I, E;) given by

Ny = {(xi) € loo(L By) : Tim|x;| = 0} :

The quotient space (E;)y := ¢(I, E;)/ Ny is called the ultraproduct of the
family (E;);c; with respect to the ultrafilter U. It is a Banach space with the
norm ||x| := limy||x;|| where x = (x;)y is the element admitting the family
(x;);c1 as a representative.

Now, for Banach spaces E;, F; (i € I), let a bounded family of polynomials
P, ¢ P™(E;, F;) (i € I) be given. Then the mapping

(P : By — (Fi,

given by
(P ((xin) == (Pi () »

is an m-homogeneous polynomial called the ultraproduct of the polynomials (P;)
with respect to the ultrafilter U and its norm is given by ||(P)hy|| := limy || ;]|

By Dim(E) and Cod(F') we denote, respectively, the collection of all finite-
dimensional subspaces of E, and the collection of all finite-codimensional sub-
spaces of F. If M € Dim(E) and N € Cod(F), JE and S¥ stand for the natural
maps from M into E and from F onto F/N, respectively. Consider the index
set

I:={i=(M,N): MeDim(E), N € Cod(F)} .

Given the indicesi = (M, N),i’ = (M', N')in I, we shall writei < i if M C M’
and N’ C N. Let U be an ultrafilter on I containing all subsets {i € I : i > iy}
for iy € I fixed. For every index i = (M, N), write E; := M, F; := F/N.
Given a polynomial P € P("E, F), the polynomials P; := SEPJE are called the
elementary parts of P.

The following Lemma shows that a polynomial may be reconstructed from
its elementary parts. Its proof is an easy adaptation of the proof of [B],
Lemma 12.2, and follows the lines of [Pil], Lemma 8.8.4.

LEMMA (3.3). Given Banach spaces E and F, let P € P("E, F') be a polyno-
mial. With the above notation, there exist operators J : E — (E;)y with ||J|| < 1
and H: (Fy)y — F** with |H|| < 1 such that

kFOP:HO(Pi)MOJ.
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Definition (3.4). [F2]
(a) We say that a A-normed ideal of polynomials (Q, Q) is ultrastable if, given
a set I and an ultrafilter I on I, for every family (P;);c; C Q(E;, F;) with

sup Q(P;) < oo,
el

we have

Py €@ and QUP)y) < li&n O(P).

(b) We say that a A-normed ideal (Q, Q) is regular if kg o P € Q(E, F**)
implies that P € Q(E, F') and Q(kr o P) = Q(P).

(c) Given a A-normed ideal (Q, Q), we say that a polynomial P € P("E, F) is
in Qmax if

Q™ (P) := sup {Q(S}SPJIE) . M e Dim(E), N ¢ COd(F)} < 4o0.
A A-normed ideal (Q, Q) is called maximal if (Q, Q) = (QMax, ™),

The following result is a version of [H], Theorem 8.1, for polynomials. For
completeness, we shall give a proof by modifying that of [H], Theorem 8.1.

THEOREM (3.5). Fora A-normed ideal of m-homogeneous polynomials (Q, Q),
the following assertions are equivalent:

(a) (Q, Q) is ultrastable and regular;

(b) (Q, Q) is regular and, for every family of polynomials P, € P("E;, F;)
(i € I), where E; and F; are finite-dimensional Banach spaces, such that
sup;c; Q(P;) < oo, and for every ultrafilter U on I, we have (P;),; € Q and

O((P)uy) < liLI{n o(P).
(c) (Q, @) is maximal.

The proof of this Theorem needs two preparatory results that we give in the
following Propositions.

PROPOSITION (3.6). Let U be an ultrafilter on a set I, and let (E;);cs be a
family of Banach spaces. Given a subspace M € Dim((E;)y), let Jyr: M — (E; )y
be the natural embedding. Then there are operators R; € L(IM, E;) i € I) with
|1B;|| <1 such that Jy(x) = (R;(x))y for all x € M.

Proof. Let {x1,..., x"} be a unit vector basis of M, and choose representa-
tions x* = (xf)u (1< k< n), with ||xfe|| <21 <k<n,iel). Foreachiec I,
define a linear map

T.: M — E;

kaxf 1<k<n).
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For x = Y, _; Apx® € M (x # 0), we have

n
> aus
k=1

n
S u(et),|

u

k=1

n
pORTEY
k=1

— lim || T3(x)] .
u

= 1= lim T
u ]
So, given 0 < € < 1/4, there is I, € U such that

1-ex| < || <A+elx] Gel).

_1}_

[l =

= lim
u

Let
K := max {Z|/\k| :
k=1

Then, for every i € I,
ITi| = sup, | T3(x))

= sup { Z M Ty
k=1

= sup { Z )\kxfe
k=1

< 2sup {Z|/\k :

k=1

n
S
k=1

’ : Xn:)\kxk = 1}
k=1
i)\kxk = 1}
k=1
zn:)\kxk = 1}
k=1
=2K.

Let § := €/(2K). Choose a 8-net {y!,..., y™} in the unit sphere Sy, of M, and

set
Io = m ka .
k=1
Fixi € Iy, x € Sy. Thereis k € {1,..., m} such that ||x — y*|| < §. Then
1T < |Ti(x) — Tiy®)|| + | Ti(y")|| < 2K6+1+4€ =1+ 2€.
ITy )| > 1TP — | Ty — Ty >1—€e—2K6=1—2¢.

So
1-2e<||Ti|| < 1+ 2€ @€l
1 |n||—1’ 2 -
= |1= = < < 4e (iely.
’ T3] T3] 1-2e
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Let

1
—T;, ifiely
R; = { ||l
0, ifi ¢ I
Then ||R;|| < 1. For x = 3_7_, \zx*, we have

(o) =" A () = (Z Akx§>
k=1 k=1

u
and
1 & .
Ri(x) = 11 S hxt o Gely.
=1
Since
lim zn:)\kx’?— 1 Zn:)\kxk zlim‘Ti(x)—lTi(x)
|| 2 M T 2 M 17
—limT<(x)||‘1— 1
u | T3]

<8eK|x| (el

and € > 0 may be made arbitrarily small, we obtain

Ju(x) = (Ri(x)),, -
O
Given two isomorphic Banach spaces E and F, and € > 0, we say that an
isomorphism T' € L(E, F) is a (1 + €)-isomorphism if
IT||<1+e and |T ! <1+e.

PROPOSITION (3.7). Given an ultrafilter U on a set I and a family (F;);c1 of
Banach spaces, let Y € Dim((F;)y) be a subspace with embedding Jy:Y —
(Fy. Let N € Cod((F;)y) with quotient map Sy : (Fy)y — (Fi)y/N. Then there
are operators S; € L(F;, (F;)y/N) with ||S;|| < 1 such that

SN(Jy(y)) = liLI{n Si(yi)
whenever y € Y and y; € F; satisfy Jy(y) = (yi)u-

Proof. Let N+ be the subspace of (F});, orthogonal to N. Recall that there
is an isometric isomorphism N+ = ((F})y/N) -

Given € > 0, by the local duality of ultraproducts [H], Theorem 7.3, there is
a (1 + e)-isomorphism T from N~ onto a subspace H of (F;*),, such that

(LIgT(y"), Jy(y) = (", Jy(y)) (" € N:, yeY),
where Jy: H — (F;), is the natural embedding, and L: (F;), — (F;);, is the
canonical isometric embedding [H], page 87. Note that, fory* € N*andy € Y,
(y*, SN(Jy(y)) = (y*, Jy(y) + N)
= (LJgT(y"), Jy(y)) .
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Since dim(H) < oo, Proposition (3.6) gives us operators R; € L(H, F;) (i € I)
with ||R;|| < 1 such that Jg(h) = (R;(h)), for all h € H. Moreover, there are
operators W;: F; — H* such that R; = W; (i € I). Now, for y € Y fixed, choose
y; € F; (i € I) such that Jy(y) = (y;),. We obtain

(v", Sn(Jy () = (LJgT(y"), Jy(y))
= (LUR;(TY" D), idu)
= liLI}l(RiT(y*), yi)  [HI, page 87
— lim (W, T("), )
= lim(y", T*Wi(y)
for y* € N*. It follows that
Sn(Jy(y)) = weak- liz/r{n T*W;(y;) = li&n T*W;(y;) .

Let
S, = W, .
||T||
Since T is a (1 4 €)-isomorphism, we easily obtain

ISi(yi) — T*W;i(y)|| = H|T T*W(y;) — T*W;(y;)
T*W;(y;)
HTH \n wl
< el

Therefore,
Sn(Jy(y) = liLI{n Si(y:) .
O

Proof of Theorem (3.5). (a) = (b) is obvious.

(b) = (c). Suppose that the ideal of polynomials (Q, Q) satisfies (b). Let
P ¢ P("E, F) be a polynomial with Q™*(P) < +oco. By Lemma (3.3), we
may write kg o P = H o (Py)y o J with ||H|| < 1 and ||J|| < 1, where P, :=
SEPJL are the elementary parts of P. Since P, is a polynomial between finite-
dimensional spaces, it belongs to Q. Since Q(P;) < Q™*(P), assertion (b)
implies that (P;), € Q, and Q((P;)y) < limy Q(P;). By the ideal property
(Definition (3.1),(b)), we obtain

kroP=Ho(P)yod cQ.
By the regularity, P € Q and Q(kr o P) = Q(P). Hence,
Q(P) = Q(kp o P)= Q(H o (P)y o)
< [[H[[[|J]"Q(Ps) < liLI{n Q(P) < Q™(P).
On the other hand, since P € Q, we have Q™**(P) < Q(P), and we conclude
that Q™**(P) = Q(P).

(c) = (a). Let (Q, Q) be a maximal ideal of polynomials. We first show that
(Q, @)isultrastable. Let I be a set and I/ an ultrafilter on I. Given polynomials
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P, c QE;, F)) with Q(P;) < 1(@G € I),let P := (P,), € P("™E;)y, (F;),). We have
to prove that P € Q and Q(P) < 1. By the maximality, it is enough to show
that Q(SyPeJy;) < 1 for all M € Dim((E;),) and N € Cod((F;),). By Proposi-
tion (3.6), there are operators R; € L(M, E;) (i € I) with ||R;|| < 1 such that
Ju(x) = (Ri(x))y for all x € M. There are operators S; € L(F;, (F;)y/N) with
IS;|| < 1 such that the statement of Proposition (3.7) holds for the subspace
generated by PJy (M) in (F;),. For every x € M we have

Sy P(Jy(x)) = SnP ((Ri(x)) = Sy (PiRi(x)y) = hz/I{n S;P;R;(x) .

Therefore, Sy PJy; is the pointwise limit of (S; P;R;);c; along U in the finite-di-
mensional space P("M, (F;),;/N) and so it is its limit for the topology generated
by Q0. Now, since

O(SiPR) < [|S;[|Q(P)||R;]| <1,

and the A-norm Q is continuous for the topology generated by it [DF], page 109,
it follows that Q(Sy PJy) < 1, and we conclude that (Q, Q) is ultrastable.

We now prove that (Q, Q) is regular. Let P € P("E, F) with kp o P €
O(E, F**). Given M € Dim(E) and N € Cod(F'), we have

0 (SkPIY) = 0 ((S) kePafy) <||SK| @UerP) |5 = QkrP)

Then Q™*(P) < Q(kpP) < 00, 80 P € Q™= = Q and Q(P) = Q"*(P) <
Q(kpP). It is obvious that Q(krP) < Q(P), so Q(P) = Q(kpP). O

THEOREM (3.8). If (Q, Q) is a maximal A-normed ideal of m-homogeneous
polynomials, then Q(E, F) is complete for all Banach spaces E and F.

Proof. The proof'is as in [F2], 1.5. O

4. Ideals of nuclear and integral polynomials

In this Section, we show that the ideal of nuclear polynomials is the smallest
Banach ideal of polynomials, and that the ideal of integral polynomials is the
smallest maximal normed ideal of polynomials.

We also prove that the ideal of Pietsch integral polynomials is ultrastable.

These results were known for scalar-valued polynomials, but the extension
to the vector-valued setting in the case of (Pietsch) integral polynomials is not
trivial.

Given a A-normed ideal of polynomials (A4, A) and a A’-normed ideal of poly-
nomials (B, B), where 0 < A, \’ < 1, we say that (A, A) is contained in (B, B) if
A C Band B(P) < A(P) for all P ¢ A[Pil], 6.7.1.

The following result was proved in [F2], 1.6, for scalar-valued polynomials.
The proof in the vector-valued case is essentially the same.

THEOREM (4.1). (Px;, || - |In) is the smallest Banach ideal of polynomials.

Proof. It is easy to see that (Py, || - ||[v) is a Banach ideal of polynomials, so
we have to prove that, if (4, A)is a Banach ideal of m-homogeneous polynomials
and P € Py(™E, F), then P € A and A(P) < || P||n.
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There are bounded sequences (¢;) C E* and (y;) C F such that

Px) =) [¢i0)]™y;

i=1
forevery x € E, and Y. || ;]| ||yi||<oco. Foreachr € N,let P, := Y\, ¢"®y;.
Clearly, P. € A. Forr,s € N(r < s), we have

AP, ~ P)=A4 ( > ¢;”@yi> <3 A(drey) =3 19" Iyl —— o,
i=r+1 i=r+1 i=r+1 ’
so (Pr)2, is a Cauchy sequence in the Banach space A(E, F'), which is therefore

convergent to some R € A(E, F'). Obviously, P. — R also in the supremum
norm, so R = P, and P € A(E, F). Moreover

A(P)=1im A(P,) < lim >~ A (¢7'@y:) = lim Y [lal™ il = Y _llbl™ il
=1 =1 =1
It follows that A(P) < || P||x. O

The following two results were proved in [FH], Theorem 3.2, for scalar-
valued polynomials, using the fact that the space Pp;("E) = Pi("E) is isomet-
rically isomorphic to the dual space (®2’:}SE) *, a property which is, obviously,
not true in the vector-valued case.

THEOREM (4.2). The ideal of polynomials (PPL Il - ||PI) is ultrastable.

Proof. Take a set I and an ultrafilter &/ on I. For each i € I, let P, €
Pp1 ("E;, F;) be a polynomial with sup;|| P;|lpr < co. We have to prove that (P;),
is a Pietsch integral polynomial and that ||(P;)y||pr < limy||P;|lp1. Let € > 0.
For every i € I, by Theorem (2.3), we can find a finite nonnegative countably

additive, Borel measure u; on BE; and an operator S; € £ (Ll (BE;, Mi) s Fi)
such that the following diagram is commutative

E —— F

| Ts

c (81 —5 1 (35

i

where J; is the canonical inclusion, and R; is the polynomial defined by
R (x)x*) =[x*(x)]™ forall xcE;, x* ¢ BE; .
Moreover, we can assume that
1Sill <1 and  wi(Bg) = ||Jiflas < || Pillp1 + €.

Hence, sup;;||J;||as < co. Since the ideal of absolutely summing operators is
ultrastable [Pil], 8.8.11, the operator (J;);, is absolutely summing, and

H(Ji)Z/{Has < hgln”JlHaS :

Taking ultraproducts, the upper half of the diagram of Figure (1) is commuta-
tive.
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By [H], Theorem 3.3, there are a compact Hausdorff space K, and a multi-
plicative surjective isometric isomorphism

: C(K) — (C(Bg,)) -

Since (J;); o ® is an absolutely summing operator, there exist a nonnegative
countably additive, Borel measure u on K and an operator

bel (L1(K, O} (Ll (BE?’M‘))U)

such that (J;),; o ® = boJ’, where J’ € L(C(K), L1(w)) is the natural inclusion
[DU], Corollary VI.3.7. Therefore, the diagram of Figure (1) is commutative.
Moreover, we can suppose that ||b|| < 1 and

WK = ([T © Pllys < [[(Tiduals < Lim || Biffpr + €.

(Pu
Ey —— (Fy
(R)u (SHu

(C(B: Ny — 2% (La(Bg:, pidu

cp-lT iq) Tb

C(K) Li(K, w)

/

Figure 1. Ultrastability of the ideal of Pietsch integral polynomials

Let
ki€ £ (B, C (Bg:))

be the canonical isometric embedding given by k;(x;)(x}) := x}(x;) for all x; € E;
and x} € BE;. For every x = (x;)yy € (E;)y, we have

(@ o (Ry) (x) = D (Rilae))
O (([kix)1™),,)
= &1 ([(kiCxine] "
= [q)—
= [®7 ((Riu())]™
= [(@7 o (ki) )] .

) (see the proof of [H], Proposition 3.1)

Y (ki) ] ™ (since @' is also multiplicative)

Since
O Lo (k)y: (E)y — CK)

is an isometric embedding, we conclude by Theorem (2.3) that (P;);, is Pietsch
integral. Moreover,

[(Pullpr < ||@1 o (R || w(K) = w(K) < lim|| P ler + €.
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Since € > 0 is arbitrary, we obtain

[Py < L[ Pylpr,
and the result is proved. O
THEOREM (4.3). The ideal of polynomials (Py, | - |l1) is maximal.
Proof. Let P € P("E, F) with
PP = sup {||$f o Po JﬁHI : M € Dim(E), N € Cod(F)} < oo,

We have to prove that P is integral and that
[P = Pllx -

By Lemma (3.3), with its notation, there exist operators J: E — (E;);; and
H: (F))y — F** with |J|| < land |[H| <1, such that ko P = H o (Py)y o,
where P; := Sﬁ, oPod Alf[ are the elementary parts of P, for i € I. Since P, is a
polynomial between finite-dimensional spaces, it is Pietsch integral. Moreover,
we have

IPllec = [Pl = S o Pogfi| < 1P

so (||P:|[pr),.; is bounded. By Theorem (4.2), the polynomial (P;), is Pietsch
integral and
[CPo)eeller < Y[ Pfler < [|P[I7™ .

(From the equality k2 o P = H o (P;), o J, we obtain that kp o P is Pietsch
integral. By Theorem (2.4), P is integral and
I1Pllx = [lkp o Pllpr < [|(Pouller < [[PI7*.
On the other hand,
|skopodf| <|sk| P[] < 1P,
S0
[P < [IP]|x,
and the proof is complete. O

The following result is given in [F2], 1.6.(c), for scalar-valued polynomials,
using the representation

Pi"E) = (@ E)" .

THEOREM (4.4). The ideal (Py, || - |l1) is the smallest maximal normed ideal
of polynomials.

Proof. Let (A, A) be a maximal normed ideal of m-homogeneous polynomi-
als, and let P € Pi("E, F). By Lemma (3.3), we may write kpo P = Ho(P;)y 0
with |H| < 1, ||| < 1,and P; := S§oPodJL fori € I. Since P; is a polynomial
between finite-dimensional spaces, it belongs to .4 and A(P;) < || P;||n, fori e I
(Theorem (4.1)). Moreover, since P is integral,

1B = [[SF o Podfy| = |skoPouf| <Pl
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for all i € I, so A(P;) < ||PJ|; for all i € I (for the equality of norms, see [CD],
Theorem 1.4). Since (A, A) is maximal, it is also ultrastable (Theorem (3.5)),
so (P)y € A and

A((Py)y) < liz/I{n A(P) < || Pl .

By the ideal property (Definition (3.2),(b")), kx o P € A and
A(kp o P) = A(H o (Py o J) < [[H||A ((Pou) | < A((Pu) <Pl -

Since (A, A) is also regular (Theorem (3.5)), it follows that P € A and A(P) =
A(kp o P) < ||P||1, which finishes the proof. O

5. Left and right r-factorable polynomials

In this Section, we introduce the ideals of left and right r-factorable poly-
nomials, showing that they are A-normed and maximal. As a consequence,

m,right _ right
> Vr

we prove that, for 1 < r < m, in most cases, the ideal (Pr is not

normed. This proves a conjecture of K. Floret [F2], 3.1.

Definition (5.1). Given a polynomial P € P("E, F) and 1 < r < oo, we say
that P is left r-factorable if there exist a positive measure space (£}, 2, u), a
polynomial @ € P(™E, L,.(w)), and an operator T' € L(L,(w), F**) such that

kroP=ToQ.

E L. F

‘| i

In this case we set
7e(P) = inf{||Q|IT| for , T as above} .

We denote by P™*(E, F) the subspace of all P € P("E, F) which are left
r-factorable.

Definition (5.2). Given a polynomial P € P("E, F) and 1 < r < oo, we say
that P is right r-factorable if there exist a positive measure space ({, 2, w),
a polynomial @ € P("L,(w), F**), and an operator T' € L(E, L,(u)) such that
kpoP=QoT.

E -2 . F

Tl lkF
Lr( ) N F**
H
In this case we set
YPE(P) = inf{||Q||T||" for Q, T as above} .

We denote by P18 (E, F') the subspace of all P € P(™E, F) which are right
r-factorable.

The proof of the following result is as in [F2], 3.1.
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PROPOSITION (5.3). The ideal of polynomials ( mTight yfight) isr/m-normed

if r < mand is normed if r > m.

PROPOSITION (5.4). The ideal of polynomials (P;" right yfight> is maximal.

Proof. It is enough to prove that (P;"’ﬁght, yﬁight> satisfies condition (b) of

Theorem (3.5).

Let I be a set and let &/ be an ultrafilter on I. For every i € I, let P, €
P("E;, F;) be a right r-factorable polynomial, where E; and F; are finite-di-
mensional Banach spaces, and suppose that sup; yfght(P,-) < oo. Given € > 0,
we can find positive measure spaces (Q;, 2;, w;), operators T; € L(E;, L(u;)),
and polynomials R; € P("L,(u;), F;) (i € I) such that the following diagrams
commute

Lr(/-Li)

and ||R;||||T;]|™ < Y (P) 4 €. We can assume that the families (| Ri|Dier
and (||T;|])icr are bounded, and then so is the family (|| P;||);c;. Hence, taking
ultraproducts, we obtain the following commutative diagram

(i (i (Fiu

m%

(Lr(ui)u

Since (L,(u;))y, is isometrically isomorphic to an L,(v) space for some mea-
sure v [Pil], Lemma 19.3.4, which can be assumed to be positive [DS], IV.8, it
follows that (P;);, is right r-factorable. Moreover

VPEH PO < ROUIICT e |™ = Viam [ B | To|™ < Vi v #*(P) + €.

Therefore, 4 .
YR (Py)y) < 112511 yHER(P),

and (P}" oright yﬁight) satisfies the second condition of Theorem (3.5),(b).

We now prove that (Pﬁn’right, yﬁight) is regular. Let P € P("E, F) be a poly-

nomial such that .
kF oPc P;n,rlght(E’ F**) .
Then there exist a positive measure space ({), 2, w), an operator Te€ L(E, L.(w)),
and a polynomial
R € P("L,(w), F***)
such that kp«+ o kp o P = R o T (Figure (2)). Since (kp-)* o ks« = Ip«« [Mel,
Example 3.1.8, we have
kFOP:(kF*)*OkF** OkFOP:(kF*)*OROT.

Therefore, P is right r-factorable
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k,
E—L s F— " por

r| kl TUM

Ly() P

Figure 2. Regularity of the ideal of right r-factorable polynomials

By the ideal property,
Yy 0 P) < | ki [y7(P) = yP(P)
On the other hand, we have
Yy E(P) < [|(kp-)™ o R|||T|™ < |R|I|T|™

and then
yoehY(P) < yright(kp o P) .

So we obtain the equality y"€*(P) = y 8" (% o P), and we are done. O

PROPOSITION (5.5). The ideal of polynomials (P!, 41t} is @ maximal Ba-
nach ideal.

Proof. Clearly, a polynomial P € P("E, F) is left r-factorable if and only if
its linearization

PeL(eF EF)
is an r-factorable operator. Since, for every polynomial @ on E, we have
1Rl = H@H (see Section 1), we obtain that y*%(P) = v, (F), where v, is the

r-factorable norm of an operator (see [DJT], Chapter 7). Since the r-factorable
operators, with the v, norm, form a Banach ideal [DJT], Theorem 7.1, the ideal
of polynomials (P1eft, yl*ft) js also a Banach ideal.

With obvious modifications in the arguments of Proposition (5.4), we see
that (Prleft, yleft) js maximal. O

We will see (Theorem (5.10)) that (73;" pright yfight) is not normed in general

if r < m. In order to prove this fact we need some preparatory results.

PROPOSITION (5.6). Let E be an L.-space and let P € P("E, F') be a right
r-factorable polynomial. Then, if 1 < r < 2, P is 2-dominated while, if r > 2,
P is s-dominated for every s > r.

Proof. Assume first that 1 < r < 2. Then there are a positive measure space
(Q, 2, w), a polynomial @ € P(™L,(w), F**) and an operator T' € L(E, L.(u))
such that kr o P = @ o T'. Since L,(u) has cotype 2 [DJT], Corollary 11.7, T is
absolutely 2-summing [DJT], Theorem 11.14, so kg o P is 2-dominated (see, for
instance, [MT], Theorem 10) and P is 2-dominated too. Suppose now that r > 2
and factor kg o P as above. Since L,(u) has cotype r > 2 [DJT], Corollary 11.7,
it follows that T is s-summing for every s > r [DJT], Theorem 11.14, and then
P is s-dominated. 0



120 R. CILIA AND J. M. GUTIERREZ

PROPOSITION (5.7). Given A = (A\,)2, € {1, let M) € P(™lo, l1) be the
polynomial defined by

M)(x) := Ay 4 forall x=(x,)721 €los,

and let 1 < s < m. Then M), is s-dominated if and only if A € £/,

Proof. The proof is a slight modification of the proof of [CG1], Theorem 11.
We include it for completeness. ‘

Suppose that A € £;/,,. If the field is complex, write A, = |A,|e. Define an
operator T' € L({, {s) by

T(x) = (|)\n\1/”‘(3’9"/'"3%)Oo . forall x=(x,);2; € s -

Then T is absolutely s-summing [DJT], Examples 2.9.

Denoting by i: ¢; — £,, the natural inclusion, let P € P(™/(,,, £1) be a poly-
nomial given by

P(y) = (y2)>

n=1

Since M) = PoioT, M, is s-dominated [MT], Theorem 10.

If the field is real, we write M, = M, — M,, with p = (u,) and v = (v,),
where u, > 0 and v, > 0 for all n. By the above argument, M,, and M, are
s-dominated, and so is M, [MT], page 196.

Conversely, suppose that M, is s-dominated. Let

e = (O,...,O, 1,0,...) .
@)

Since the sequence (¢;);°; is weakly s-summable in /,,, then the sequence
(Ma(en) =,
is absolutely s/m-summable in ¢; [CG2], page 422, so

for y=n)2q € lm .

SO = 3 I Myen|f < oo,
i=1 i=1
and A € £g/p,. O

PROPOSITION (5.8). For every integer m > 2 there is a polynomial P €
Pn(M™l, £1) which is not right r-factorable for any 1 <r < m.

Proof. Let 1 < r < m. Choose max(r,2) < s < m and define a polyno-
mial P € P("lu, {1) by P(x) = (Ax01)02, for all x = (x,)7°; € loo, Where
An € 1\ls/m. Since (A,), € {1, P is nuclear [CG1], Proposition 6. If P were
right r-factorable, it would be s-dominated (by Proposition (5.6)) and then, by
Proposition (5.7), (A;)n € £5/m, a contradiction. O

It is even possible to find scalar-valued polynomials satisfying the require-
ments of Proposition (5.8), as the following result shows.

PRrROPOSITION (5.9). For any integer m > 2, there is a polynomial P €
Pn(™l) which is not right r-factorable for any 1 < r < m.
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Proof. Given 1 < r < m, choose s with
max(r,2) <s<m.

Let (az)2; € £1\ls/m. Define a polynomial P € P("(,) by
P(x) = Z apxy for x=(x1)72; € Voo
k=1

By [CG1], Proposition 6, P is nuclear. Assume that P is right r-factorable.
By Proposition (5.6), P is s-dominated. Since the sequence (e;);°, is weakly
s-summable in /., the sequence

(a2 = (Plew) -,

is s/m-summable, which is in contradiction with the hypothesis. O

THEOREM (5.10).
(a) For every integer m > 2 and every real number r with 1 < r < m, the

ideal of polynomials ( mright 'yﬁight) is not normed.

(b) The ideal of polynomials (Pf’ﬂght, yiight> is not normed.

Proof. (a)Supposem >2and1 <r < m. If (Pﬂn right V?ght) were normed, it

would contain all the nuclear m-homogeneous polynomials (see Theorem (3.8),
Proposition (5.4), and Theorem (4.1)), and this is false by Proposition (5.8)
(or (5.9)).

(b) Suppose now m = 2. Consider the scalar-valued polynomial
P € P(2C[0, 1]) given by

1
P(f) = / F@Rdt
0

This polynomial is integral [A2], Remark 2.4. If it were right 1-factorable, we
could find a positive measure space ({1, 3, ), an operator A € £(C[0, 1], L1(x))
and a polynomial @ € P(*L1(u)) such that P = Qo A. In this case, the following
diagram commutes

clo, 11 —*— ¢fo, 11*

4

Ll(l-L) — LOO(M)

Ty
where Tp and Ty are the operators associated to P and ), respectively (see
definition in Section 1). Since A and A* are absolutely 2-summing [DJT], The-
orem 3.7, the operator T is nuclear [DJT], Theorem 5.31, and hence compact,
which is in contradiction with [A2], Remark 2.4. O

Remarks (5.11).

(a) The polynomials of Proposition (5.8) are m-dominated [CG2], Lemma 1,
but they are not 2-dominated, unlike the linear operators with range in a space
with cotype 2 [DJT], Theorem 11.13.
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(b) The polynomials of Proposition (5.8) are left r-factorable for every r > 1
by Proposition (5.5) and Theorem (4.4), and right r-factorable for every r > m
by Proposition (5.3) and Theorem (4.4).

(c) The polynomial given in the proof of Theorem (5.10),(b) is left r-factorable
for every r > 1 by Proposition (5.5) and Theorem (4.4). It is also right r-
factorable for every r > 2 by Proposition (5.3) and Theorem (4.4), and then it
is also right r-factorable for every r > 1 by [DJTI, Corollary 9.2.

(d) Since

PiCE, F) C P2 (E, F)

by Propositions (5.3) and (5.4) and Theorem (4.4), and
Py N E, F) C PPUEE, F)

for all 1 < r < oo, by [DJT], Corollary 9.2, we have that every 2-homogeneous
integral polynomial is right r-factorable for all 1 < r < oo, so the argument of

Theorem (5.10) does not allow us to know whether the ideal (7?,2 bright yﬁight) is

normed or not for 1 < r < 2.
Added in proof

(1) In the proof of Theorem (2.3), part (d) = (e), we use Lemma (2.2). In fact
what we need is a version of Lemma (2.2) valid for L..((), u) spaces instead
of C(K). A proof of such a result will be given in a forthcoming paper by the
authors dealing with p-integral polynomials.

(2) Theorem (4.1) is proved in 1.7, Proposition of K. Floret, Minimal ideals
of n-homogeneous polynomials on Banach spaces, Results Math. 39 (2001),
201-217.

(3) The equality of the Pietsch integral norms of P and P in Theorem (2.3)
is given in [CL1, Proposition 2.10].
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EXTENDED AFFINE SURFACE AREA AND ZONOTOPES

XTANYANG ZHU, SONGJUN LV, AND GANGSONG LENG

ABSTRACT. The Lp-polar curvature image is introduced and studied. An
equivalent relationship between extended mixed affine surface areas and
mixed volumes of arbitrary convex bodies is presented, so is its L, analog.
For the inequalities whose conditions involve the areas of the projections of
convex bodies, an approach to the extensions from the ordinary forms to their
L), versions is presented. As applications of this approach, we establish Alek-
sandrov’s projection theorem and Petty-Schneider theorem for the L,-mixed
Quermassintegral version.

1. Introduction

Let K™ denote the set of convex bodies, " denote the set of convex bodies
having a positive continuous curvature functions, and () denote the affine sur-
face area (see Section 2). In[11], Leichtweil} presented a definition of extended
affine surface area which extends the domain of affine surface area from F” to
K". Since then, a number of geometric inequalities and various isoperimetric
inequalities involving affine surface area have been extended to arbitrary con-
vex bodies (see, for example, [17]). In addition, Lutwak [20] showed that there
are natural extensions of affine and geominimal surface areas in the Brunn-
Minkowski-Firey theory. Surprisingly, it turns out that there are extensions
of all of the known inequalities involving affine and geominimal surface areas
to the p-affine and p-geominimal surface areas (see, for example, [14]).

One of the aims of this article is to introduce and study the p-polar curvature
images, another main one is to show that for a special class W"(or W) which
is a subset of the set of convex bodies, there exists an equivalent relationship
between the extended mixed affine surface area, of an arbitrary convex body
and a body in W"(or W), and the mixed volume, of an arbitrary convex body
and a line segment. The approach to the later is closely related to the properties
of zonotopes, and in fact, with this approach most of the problems involving
the area of projections of convex bodies will be remarkably promoted.

A result of Winterniz (see [2], page 200) states that if K € F" (actually a
somewhat more restricted class) and E is an ellipsoid such that K C E, then
UK) < QE). There are many generalization of this result, for example, in
[15], Lutwak extended it as: if K € K", and E is an ellipsoid, then if the areas
of the projections of K do not exceed those of E, it follows that Q(K) < Q(E).
It was shown that this is a special case of a strong result due to Lutwak [17].
Here we will use the equivalence between mixed volumes and extended affine

2000 Mathematics Subject Classification: 52A40; 52A20.

Keywords and phrases: p-polar curvature image, extended affine surface area, mixed volume,
dual mixed volume, zonotope, mixed p-Quermassintegral inequality.
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surface areas, obtained in this article, to reprove Lutwak’s generalization. It
turns out that Lutwak’s generalizaiton can be extended to an L, version by
using the equivalence of this kind.

The organization of this paper is as follows.

For quick reference, a number of elementary definitions(Minkowski and
Firey addition, ordinary and L,-mixed volumes, classical and extended affine
surface area, zonotopes) and well-known results(some integral representa-
tions) which are essential, are stated in Section 2. Lukwak [15]-[20], Le-
ichtweil3 [10]-[12], Petty [22]-[24], Schiitt [27] are recommended as references.

In Section 3, corresponding to the work of Lukwak [17], we introduce L,-
polar curvature images of the symmetric star bodies. An equivalent definition
of the L,-extended affine surface area, and various results which are required
later, regarding the L,-polar curvature images, are obtained in this section.

Some main results of ours in the classical Brunn-Minkowski theory are
presented in Section 4. It will be demonstrated that for the special class W",
there is a surprising equivalence between extended mixed affine surface areas
and mixed volumes. In this section, we will reprove Lutwak’s strong result,
which holds for arbitrary convex bodies, by using the equivalence result above-
mentioned that may simplify the original proof of Lutwak’s.

Section 5 is the L, analogs of Section 4. In this section, we will introduce the
concept of L,-zonotopes and their limits, L,-zonoids. A new class, Wy, is also
to be defined. It will be shown that the L, version of Lutwak’s monotonicity
result holds for arbitrary convex bodies containing the origin in their interiors.

As applications of the approaches taken here, we establish Aleksandrov’s
projection theorem and Petty-Schneider theorem for the L,-mixed Quermass-
integral version in Section 6.

In this paper, our main results are the following theorems:

THEOREM (1.1). If n # p > 1, K € K, L € WY, and for all u € 8",

(1.1a) Vo(K, u) < Vp(L,u),
then
(1.1b) O, (K) < Q,(L).

THEOREM (1.2). If p> 1, K € K}, L€ K?, i € {0,1,...,n — 1}, and for all
ue S

(123.) Wp,i(K) L_(/) = Wp,i(L) Z_l/):
then

(1.2b) {Wi(K) <WiL), forl<p<n-—i.

Wi(K) > Wi(L), forp>n—i.
with equality if and only if K = L.

THEOREM (1.3). If p> 1, K € Ki, L€ Z, i € {0,1,...,n — 2}, and for all
ue S

(1.3a) Wyi(K, &) < Wyi(L, @),
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then

(1.3b) {Wi(K) <WiL), forl<p<n-—i.

Wi(K) > W,(L), forp>n-—i.

2. Background and notation

Let C™ denote the set of compact convex subsets of Euclidean space R”. The
subset of C" consisting of convex bodies (compact, convex subsets with non-
empty interiors) will be denoted by K". For the set of compact convex sets
containing the origin in their relative interiors, write Cj. And for the set of
convex bodies containing the origin in their interiors, write Kfj, and let K7
denote the set of convex bodies whose centroids lie at the origin. Then, let CZ,
K? denote set of all bodies in C*, K, respectively, that are symmetric about the
origin. We reserve u for unit vectors, and B the unit ball centered at the origin
in R”. The surface of B is S*~!. For u € S !, let E, denote the hyperplane,
through the origin, that is orthogonal to u, and let K|E, denote the image of
the orthogonal projection of K € K" onto E,. Let V(K) denote the volume of
K € K", v(K|E,) denote the area ((n — 1)-dimensional volume) of K |E,,, and w,,
the volume of B. For K € C", let hx = h(K, -): S"! — R denote the support
function of K; i.e., for u € S* !, h(K,u) = max{u-x : x € K}, where u - x
denotes the standard inner product of « and x in R”. The set C* will be viewed
as equipped with the Hausdorff metric, d, defined by d(K, L) = |hx — hr|c,
where | - | is the sup (or max) norm on the space of continuous functions
on the unit sphere, C(S*~1). For K € K, let K* denote the polar of K i.e.,
K={xeR": x-y<1, forally € K}.

(2.1) Minkowski, Firey combination, and mixed volumes. For K, L <
K" and A, u > 0 (not both zero), the Minkowski linear combination AK + wL €
K™ is defined by

(2.2) ROK + pL, ) = AWK, ) + ph(L, ).

Forreal p > 1,K,L € K, and A, & > 0 (not both zero), the Firey linear
combination A - K 4+, u - L, is defined (see [6]) by

(2.3) hA-K +p - L, )P = MK, )P + ph(L, ).
The mixed volume V1(K, L) of K, L € K" is defined by
V(K +¢eL)— V(K)

&

For p > 1, the L,-mixed volume V,(K, L) of K, L € K was defined in [19]
by

(2.4) nVi(K,L) = lil‘I(l)

V(K +,¢-L)-V(K)

&

(2.5) "V, (K, L) = lim
p e—0

Aleksandrov [1] and Fenchel and Jessen [5] have shown that for each K €
K", there is a positive Borel measure, S(K, -) on S"~1, called the surface area
measure of K, such that

2.6 VK@= [ 1@ uwdSEK w,
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for all @ € K*. For K ¢ K", Vi(K,-) : K" — (0, c0) is Minkowski linear;
and Vi(, -) is continuous with respect to each argument. In addition, by the
definition of support function, the extension of V1(:, -) from K" x K" to K" xC"* —
(0, c0) is practicable.

It was shown in [19], that for each K € K¢, there is a positive Borel measure,
S,(K, -) on S"~1, such that

@.7) VoK@ = /S  h(Q uPdS, (K, w),

for all @ € Kf. Similarly, V,(K, -) : K§ — (0, o) is Firey linear and V,(,, -) is
continuous with respect to each argument. Also, the extension of the L,-mixed
volume V(. -) from Kf x K to Kj x C is practicable.

(2.8) Dual mixed volumes and Firey combinations. The radial function
pr = p(K,-) : R"\{0} — [0, c0) , of a compact star-shaped (about the origin)
K C R, is defined by p(K,x) = max{Ar > 0 : Ax € K}. If pg is positive
and continuous, call K a star body (about the origin). Write ¢j for the set of
star bodies in R”. For K € K, it is easily seen that p(K*,-) = 1/h(K, -) and
hK*, ) =1/p(K, ).

If K,L € ¢f, and A, u > 0 (not both zero), then for p > 1, the harmonic
p-combination, Ao K +, o L € ¢ff is defined by:

(2.9) p(Ao K 4, moL, ) = Ap(K, )P + up(L, )P

For p > 1, and K, L € ¢j, the Lj-dual mixed volume, V_ p(K, L), is defined
by
V(K+p eo L) - V(K)

€

(2.10) 2V (K L)=lim
D e—0

From the polar coordinate formula for volume, and (2.9), (2.10), one obtains:
If p>1,and K, L € ¢f, then

(@2.11) VoKD= [ L PdS .
Snfl
Obviously,
(2.12) V_,(K,K) = V(K).
For K € K, L € ¢f, and p > 1, define V,(K, L*) by:
(2.13) V,(K, L*) = % / p(L, w)"PdS,(K, ).
Sn—l

(2.14) Affine surface area. A convex body K € K" is said to have a posi-
tive continuous curvature function, f(K,-): S*~! — R, provided the integral
representation

(2.15) Vi(K, L) = % hL, wf (K, u)dSw),

Sn—l
holds for all L € K". Let F7, 7§, 7 denote set of all bodies in K", KCf, K7,
respectively, that have positive continuous curvature functions. From (2.15)
and (2.6), it follows that, for K € 7", f(K, u) = dS(K, u)/dS.
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A convex body K € Kf will be said to have a positive continuous p-curvature

function, f,(K, -): S"~! — R, if the integral representation
1
(2.16) Vo(K, Q) = - M, wPfp(K, u)dS(u),
Sn—l

holds for all @ € Kf. From (2.16) and (2.7), it follows that, for K € 7,
2.17) fr(K, u) =dS,(K,u)/dS.

The affine surface area, (U K), of K € F" can be defined by:
(2.18) AK) = FK, wy" " DdS(u).

Snfl
It is natural to define p-affine surface area, (),(K), of K € F§ by

(2.19) Q,(K) = / fo(K, w)"/ ™ PdS(w).
JSn—1

The mixed affine surface area, )_1(K, L), of K, L. ¢ F", was defined in [16]
by

(2.20) Q (K L)= F(K, wf (L, w)~ Y VdSw).
Sn—l

From (2.18), it follows that for K € F”,

(2.21) 0_1(K, K) = Q(K).

Similarly, the p-mixed affine surface area, O, _,(K, L), of K, L € F}, will be
defined by

(2.22) O, oK, L)= fo (K, wf (L, w) P/ " P dS(w).
Snfl

From (2.19), it follows that for K € F,

(2.23) O, (K, K) = Q,(K).

(2.24) Extended affine surface area. In[11], Leichtweill defined the affine
surface area, (U(K) of a body K € K", by:

(2.25)  n VUKV = inf{nVi(K, @ V(@' : Q € ¢f}.
For p > 1, we define the p-affine surface area, (),(K), of K € Kf, by
(2.26) n PMQLK)™P/M = inf{nV, (K, @)V(QP" : Q € ¢}}.

It was shown in [20] that for K € FJ, p > 1, we can get (2.19) from (2.26).
There is a natural extension of definition (2.20) of the mixed affine surface
area ()_1 from F" x F" to K" x F". Specifically, for K € K", and L € F", let

2.27) 0K L) = / AL, u)" Y VAS(K, u).
Snfl

Similarly, an alternate definition of p-extended mixed affine surface area,
Q,,_p, can be given as follows: For K € Kj, and L € F,

(2.28) O pK D)= | ol wy P, K w)
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(2.29) Zonotopes. A zonotope is a Minkowski combination of line segments;

i.e., Z € C" is a zonotope if there exist uy,...,u, € S* Land Ay, ..., A, > 0,
such that

where & denotes the closed line segment joining © and —u. Thus zonotopes
are in C!. From the definition of support functions, it follows that A(Z, u) =

> Ailu; - u]. Infact, for Z € C™ with such a support function is a zonotope with
i1
centre at the origin (see [25], page 183). A body in C" that is the limit (with
respect to the Hausdorff metric) of zonotopes is called a zonoid, and Z" will
be used to denote the class of zonoids. Thus each zonoid has its centre (at the
origin) of symmetry (see [8], [26]).

Abody K € F"is defined to be in W" if f(K, -)~Y/®*D is the support function
of a zonoid. Then, WW" is an affine invariant class (see [15]).

3. L,-polar curvature images

The concept of polar curvature images was posed by Lutwak in [17]. To de-
termine the polar curvature image of a star body, the solution of the Minkowski
problem (see, for example, [21]) is needed. So before we give the definition of
L,-polar curvature images, it is necessary to investigate the L,-Minkowski
problem.

In [19], Lutwak gave a weak solution to the L,-Minkowski problem with
even data: Suppose n # p > 1. If u is an even positive Borel measure on S*~!
which is not concentrated on a great sphere of S*~1, then there exists a unique
centered L, symmetric about the origin, such that S,(L,-) = u. Thus, given
a continuous function f: S»~! — (0, c0) such that f(-)S(-) is an even positive
Borel measure on S"~1, then there exists a body L € F7, such that

(3.1) fp(L, ) =f().

Use ¢7 to denote the class of star bodies (about the origin) which are sym-
metric about the origin, and F7 the class of convex bodies in F”* which are
symmetric about the origin. We define the Lj-polar curvature image, A K, of
a star body K € ¢ as follows:

Definition (3.2). Suppose n # p > 1, and K € ¢”. Define the mapping
A5: @y — F as follows: Let f(-) = wup(K, )"*P/V(K), then f(-)S(-) is an even
positive Borel measure on S”~!, by (3.1), there must exist a unique convex
body A, K € Ff, such that

(3.3) fr(ALK, ) = w,p(K, )P /V(K).

From (2.11), (2.17), (2.13) and (3.3), we have

PROPOSITION (3.4). If n# p > 1, and K € ¢}, L € ¢}, then
(3.5) Vo(ASK, L") = w,V_p(K, L)/V(K).

PROPOSITION (3.6). For n # p > 1, the mapping Aj: ¢f — F is bijective.
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Proof. The integral representation (2.11), together with the Holder inequal-
ity (see [9], page 140), and the polar coordinate formula, immediately gives: If
p>1,and K, L € ¢, then

3.7 V_p(K, LY" > V(K)""PV(L)"?,

with equality if and only if K and L are dilates.
From (3.5), it follows that for K, L € ¢7, AJK = AjL implies that

V_p(K,Q)/V(K) =V_,(L,Q)/V(L),

for all @ € ¢}. Taking @ = L gives V_,(K, L)/V(K) = V_,(L, L)/V(L) = 1.
Now (3.7) gives V(L) > V(K), with equality if and only if K and L are dilates.
Taking @ = K, and get V(K) > V(L). Hence, V(K) = V(L), and K and L must
be dilates. Thus K = L. This proves the injectivity of A7.

To see that A} is surjective, suppose K € F{. Then the measure u deter-
mined by dS,(K, -) = f,(K, -)dS(-) is an even positive Borel measure. Define
the star body L by

p(L, ) = cf o(K, VP,

where

P fo(K, w™ ™ PdS(u).

nwy Jgrn—1

From the fact that the measure du = dS,(K, -) is an even positive one, it
follows that L € ¢?, and it is trivial to verify, from (3.3) and the polar coordinate
formula of volume, that AJL = K. O

From definition (2.28), (3.3), and (2.13), it follows immediately that for n #
p>1,and K € K}, L € ¢,

(3.8) whQ, (K, A;L)"“’ = n""PV(LYPV,(K, L*)"*P.
Take AjL for K in (3.8), use (2.23), and from (3.5) get
o Qp(AJ LY = n"PV(LPV,(AjL, L*)**P
n"PV(LYP o PV_,(L, LY*"P /V(L)"*P.
Thus, by (2.12),
(3.9 Qp(ASL)"P = n* Pl V(LY.
Combine (3.8) and (3.9), and the result is:
PROPOSITION (3.10). Ifn # p > 1, and K € K}, L € ¢, then
(3.11)  n POy, (K, ASL)Q(ASLP/™ = nV(LYP/"V,(K, L*).
From Proposition (3.6) and (3.11), (2.26), we immediately obtain
THEOREM (3.12). If n # p > 1, and K € K, then
(3.13) Qp(K)™P/m = inf{ Q, (K, L)Q,(LY™ : L € Fr}.
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Obviously, Theorem (3.12) could have been used to define the p-affine surface
area (n # p > 1) of arbitrary convex bodies containing the origin in their
interiors.

Furthermore, the results for the case p = 1 corresponding to this section,
which are more general, were obtained in [17], while the case p = n remains
open.

4. Extended affine surface areas and mixed volumes

The background for this section is the classical Brunn-Minkowski theory
(see, for example, [25]). Just as mentioned formerly, it is natural that the
definition (2.27) extends (2.20) of the mixed affine surface area {)_; from F" x
F™to K" x F". In addition, we can get the following identically strong results.
The techniques used in the proof are from the work of Chakerian and Lutwak

[4].
LEMMA (4.1). If K, L € K", then

(4.1a) Vi(K, u) < Vi(L,u),
for all u € S*~1, if and only if
(41b) Q,I(K, Q) S Q,l(L, Q))

for all @ € W".

Proof. ;From the definition of a zonotope (2.29), and the Minkowski linear-
ity, in its second argument, of mixed volume (2.6), it follows that (4.1a) implies

(42) VI(K, Z) S VI(L; Z):

for all zonotopes Z. The continuity of mixed volumes and the definition of a
zonoid Z show that (4.2) must hold for all Z € Z.
For any @ € W", there exists a Z € Z" such that

f(Q; u)—l/(n+1) _ h(Z’ w).
Hence by (2.6) and (2.27), we get

ViK.Z) = % WZ wdS(K, u)
Sn—l
_ 1 / (@, u) Y " VdS(K, u)
n Sn—1
- lo ke
n

Similarly, V1(L, Z) = 1/n Q_1(L, @). Thus (4.1b) is now an immediate con-
sequence of (4.2), where Z € Z".

That (4.1b) implies (4.1a) is trivial: Choose a sequence Z; € Z", such that
lim Z; = @, and use the continuity of mixed volumes. O

11— 00

The following inequality which will be needed is due to Lutwak.
LEMMA (4.3). " If K € K", L € F", then

(4.4) Q_ (K, Ly > QK" o)1,
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Obviously, if K, L € 7", then (4.4) is a consequence of the Holder inequality,
with equality if and only if K and L are homothetic (see [16]).

As mentioned before, Winternitz showed that if K € 7" and E is an ellipsoid
such that K C E, then Q(K) < Q(E). A striking generalization of Winternitz’
result was obtained by Lutwak [17]. Recall that all ellipsoids are members of
W, Lutwak proved the following extension of Winternitz’ result:

THEOREM (4.5). W IfK € K*, L € W", and for all u € S*1,

(4.5a) v(K|E,) <u(L|E,),
then
(4.5b) AUK) < Q(L).

Lutwak proved Theorem (4.5) by using projection operator. Here we use
the equivalence obtained in Lemma (4.1) to reprove Theorem (4.5), which may
partly simplify the original proof of Lutwak’s. Furthermore, this approach can
be used to generalize Theorem (4.5) to an L, version. And the L, analog of
Theorem (4.5) will be demonstrated in Section 5.

Theorem (4.5), for K € F", L € WW", was also established by Lutwak [15].

Proof. The area of K|E, is related to an n-dimensional mixed volume (see
[3], page 45; or [7], page 359) by

20(K|E,) = nV1(K, &).

Thus, (4.5a) implies (4.1a), and from Lemma (4.1), then implies (4.1b).
Since L € W" C F", take L for @ in (4.1b), from (2.21) and (4.5), we get

QL) =Q (L, L) > Q_ (K, L) > QK" V/r(L)~ Y,
That is, Q(L) > QK). O

5. L,-zonotopes, L,-extended affine surface areas, and L,-mixed
volumes

Definition (5.1). A p-zonotope is defined as a Firey combination of line seg-
ments; ie., Z, € C} is a p-zonotope if there exist uy,...,u, € S"1 and
A, ..., Am > 0, such that

(5.2) Zy=M U1+4p - +pAn-ilm,
where as before &z denotes the closed line segment joining z and —u.

From the definition of Firey combination, it follows immediately that
WMZ,, u)P = i Ailui, u|P. Similarly, for a body Z, € C§ with such a support
functionis a l;-lzonotope with centre at the origin. A body in Cj that is the limit
(with respect to the Hausdorff metric) of p-zonotopes is called a p-zonoid, and

Zy will be used to denote the class of p-zonoids. Thus, by Definition (5.1), each

p-zonoid has its centre (at the origin) of symmetry.
Define

Wi ={Qp € F§ : there exists a Z, € 2} with f,(Qp, ) = h(Z,, )~ "7}

It can be easily shown that 2% is a centro-affine invariant class (c.f. [20]).
And from the symmetry of Z, € Z7, it follows that W C 7.
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The following Lemma is the L, version of Lemma (4.1):

LEMMA (5.3). If p > 1, and K, L € K, then

(5.32) Vo (K, @) < V(L @),
for all u € S*~1, if and only if
(5.3b) Qp (K, Qp) < Oy _p(L, Qp),

forall @, € Wy.

Proof. From Definition (5.1), and the Firey linearity, in its second argument,
of L,-mixed volumes (2.7), it follows that (5.3a) implies
(5.4) Vio(K, Z,) < V(L, Zp),

for all p-zonotopes Z,. The continuity of L,-mixed volumes and the definition
of a p-zonoid show that (5.4) must hold for all Z, € Z7.
From the definition of W}, for any @, € Wy, there is a Z,, € Z} such that
fp(Qp, u)—p/(n+p) _ h(Zp, wP.
Hence, by (2.7) and (2.28), we have
1

VoK Zp) = ~ [ hZ,uPdSyK u)
Sn—1

- % / 1@y, )PP S, (K, w)
Sn—l

1
= Q, (K, Qp).

Similarly, we can get

1
Vp(L’ Zp) = E Qp,—p(L; Qp)

Thus (5.3b) is now an immediate consequence of (5.4), where Z,, € Z.
That (5.3b) implies (5.3a) is also trivial: Choose a sequence Z,,; € Z7, such
that lim Z,; = &, and use the continuity of L,-mixed volumes. O

The following Lemma is an immediate consequence of (3.13):
LEMMA (5.5). If n # p> 1, and K € K, L € F}, then
(5.6) Qp_p(K, L) > Qup(K)"P Qu(L)7P.

Obviously, if K, L € 7§, then we can get (5.6) immediately from the Holder
inequality, with equality if and only if K and L are dilates.

Now we are in the position to prove Theorem (1.1), it is the L, analog of
Lutwak’s generalization(Theorem (4.5)).

Proof of Theorem (1.1). From Lemma (5.3), it follows that (1.1a) implies
(5.3b). Since L € W; C F¢, take L for @, in (5.3b), and from (2.23) and
(5.6), we obtain:

Q,(L)=Qp, _p(L,L) > Q, _,(K,L) > Qp(K)('Hp)/" Qp(L)_p/".
That is (1.1b). O
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6. Aleksandrov’s projection theorem and Petty-Schneider theorem
for L,-mixed Quermassintegrals version

Before demonstrating the results of this section, we firstly make some prepa-
rations. For @ € K", let W;(Q) (0 < i < n) denote the Quermassintegrals of Q.
Thus, Wy(@) = V(Q), nW1(Q) = S(Q), the surface area of @, W,(Q) = w,. The
mixed Quermassintegrals W;(K, L) (0 < i < n) of K, L € K" are defined by
Wi(K + L) — Wi(K)

S .

Obviously, W;(K, K) = W;(K), and Wy(K, L) is usually written as V1(K, L);
i.e., when i = 0, (6.1) is just (2.4). Furthermore, W;(, -) is continuous in each
argument and Minkowski linearity in its second argument.

The Minkowski inequality for mixed Quermassintegrals states that: For
KLcK and0<i<n-1,
(6.2) Wi(K, L) > Wi(K)"~' ' Wi(L),
with equality if and only if K and L are homothetic. Fori = n—1, the quantities
on both sides of inequality (6.2) are equal.

For K,L € Ky, and real p > 1, define the mixed p-Quermassintegrals
W, (K, L)X0 <i<n)as

i LWp,i(K, L) = hI'I(l) Wl(K +P € L) - W;(K)

(6.1) (n— WK, L) = HII(])

(6.3)

€
Obviously, W,,;(K, K) = Wi(K) for all p > 1, W,o(K, L) = V,(K, L). And
W,,i(-, -) is continuous in each argument and Firey linearity in its second argu-
ment.
An extension of (6.2)is: Forp > 1, K, L€ K}, and0<i<n—1,

(6.4) Wyi(K, L)'~ > W{(K)" P~ 'Wi(L)?,

with equality if and only if K and L are dilates.

Similar to (2.7), the mixed p-Quermassintegral W,; has the following inte-
gral representation: For p > 1, 1 € {0,1,...,n — 1}, and K € K, there exists
a regular Borel measure S, ;(K, -) on S™~1 such that

1
(6.5) Wyi(K, L) = - h(L,uw)dS, (K, w),
Snfl
for all L € K.
The well-known Aleksandrov’s projection theorem states that if K, L € K7
and if
u(K|E,) = v(L|E,) for all u € 8",
then K is a translate of L.
A generalization of Aleksandrov’s projection theorem was established by
G.S. Leng and L.S. Zhang as follows:
THEOREM (6.6). 8V If K € K", L € K% i € {0,1,...,n — 1}, and for all
ue S
Wi(K, u) = Wi(L, o),
then
Wi(K) < Wi(L),
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with equality if and only if K is a translate of L.

Another famous result involving the areas of projections of convex bodies is
Petty-Schneider theorem which states that if K € K", L € Z", and if

(K |E,) < u(L|E,) for all u € 8",

then V(K) < V(L).
It will be shown that there is a similar generalization of Petty-Schneider
theorem:

THEOREM (6.7). IfK € K", L € 2%,i<{0,1,...,n—2}, and forallu € S*~1,

(6.7a) Wi(K, o) < Wi(L, ),
then
(6.7b) Wi(K) < Wy(L).

Proof. By discussion similar to (4.2), from (6.7a) we have
(6.8) Wi(K, Z) < Wi(L, 2),
holds for all Z € Z".

Now take L for Z in (6.8), and from (6.7) get

WiL) = WiL, L) > Wi(K, L) > Wy(K)" 1=/ 0wy (L) "=,

That is (6.7b). 0

In the following component of this section, we will establish the L, versions
of Theorem (6.6) and Theorem (6.7). At first, we note that abody K € Cj is said
to be a generalized p-zonoid if there exists a Z), € Z7, such that K +, Z € Z7.

While the class of generalized p-zonoids, denoted by Z} ., is a proper subset of
Cy, it turns out that Z7 , is dense in C'.

Proof of Theorem (1.2). By discussion similar to (5.4), from (1.2a) we have
(69) Wp,i(K; Zp) = Wp,i(L; Zp);

holds for all Z, € Z}.

Suppose @, € Z, ,, then there exists a Z, € Z} such that @, +, Z, € Z, it
follows from (6.9), and the Firey linearity, in their second arguments, of mixed
p-Quermassintegrals (6.5), that

Woi(K, Qp) + Wy i(K, Z,) = W, i(K, Qp +p Zp) = Wy (L, Qp) + Wy, (L, Z)).

From (6.9) again, it follows that W,,;(K, @,) = W, ;(L, Q,). Since every mem-
ber of K7 is the limit of generalized p-zonoids, it follows from the continuity of
mixed p-Quermassintegrals, that
(6.10) W,i(K, @) = Wpi(L, @),
must hold for all @ € K.

Take L for @ in (6.10), and from (6.4) get

Wi(L) = Wyi(L, L) = Wp(K, L) > Wy(K)" P~/ =OW (L[,

That is (1.2b).
The equality condition can be obtained from that of (6.4), and from (6.5),
(6.10). O
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Proof of Theorem (1.3). Also by discussion similar to (5.4), from (1.3a) we
have

(6]—1) Wp,i(I{; Zp) < Wp,i(L; Zp):

holds for all Z, € Z}.
Take L for Z, in (6.11), and from (6.4) get

Wi(L) = W, (L, L) > W, (K, L) > Wy(K)"~P=0/(n=Dyy(Lyp/n=0),
That is (1.3b). L

We note, as an aside, that according to Lutwak’s Brunn-Minkowski-Firey
theory, the conditions (1.2a) and (1.3a) could be viewed as the quantitative
relationships for L,-mixed projection operator.

Received September 16, 2007

Final version received December 3, 2007

XIANYANG ZHU

GANGSONG LENG
DEPARTMENT OF MATHEMATICS
SHANGHAI UNIVERSITY
SHANGHAI, 200444

P.R. CHINA

xyzhul7@163.com
gleng@staff.shu.edu.cn

SONGJUN Lv

DEPARTMENT OF MATHEMATICS
CHONGQING NORMAL UNIVERSITY
CHONGQING 400047

P.R. CHINA

lvsongjun@126.com

REFERENCES

[1] A.D.ALEKSANDROV, On the theory of mixed volumes. I. Extension of certain concepts in the
theory of convex bodies, Mat.sb.N.S. 2 (1937), 947-972. [in Russian]

[2] W. BLASCHKE, Vorlesungen tiiber Differentialgeometrie. II. Affine Differentialgeometrie,
Springer-Verlag, Berlin, 1923.

[3] T. BONNESEN AND W. FENCHEL, Theorie der Konvexen Korper, Springer-Verlag, Berlin, 1934.

[4] G.D. CHARKERIAN AND E. LUTWAK, Bodies with similar projections, Trans. Amer. Math. Soc.
349 (1997), 1811-1820.

[5] W. FENCHEL AND B. JESSEN, Mengenfunktionen und konvexe korper, Danske Vid. Selskab,
Mat.-fys. Medd. 16 (1938), 1-31.

[6] W.J. FIREY, p-means of convex bodies, Math.Scand. 10 (1962), 17-24.

[7] R.J. GARDNER, Geometric Tomography, Cambridge Univ. Press, Cambridge, 1995.

[8] P.R. GOODEY AND W. WEIL, Zonoids and generalizations, in Handbook of Convex Geometry
(P.M. Gruber and J.M.Wills, Eds.), North-Holland, Amsterdam, 1993.

[9] G. H.HARDY, J. E. LITTLEWOOD, AND G. POLYA, Inequalities, Cambridge Univ. Press, Cam-
bridge, 1934.

[10] K. LEICHTWEIS, Uber einige Eigenschaften der Affinoberfliche beliebiger Konvexer Korper,
Resultate Math. 13(1988), 255-282.

[11] K. LEICHTWEIB, Bemerkungen zur Definition einer erweiterten Affinoberfliche von E. Lutwak,
Manuscripta Math. 65 (1989), 181-197.



138 XTANYANG ZHU, SONGJUN LV, AND GANGSONG LENG

[12] K.LEICHTWEIB, On the history of the affine surface area for convex bodies, Results in Math.
20 (1991), 650-656.

[13] G.S. LENG AND L. S. ZHANG, Extreme properties of Quermassintegrals of convex bodies, Sci.
in China (Ser. A), 44 (2001), 837-845.

[14] M. LupwiG AND M. REITZNER, A classification of SL(n) invariant valutions, Ann. Math. (in
press).

[15] E. LUuTwAK, Centroid bodies and dual mixed volumes, Proc. London Math. Soc. 60 (1990),
365-391.

[16] E.LUTWAK, Mixed affine surface area, J. Math. Anal. Appl. 125 (1987), 351-360.

[17] E. LUTWAK, Extended affine surface area, Adv. in Math. 85 (1991), 39-68.

[18] E. LUTWAK, On some affine isoperimetric inequalities, J. Differential Geom. 23 (1986), 1-13.

[19] E. LUTWAK, The Brunn-Minkowski-Firey theory I: mixed volumes and the Minkowski problem,
J. Differential Geom. 38 (1993), 131-150.

[20] E. LutwAKR, The Brunn-Minkowski-Firey theory II: affine and geominimal surface areas, Adv.
in Math. 118 (1996), 244—294.

[21] E.LuTwAK, D. YANG,AND G.ZHANG, On the L,-Minkowski problem, Trans. Amer. Math. Soc.
356 (2004), 4359-4370.

[22] C.M. PETTY, Isoperimetric problems, in Proc. Conference Convexity and Combinatorial Ge-
ometry, Univ. of Oklahoma, 1971, pp.26—41, University of Oklahoma, 1972.

[23] C.M.PETTY, Affine isoperimetric problems, Ann. N. Y. Acad. Sci. 440 (1985), 113-127.

[24] C.M.PETTY, Geominimal surface area, Geom. Dedicata, 3(1974), 77-97.

[25] R. SCHNEIDER, Convex Bodies: The Brunn-Minkowski Theory, Cambridge U. Press, Cam-
bridge, 1993.

[26] R.SCHNEIDER AND W.WEIL, Zonoids and related topics, in Convexity and its Applications (P.
M. Gruber and J.M. Wills, Eds.) Birkhduser, Basel, 1983, pp. 296-317.

[27] C. ScHUTT, On the affine surface area, Proc. Amer. Math. Soc. 118, (1993), 1213-1218.



Bol. Soc. Mat. Mexicana (3) Vol. 14, 2008

ORBIFOLD VIRTUAL COHOMOLOGY OF THE SYMMETRIC
PRODUCT

DAVID RIVEROS AND BERNARDO URIBE

ABSTRACT. The virtual cohomology of an orbifold is a ring structure on the
cohomology of the inertia orbifold whose product is defined via the pull-push
formalism and the Euler class of the excess intersection bundle. In this paper
we calculate the virtual cohomology of a large family of orbifolds, including
the symmetric product.

1. Introduction

It was noticed in [LUXO07] that the ring structure defined in the homology
of the loop space of the symmetric product orbifold (see [LUX]) induces a ring
structure on the cohomology of the inertia orbifold, by restricting the struc-
ture to the constant loops. This led the authors of [LUX07] to define a ring
structure on the inertia orbifold of any orbifold that the authors coined vir-
tual cohomology. This cohomology is defined via the pull-push formalism in
as much as the same way that the Chen-Ruan product for orbifolds is defined
(see [CR04, FG03]). In [GLS'07] the relation between the virtual and the
Chen-Ruan cohomology was clarified, namely, that for an almost complex orb-
ifold, its virtual cohomology is isomorphic to the Chen-Ruan cohomology of its
cotangent orbifold.

In this paper we give an algorithm to calculate the virtual cohomology
of a large family of orbifolds. We first show that for any global quotient
orbifold [Y/G], the virtual cohomology H; (Y, G;Z) maps to the group ring
H*(Y;Z)IG], and therefore, when this map is injective we can see the virtual
cohomology as a subring of the group ring. This for example is the case when
the inclusions of the fixed point sets Y& — Y induce a monomorphism in ho-
mology. We calculate the virtual cohomology of these orbifolds by describing
a set of generators in the group ring. In the case of the symmetric product we
reduce the set of generators to the lower degree cohomology classes of the fixed
point sets of the transpositions.

This paper was motivated by the master’s thesis of the first author [Riv]
where the virtual cohomology of the symmetric product of spheres was calcu-
lated. Lastly, we would like to thank A. Cardona, E. Lupercio and M. Xicoten-
catl for useful conversations and the anonymous referee for pointing out some
redundant relations on the presentation of the last example.
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2. Virtual Cohomology

Let [Y/G1be an orbifold with Y differentiable, compact, oriented and closed,
and G a finite group acting smoothly on Y preserving the orientation. The
inertia orbifold I[M/G] is defined as the orbifold

(|_| Y¥ x {g}) /G

geqG

1Y/G] =

where Y# denotes the fixed point set of the element g, we label the components
with the elements of the group and G acts in the following way:

(I_IYgx{g})xG — || Y% x{g}

geG gcG
2.1) (x, 8, k) — (xh,h™'gh).
From [LUXO07] we know that the virtual intersection product defines a ring
structure on the cohomology of the inertia orbifold I[Y/G1, this ring is what the

authors in [LUXO07] have called virtual cohomology. Let’s recall its definition.
Consider the groups

H*(Y,G;2):= P H*(Y4;Z) x {g}
geqG
and for g, h € G define the maps
x: H*(Y¢;2) x H'(Y"2) — H*(Yé;7)
(@, B) — igu(sa-i;B-e(Y,YE,Y")

where ig: Y6 NY" — Y8, 35,: YéNY" — Y" and ip,: YE NY" — Y& are
the inclusion maps, e(Y, Y#, Y") is the Euler class of the excess bundle of the
inclusions Y& — Y « Y” (see [Qui71]) and ign is the pushforward map in
cohomology.

In [LUXO07] it was required that the orbifold be almost complex with a com-
patible G action, but for the product to be well defined it is only necessary that

the Euler classes of the excess bundles be of even degree. This can be achieved
if for all g; € G the fixed point sets

Y88 .= Y8 O... O Y5

are of even dimension.
The group G acts on H*(Y, G;Z) in the following way: for g,h € G and
a € H*(Y#;Z) we have

(a,8) - h:=(h Y*a high).
Definition (2.2). Let [Y/G] be an orbifold such that for all g; € G the fixed

point sets Y8+& are even dimensional. Then, the group H*(Y, G;Z) together
with the ring structure

o: H'(Y,G;Z) x H*(Y,G;Z) — H*(Y,G;7)
(o, 8), (B, h) (%, gh)
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is what is called the virtual cohomology of the pair (Y, G); we will denote it by
H:. (Y, G;7Z). Moreover, as the ring structure is G-equivariant with respect to
the action of G on H*(Y, G;Z), we define the virtual cohomology of the orbifold
[Y/G] as the G invariant part of the ring H, (Y, G;R), i.e.

H:(Y/GL;R) == H*(Y, G;R)C .

In what follows we will show how to calculate the virtual cohomology for a
large family of orbifolds.
For all g € G let fy: Y8 — Y be the inclusion of manifolds and

fo: H(Y®;Z) — H*(Y;Z)

be the pushforward in cohomology. Consider the group ring H*(Y;Z)[G] of
the group G with coefficients in the ring H*(Y;Z), together with the G action
defined by

(Z aigi> b= (WY adh gk

THEOREM (2.3). The inclusions fg: Y& — Y induce an equivariant ring ho-
momorphism from the virtual cohomology to the group ring

f:HywY,G;Z) — H*(Y;Z)IG]

Proof. To show that the map f is a ring homomorphism we only need to
check the commutativity of the following diagram

faXfn
H*(Y$;7) x H* (Y, 72) — o HX(Y;Z) x H*(Y;2Z)

| i

H*(Y#&";7) H*(Y;Z).

Consider the diagram of inclusions

Yh ~——Yeh,
lh

It was proven in [LUX07, Lemma 16] by an application of Quillen’s excess in-
tersection formula [Qui71, Prop. 3.3] that for « € H*(Y4;Z)and B € H*(Y";7Z)
one has

foa- fuB = sGga-i;B-e(Y,YE,Y").

Now, as s = fg, 0 ig, We have that s; = fgn 0 ign and therefore

foa-fuB = fomGgu(ise irB-e(Y, Y4, Y")
= feulaxp).
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To check that the map [ is G-equivariant we simply consider the inclusion
g | | YEx{g} — ||Y®x{g}
geq geqG
(x,8) — (fex,8).
If we endow the space | |, Y# x {g} with the same G-action as in 2.1 then the

map y becomes G-equivariant and we have the commutativity of the following
square:

Y¢ x {g} fe Y x {g}

: lh

Yh'8h x (h~1gh} Y x {h~1gh}.

fr—1g
Therefore we have that for g, h € G and a« € H*(Y¢;7Z)
(fpa,@)-h = (7Y faa, h™'gh)
= (frrgmth™ e, h ™ gh)
and this implies that the map f is G-equivariant. O

COROLLARY (2.4). If the inclusion maps in homology fg.: H.(Y8;Z) —

H.(Y;Z) are injective for all g € G, then the map

f:H; Y, G;Z) — H(Y;Z)[G]
is an injective homomorphism of rings. Then the ring H*(Y, G;Z) can be cal-
culated as the subring f(H}, (Y, G;Z)) of H*(Y; Z)[G].

Proof. The pushforward fg: H*(Y$;7Z) — H*(Y;Z) in cohomology can be
defined as the composition of the maps PDo f,. o PD{;1 where PD: H.(Y;7Z) =
H*(Y;Z) and PD,: H.(Y#;Z) = H*(Y# ;Z) are the Poincaré duality isomor-
phisms. It follows that the maps f, are injective. O

The above corollary will allow us to calculate the virtual cohomology of a
large family of orbifolds, as in the following example.

Example (2.5). Consider the action of Z/p on the complex projective space
cp

CP"xZ/p — CP"
(2o : -2, A) — [20:---:2,.1:A2,]

where the elements of Z/p are taken as p-th roots of unity. For ¢ # 0 one has
that the fixed point set of A’ is

(CP"N = CP" U {x}
and therefore if we only consider the connected component of CP"~! then the
maps f):, are all injective. The pushforward of the inclusions are
fur: HY(CP"1,72) = ZIyl/(y") — H*(CP";7Z)=Z[x]/(x""1)
A
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and
fu: H'({x};2)=72(z) — H'(CP%“Z)= Z[x]/(x"+1>
z — x".

Therefore we have

p—1
H}yu(CP", Z/p;2) > (Z[x]/<x"+l>m & @ (<Zixl/ (") & 22)) m) :
i=1
where zx = 0 and 2% = 0.

If we take a closer look at the virtual cohomology generated by the inclusions
of the CP" Vs, we can see that its elements are truncated polynomials of
maximum degree n, whose coefficients are elements in the group ring Z[Z/p]
except for the constant term that it should be an integer, i.e.

{P(x) € ZIZ/pllx]/{(x""1)|P(0) € Z}

where the ring structure is given by multiplication of polynomials. If we add
the classes coming from the inclusions of the points * we obtain that

H;(CP", 7/ p; Z)={P(x) € ZIZ/pllx]/(x" )| P(0) € Z} &l Z(z)[\']/(xz, 2%).

Now, as the group Z/p is abelian and its action can be factored through an
action of SI, we have that

H (CP",7Z/p ;R*/P = H: (CP", Z/p ;R).
Then
H: ([CP"/7/pl;R)={P(x)eRIZ/pllx]/(x" )| P(0)ER} @ @f:1R<Z>[/\i]/(xZ, 2).

We have seen that for the case in which the homomorphisms f,. are in-
jective, the virtual cohomology is isomorphic to the subring f(H; (Y, G;Z)) of
the group ring H*(Y; Z)IG]. In what follows we will find a set of generators for
f(H; (Y, G; 7).

Let H*(Y; Z)[1g] be the set of elements of the group ring whose label is the
identity 14 of the group G.

PROPOSITION (2.6). Suppose that all the homomorphisms fg. are injective

and all the f; are surjective. Denote by 1, € H %(Y#;7Z) the identity of the ring
H*(Y8;7Z). Then the set

W = H"Y;Z1g1U{(falz)g | g € G}
generates the ring f(H}; (Y, G; 7).

Proof. Tt is clear that W C f(H}, (Y, G;Z)); we need to prove that for any
a € H*(Y#;Z) the element (f41a)g can be generated with elements in W.

We know that the pullback f; is surjective. Therefore there exists b €
H*(Y;Z) such that f;b = a. By the module structure of the pushforward we
have

Far@) = Fa(1ga) = fa(Lefib) = (Falgb
which implies that in the group ring

(1g &) 1g) = ((falp)b) g = (fpa)g.
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3. Symmetric Product

It was shown in [LUXO07] that for an even dimensional compact and closed
manifold M, the virtual cohomology of the orbifold [M" /&, ]is a subring of the
string homology of the loop orbifold of the symmetric product (see [LUX]).

In this section we will calculate the virtual cohomology of the pair (M", &,,)
in terms of the cohomology of M. As we will make use of the Kunneth isomor-
phism we will restrict to real coefficients. We would like to remark that if the
manifold has torsion free homology, all the calculations that follow can be done
with integer coefficients.

So, abusing the notation, we will talk indistinctly of the rings H*(M*;R)
and H*(M;R)®*.

We know that the diagonal inclusion A: M — M x M induces an injection
A,: H.(M;R) — H.(M x M;R), and as A*(a®1) = a we have that the pullback
A* is surjective. For 7 € &, the map f.: (M")” — M" is a composition of
diagonal maps, so we have that f,. is injective and that f is surjective. We can
therefore apply proposition (2.6) to the pair (M", &,) to get a set of generators.
In what follows we will show that we can reduce the set of generators by only
considering the transpositions.

LEMMA (3.1). Let 6: M — M* be the diagonal inclusion and let
O'ik s MFY . Mk
(1, xp—1) = (X1, e, X1, Xy Xy Xig1s - Xp1)

be the inclusion that repeats the i-th coordinate. Then in cohomology
B—1
&1 =[]F,D.
j=1

Proof. We will proceed by induction on 2. When %k = 2 the formula is true
because 8 = oZ. Assume that we have shown the formula for £ = n and let’s
try to show it for £ = n + 1. Consider the following diagram of inclusions

n+1
Tn

Mn

M

Mn+1

and using the properties of the pushfoward we have,

51 = oG

= o (e e e )
= (MDD

(o7 1) (H[wy,n ® 11)
j=1
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n—1
o) [ D

is1
n
= H(UJ’}H!D‘
J=1

By the induction hypothesis the lemma follows. O

If we take the cycle « = (k,k —1,...,2,1) € &, and the transpositions
7; = (i,1 + 1) we have that f41 = 61 and 1 = a'ik,l. By lemma (3.1) we
can conclude that for the cycle a of size £ which is the composition of % — 1
transpositions 71 ...7;_1 we have that

k—1
fa!la = H(fq-i!lq-i).
=1

Therefore we can reduce the set of generators of the virtual cohomology of
the pair (M", &,) by considering only the transpositions.

PROPOSITION (3.2). The ring f(H};,(M", &,;R)) is generated by the set
W =H"M";R)lle,lU{(fnl)r | T € &, is a transposition}

as a subring of H*(M"™; R)[&,,].
If H*(M;Z) is torsion free, the same result holds but with integer coefficients.

Example (3.3). Let’s consider the pair (M", &,,) with M = CP™. We there-
fore have that

H*(M™,7) = Zlx, . .., x,)/ (2, .. am

n

and we only need to calculate the pushforward of the diagonal inclusion A: M —
M x M.
By the Kunneth isomorphism we have that

H.(CP™" xCP™;Z)= H.(CP™;Z)® H.(CP™,Z)

and H*(CP™ x CP™,7Z) = Zlx1, x21/(x7"!, xp*1). Let’s take H*(CP™;Z) =
Z[yl/(y™*1) and denote by [CP’] € Hzl((CP’" Z) the generator of the homology
in degree 2i given by the inclusion CP? — CP™, [z : ---: 2] — [20 : 1z
0:---:0]

By Poincaré duality (see [Hat02, page 213]) we know that the homology class
[CP']is dual to the cohomology class y™~*. Now, A*x; = A*xe = y implies that
A*x]x)™/ = y™, and as the classes {x]x}' /|0 < j < m} generate the degree
2m cohomology of CP™ x CP™, we have by Poincaré duality that

A.[CP™ =) [CP/l@ [CP™].
Jj=0

Therefore we can conclude that A1 = 37" ; x g

Then, for the transposition 7 = (&, [) we get that

fal= Zxkxm J
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and we can conclude that H; ,((CP™)*, &,, Z) is isomorphic to the subring of
Zlx1, ..., x,1/ (2, .., a1 [S,,] generated by

W ={11g)}U{(x; 1s,) | 1§i§n}u{ (Zx; I (k, 1)) |1§k<l§n}

Example (3.4). Let’s pay particular attention to the case on which n = 2 and
M is a connected, differentiable, compact and closed manifold of dimension d.
Denote by Q0 € H?(M;R) the generator of the top cohomology, then we have
that

AAD = x(M)Q O
where (M) is the Euler number of M (see [BT82], Pro. 11.24). Moreover, by
the properties of the pushforward in cohomology we have that for any «, 8 €
H*(M;R)
AD(a® B) = A(A (a® B)) = Alap),
hence, if @181 = @982 we have that
(A 1)(a1 ® B1) = (A 1)(az ® B2)

and if deg(a) + deg(B) > d

Aa®p)=0

If we consider the ring
H*(M;R)®?[u]

where u represents the element (A1) then we can se that u® = 0 and u? —
x(M)Q ® Q. The annihilator ideal of u is generated by the elements o ® B
where deg(a) + deg(B) > d, and by the elements (a; ® B1 — as ® B2) where
ai1P1 = azfs.

In the case that M = CP™ we can see that Hjm(((CP’")Z, Sg;7Z) is isomorphic
to

Zlx, y, ul/ < mal ymtl 2 (m o4 Da™y™, ulx — )
where u? = 0 because u® = (m + Dax™y™uy = (m + Lxm lymtly = 0.
In the case that m = 1 we have that H}, ,(CP1)%, &4;7Z) is

Zlx, y, ul/ (%, y2, u* — 2xy, u(x — y)) .

The 7Z/2 invariants are generated as an R-module by x+y, u, xy and ux. There-
fore, if we take w = x + y, then w? = 2xy = u?, 2ux = uw and w? = 0. So we
can conclude that

H;((CPY? /&3 R) = Rlw, ul/ (W, u?, u? — w?).
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ADAPTIVE POLICIES FOR STOCHASTIC SYSTEMS UNDER A
RANDOMIZED DISCOUNTED COST CRITERION

J. GONZALEZ-HERNANDEZ, R. R. LOPEZ-MARTINEZ, AND J. A. MINJAREZ-SOSA

ABSTRACT. The paper deals with a class of discrete-time stochastic control
processes under a discounted optimality criterion with random discount rate,
and possibly unbounded costs. The state process {x; } and the discount process
{a;} evolve according to the coupled difference equations x; 1 = F(xs,a4,01,&1),
azr1 = Glat, n¢) where the state and discount disturbance processes {& } and
{m:} are sequences of i.i.d. random variables with unknown distributions
6¢ and 0" respectively. Assuming observability of the process {(¢&, n:)}, we
use the empirical estimator of its distribution to construct asymptotically dis-
counted optimal policie.

1. Introduction

Among the main motivations to study a discounted optimality criterion
in stochastic control problems are 1) the mathematical convenience (the dis-
counted criterion is the best understood of all performance indices), and 2) its
natural economic or financial interpretation (see, for instance, [35]). In both
cases, the discount factor is typically assumed to be fixed or constant on the
course of the process, which simplifies the mathematical analysis. However,
from the point of view of applications, this assumption might be too strong or
unrealistic. Indeed, in economic and financial models (see e.g., [2], [9], [14],
[21], [28], [32], [35]), the discount factor is typically a function of interest rates,
which in turn are random variables. In these cases, we have a time-varying
random discount factor that can be represented as a stochastic process.

In this paper we consider a class of discrete-time stochastic control processes
under a discounted optimality criterion with random discount rate. The state
and discount processes evolve according to the difference equations:

(1.1 X1 = Fxg, ap a4, &),
(12) a1 = G(at: 77t)’

fort =0,1,..., where F and G are known continuous functions, x;, a;, and a;
are the state, the discount rate, and the control at time ¢, respectively. More-
over, the state and discount disturbance process {&;} and {7;} are observable
sequences of independent and identically distributed (i.i.d.) random variables
with unknown distributions 6¢ and 67, respectively.

2000 Mathematics Subject Classification: 93E10, 93E20, 90C40.

Keywords and phrases: empirical distribution; discrete-time stochastic systems; discounted
cost criterion; random rate; optimal adaptive policy.
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The actions applied by the controller at the decision times are selected ac-
cording to rules known as control policies. The role of such policies is to mini-
mize a discounted performance index with possibly unbounded one-stage cost
and a random discount rate that varies as in (1.2). Clearly, this performance
index depends on the unknown distributions 6¢ and 67. Thus, to construct
“minimizing” policies, the controller must combine control tasks with suitable
statistical estimation methods of the joint distribution 6 of the random vari-
ables ¢ and 7). The resulting policy of this procedure is called adaptive.

Our approach consists in estimating # by means of the empirical distribution
0; of the process {(&;, m;)} . This method is very general in the sense that 6 can
be arbitrary. However, since the discounted cost criterion depends strongly on
the decision selected at first stages (precisely when the information about 0 is
deficient) we can not ensure, in general, the existence of an optimal adaptive
policy. Thus, the discounted optimality will be analyzed in an asymptotic sense
(see [33], [16]).

The discounted cost criterion in stochastic control problems has been widely
studied under different approaches: dynamic programming (see, e.g., [16], [18],
[19], [20], [24], [27], [29]); convex analysis (see, e.g., [5], [6], [7], [26]); linear
programming (see, e.g., [15]); Lagrange multipliers (see, e.g., [25]); adaptive
procedures (see, e.g., [3], [12], [16], [17], [22], [23]); see also [5], [6], [7], [34] for
other variants. In these references, a fixed (non-random) discount factor is as-
sumed. Recently, in [13], the discount criterion with a random discount factor
was studied under the assumption that the components of the corresponding
control model are known by the controller. In contrast, the main feature of
this paper is that the distribution of the state and the discount disturbances
are unknown.

There are other models related with our problem, the so—called models with
imperfect information. For instance, suppose that the joint distribution of the
random vectors ¢ and 7 is 6(z) where z is a time invariant parameter which
is unknown by the controller. Of course, since 6(z) is unknown, we can apply
our approach to solve the corresponding optimal control problem. However,
considering a parametric model allows us to implement a Bayesian approach.
Indeed, starting with a prior distribution of z and using a Bayesian filtering
process, the distribution for this unknown parameter is updated over time.
Then following standard techniques on partially observable Markov control
processes [see, e.g., [4], [16]], we transform this problem to an equivalent and
fully observable problem, in which is possible to obtain optimal control policies
instead of asymptotically optimal policies. However, from the point of view
of the applications and the implementation of such policies, this procedure
has a disadvantage. While a finite dimensional space suffice to accommodate
the system state (1.1)—(1.2) in our approach, an infinite dimensional space is
required in the Bayesian approach. On the other hand, let us suppose that
we have no way of making any estimation to the unknown join distribution 6,
then we can think the problem we have as a game against nature and look for
a minmax policy. This is a work that is in process.
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The paper is organized as follows. In Section 2 we introduce the Markov
control model we are concerned with. Next, in Section 3, we present the dis-
counted optimality criterion with random discount rates. Section 4 contains
the basic assumptions and some preliminary results on the discounted crite-
rion and the estimation process. The construction of adaptive control policies
together with our main results are introduced in Section 5 and proved in Sec-
tion 6. Finally, in Section 7 we present a consumption-investment example to
illustrate our assumptions and results.

Notacion. Given a Borel space X (that is, a Borel subset of a complete and
separable metric space) its Borel sigma-algebra is denoted by B(X), and “mea-
surable”, for either sets or functions, means “Borel measurable”. Given a Borel
space X, we denote by P(X) the family of probability measures on X, endowed
with the weak topology. Let X and Y be Borel spaces. Then a stochastic kernel
v(dx | y) on X given Y is a function such that y(- | y) is a probability measure
on X for each fixed y € Y, and y(B | -) is a measurable function on Y for each
fixed B € B(X).

2. Markov control model

The Markov control process associated to the system (1.1)-(1.2) is specified
by the elements

2.1) M= (X,T, A S1,Ss, P, Py, c)

satisfying the following conditions. The state space X, the action space A, and
the state and discount disturbance spaces S; and Sy, respectively, are Borel
spaces. The set I' := [a*, c0), a* > 0, is the discount rate space. For each
pair (x, a) € X x I', A(x, a) is a nonempty Borel subset of A denoting the set
of admissible controls when the system is in state x and a discount rate « is
imposed. The set

(2.2) K={x,q,a):x e X,acl,ac Alx, )}

of admissible state-discount-action triplets is assumed to be a Borel subset
of the Cartesian product of X, I', and A. In addition, the transition law Py,
corresponding to (1.1), is a stochastic kernel on X given K, that is, for all £ > 0,
(x, 0, a) € Kand B € B(X),

Pi(B|x, o, @) : = Prob [F(x;, az, ar, &) € Blxy = x, ay = a, a; = a
(2.3) = / 15 (F(x, &, a, 8)) 6°(ds),
S1

where F': X xI'x AxS; — X, the functionin (1.1), is continuous, 15 (-) denotes
the indicator function of the set B, and {¢} is a sequence of i.i.d. random
variables in S; and common unknown distribution 6¢ € P(S;). Similarly, for all
t>0,a el and D € B(I'), the transition law Ps, corresponding to (1.2), is
defined as:

Py(D|a) := Prob [G(at, n) € D]y = a]

2.4) _ / 1p (Glay, ) 67(ds),
Ss
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where G: I'x Sy — T, the function in (1.2), is continuous, and {7, } is a sequence
ofi.i.d. random variables in Sy (independent of the process {¢;}) with unknown
distribution 67 € P(Sz). Finally, the cost-per-stage c(x, @, @) is a measurable
real-valued function on K, possibly unbounded.

The control model M has the following interpretation. At stage ¢, the system
is in the state x; = x € X and the discount factor o; = @ € I' is imposed. Then,
the controller gets estimates 6 and 67 of the unknown distributions 6¢ and 67,
respectively, and combines these estimates with the history of the system to
select a control a = at(Gf, 6]) € A(x, a). As a consequence of this the following
happens: 1) a cost c¢(x, a, @) is incurred, and 2) the system moves to a new
state x;.1 = x’ and a new discount factor a;,1 = o' is imposed according to
the transition laws (2.3) and (2.4). Once the transition to state x’ occurs, the
process is repeated.

Control policies. We define the space of admissible histories up to time ¢
by Hp := X xI"'and H; := (K x S; x So)f x X x T, t > 1. A generic element
of H; is written as h; = (xo, @, @0, €0, N0s + + +» Xt—1, Ap—1, Ar—1, &1, Me—1, Xt, Q).
A (randomized, history-dependent) control policy is a sequence 7 = {m;} of
stochastic kernels 7; on A given H; such that 7 (A(x;, ;) | hy) = 1, for all
h; € Hy, t > 0. We denote by II the set of all control policies and by F C II the
set of all (deterministic) stationary policies. As usual, every stationary policy
7 € F is identified with some measurable function f: X x I' — A such that
f(x, @) € A(x, o) for every (x, @) € X x T, taking the form= = {f, f, f,...} =: f.
In this case we use the notation

cx,a,f):=clx,a fx,0)) and F(x,af,s):=F(x, a f(x, a),s)
forallx e X, acT"'ands e S.

3. Discounted criterion

We assume that the costs are exponentially discounted with accumulative
random discounted rates. That is, a cost C incurred at stage ¢ is equivalent
to a cost C exp(—S;) at time 0, where S; = ZE;& a; ift > 1, Sg = 0. In this
sense, when using a policy 7 € I1, given the initial state xo = x and the initial
discount factor oy = @, we define the total expected discounted cost (with
random discount rates) as

(3.1 Vi, x, ) = ET,,, | exp(—Spe(x, ai, a))|
=0
where E[, | denotes the expectation operator with respect to the probability

measure P, , induced by the policy 7, given xo = x and a9 = a. (see, e.g., [4]
for the construction of P7, ).

The optimal control problem associated to the control model M, is then to
find an optimal policy 7* € II such that V(7*, x, a) = V*(x, @) for all (x, @) €
X x T, where

(3.2) V*(x, a) = infﬁ Vi, x, )
mE

is the optimal value function.
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Remark (3.3). (a) From (1.2), observe that {exp(—S;)} is a sequence of ran-
dom variables (not necessarily independent) representing the rate of discount
at each stage ¢. Moreover, if @; = « for all # > 0 and some a € (0, c0), the
performance index (3.1) reduces to the usual S—discounted cost criterion with
B = exp(—a).

(b) From (3.1) and (3.2), observe that V depends on the unknown distribu-
tions #¢ and 67), therefore V* is truly unknown.

In the context of our work (unknown distributions #¢ and 67) we must com-
bine suitable statistical estimation methods of #¢ and 67 with control proce-
dures in order to construct optimal policies. However, as the performance
index (3.1) depends heavily on the controls selected at the first stages (pre-
cisely when the information about the distributions 6¢ and 67 is deficient), we
can not ensure, in general, the existence of such policies. Thus, the optimality
of policies constructed in this paper will be studied in the following asymptotic
sense.

Definition (3.4). A policy = € 1II is said to be asymptotically discounted
optimal for the control model M if

V®(m, x, ) — ET, ) [V* (20, o)) ‘ — 0 as n— oo, forall (v, @) € X x T,

where

Z exp(—Sy, e(xe, ar, az)

t=n

(3.5) V(m, x, @) == ET,

is the total expected discounted cost from stage n onward, and
t-1
(3.6) Sni =Y ay for t>n, 8,,=0.

k=n

Clearly, discounted optimality implies asymptotic discounted optimality.
The notion of asymptotic optimality was introduced by Schall [33] to study
a problem of estimation and control in dynamic programming (see also [12],
[16], [22]).

4. Assumptions and preliminary results
Observe that we can write the system (1.1)-(1.2) as

yt+1:H(yt:at;Xt); t:O, 1,"',
where, letting Y := X x I, S := S1 x Sp, y := (x, ), and x; = (&, m1),
H:Y x A xS —Y is a continuous function defined as
H(y:, ar, x¢) := (F(xe, o, g, &), Gley, ”’]t))T,

and {x:} is a sequence of i.i.d. S—valued random variables, defined on an
underlying probability space (), F, P), with unknown common distribution
6(-) = 6(-)6"(-). Thus

6(B)=P(x; € B), t >0, B e B(S).

In the remainder, the probability space ({2, F, P) is fixed and a.s. means
almost surely with respect to P.
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Now, for notational convenience, we put the control model M in the form
(Y, A {Aly) C Aly€Y},Q,¢),
where @ is the stochastic kernel on Y given K = {(y,a) : y € Y, a € A(y)} (see
(2.2)) defined as

Q(Bly, a) := Prob [yt+1 EBlyi=y,a = a]
= / 15 (H(y, a, s)) 6(ds)
s
=60({seS : H(y,a,s)e B}), BeBY).

We shall require two sets of assumptions. In the first one, Assumption (4.1),
we impose continuity and compactness conditions to ensure the existence of
minimizers and a solution to the optimality equation, while Assumption (4.3)
are technical requirements to get a suitable estimation process of the distri-
bution 6 (see Remark (4.5)(c) below). Note that Assumption (4.1)(a) allows a
unbounded one-stage cost function c(y, a) provided that it is majorized by a
“bounding” function W.

Assumption (4.1). a) For each y €Y, the set A(y) is compact.
b) For all y € Y the function a — c(y, a) is lower semi-continuous (l.s.c.) on
A(y). Moreover, there exists a continuous function W:Y — [1,c0) and a
constant M such that

sup c(y,a) < MW(y), yeY.
acAly)

¢) The function
5y, @) = / v(H(y, a, $)6(ds)

S

is continuous and bounded on K for every measurable bounded function v on
Y.

d) There exist constants p > 1 and By < oo satisfying 1 < By < exp(a*) such
that forally € Y and a € A(y),

(4.2) WP (H(y, a, x0)) < BoWP(y) a.s.
In addition, Assumption c¢) holds when v is replaced with W.
An equivalent condition to relation (4.2) is that for all y € Y and a € A(y)
W (H(y, a, x0) < BoW(y) a.s.,
for some 1 < B; < exp(a*). However, for convenience we use Assumption (4.1)

(d).

Assumption (4.3). a) The family of functions

V*(Hy, a,.)
Vw = {(W(yy)a) :(y,a)eK}

is equicontinuous on S, where V* is the optimal value function (see (3.2)).
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b) The function

¢(s) == sup [W(y)] w (H(y, a,s))
(@)

is continuous on S.

Remark (4.4). Clearly Assumption (4.3) (a) holds if S is a countable set. In
addition, the function ¢ in Assumption (4.3) might be non continuous. In such
case we replace Assumption (4.3) (b) by supposing the existence of a continuous
majorant ¢ of ¢ such that E [q‘o()(o)]p < oo (see (4.5) (c) below).

To estimate 6 we use the empirical distribution {6;} C P(S) of the distur-
bance process {x;}, defined as follows. Let v € P(S) be a given arbitrary prob-
ability measure. Then

00 =,

t-1
m@p:%ij@ug for all ¢ > 1 and B € B(S).
i=0
Remark (4.5). a)Observe that the inequality ((4.2)) implies, for all (y, @) € K,
t-1

(4.6) /SWP (H(y, a,s)) 0,(ds) = %ZW” (H(y, a, x1)) < BoW?(y) a.s.,
i=0

which in turn yields [see Lemma (6.1) below]
/ WP (H(y, a,s)) 6(ds) < BoWP(y).
s
b) It is well-known (See, e.g., [8]) the fact that 6; converges weakly to 6 a.s.,
that is,
/ud@t — /ud0 a.s. ast — oo,

for every real-valued, continuous and bounded function « on S.
¢) Furthermore, from Assumption (4.1) (d)

E [p(x0)]” < 0.

Thus, from Assumption (4.3), using the fact that V*(y) < CW(y) (see Proposi-
tion (4.10) below), and applying Theorem 6.4 in [30], we get

(4.7) D, — 0 as., as t — oo,
where
V*(H(y, a,s)) / V*(H(y, a, s))
4.8 D, = ——2" 7 0,(ds) — ——=" 7 2 0(ds)|.
(8 F ek /s W TGy e

We denote by By the normed linear space of all measurable functionsu: Y —
R with a finite norm ||u||w defined as

|u(y)|
4. = .

A first consequence of Assumption (4.1), which is stated in [13], is the fol-
lowing proposition.
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PROPOSITION (4.10). Suppose that Assumption (4.1) holds. Then V* € By,
that is, there exists a constant C > 0 such that

(4.11) V*(y) < CW(y) forall yeY.
In addition, V* satisfies the optimality equation

(4.12) V*(y)= inf (c(y, a)+ exp(—a)/ V*(H(y, a, s))O(ds)) , VyeY.
acAly) S

5. Main results

Let {V;} be a sequence of functions in By defined as V, =0, and for¢ > 1,
5.1) Viy) = g}{ | <C(y, a)+ eXp(fa)/ Vi_1(H(y, a, 3))9t(d3)> , yevY.
a y S

A straightforward calculation shows that for some constant C’,
(5.2) Vily) <C'W(y) as, ycY, ¢>0.

Now, applying standard arguments on the existence of minimizers (see, e.g.,
[31]), under Assumption (4.1) and the continuity of H, for each¢ > 0 and §; > 0,
there exists f; € F such that

(6.3)  cly, o)+ exp(—a)/Vt,l(H(y, [t )0:(ds) < Vi(y)+6; as. yeY.
S

Definition (5.4). Let {8;} be an arbitrary sequence of positive numbers such
that 6; — 0 as ¢t — oo, and let {f;} be a sequence of functions in F satisfying
(5.3). We define the policy # = {7,} as

7(hy) = 7e(he; 00) := felye), t >0,
and 77(y) is any fixed action in A(y).
We can state our main results as follows:

THEOREM (5.5). Under Assumptions (4.1) and (4.3), we have
a)|V; = V*||y — Oa.s., ast — oc;
b) The policy 7 is asymptotically discount optimal.

6. Proofs

The proof of Theorem (5.5) is based on the following results.

LEMMA (6.1). Suppose that Assumption (4.1) holds. Then:
a)Forally €Y and a € A(y),

(6.2) / WP (H(y, a, 5)) 6(ds) < BoWP(y).
b) Forall y € Y,a eSA(y), and t > 0,

(6.3) / W (H(y, a,s)) 0,(ds) < BW(y) a.s.

and ’

6.4) /S W (H(y, a, 5)) 0(ds) < BW(y),
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where B := ,8(1)/”.
c)Forall y € Y and 7 € I, we have

sup EJ [(WP(y)] < oo and sup EJ (W(ys)] < o0.
t>0 t>0

Proof. Tt is clear that the part (a) follows from Assumption (4.1) (d). Next,
the part (b) follows from the relations (4.6) and (6.2), and applying Jensen’s
inequality, while part (c) is a consequence of (6.2) and (6.4) (see details in [10],
[11], [12], [19], [22]). O

We also need the following characterization of asymptotic optimality (see
Definition (3.4)) which is an adaptation of Theorem 4.6.2 in [18] (see also [33])
to our context (randomized discounted cost criterion).

LEMMA (6.5). A policy = € 11 is asymptotically discount optimal for the
control model M if, forall y € Y,

E7 [CD(yt, at)] — 0ast — oo,

where
(6.6) P(y,a):=c(y, a) + exp(—a) / V* (H(y, a,9) 6(ds) — V), (y,a) € K.
S

(Note that, by (4.12), ® is nonnegative.)

Proof. Observe that foreach 7 €1Il, y € Y,and ¢ > 0,
D(y;, ar) = E [c(ys, ar) + exp(—a)V*(yii1) — V()| as]

where h; represent the history of the system up to time ¢ (see definition of con-
trol policies). Hence, from definition (3.5) and (3.6), using the fact exp(—S,, ;)
exp(—a;) = exp(—S,,;+1), and applying the properties of conditional expecta-
tion, we have, foreachn > ¢, m €I, andy € Y

Z E;qu [eXp(_Sn,t)q)(yt, at)]

t=n

NE

E;,T [eXp(*Sn,t)E;T [C(yt, ay) + exp(—a)V*(yer1) — V(s at]]

~
Il
3

E7 [eXP(_Sn,t)C(yt, at)] + ZE;T [eXP(_Sn,Hl)V*(ytH)

n t=n

- eXP(—Sn,t)V*(yt)]
67) = V"m,y) —EF [V(y)] + lim B [exp(—Spm)V"(ym)]
= V) — ET [V* ()],

P”ﬂg

~
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where the last equality follows from Holder’s inequality, Lemma (6.1) (¢), (4.11),
the fact o* < a4, t > 0, and the following relation

lim_ E7 [exp(—S,m)V ()] < Tim (EJ [exp(—p/Sym)]) " (EIIV*(r)P)V?

< lim C(ETIW(y,)IP)"P(exp(—p'a’(m — n) /7
< CM lim (exp(—p’a*(m — n) V7’
—0.

(See Lemma (6.1) (¢) for constant M).
Finally, since the limit

lim B [®(y;, a))] = 0

implies
lim iE;T [exp(—S,,)P(y1, ar)] = 0
then, the relation (6.7) yietljins the desired result. O
We define the operators
Tu(y) := aier}‘f('y) {c(y, a) + exp(—a) /s u(H(y, a,s9) G(ds)} ,

Tu(y) := inf : {c(y, a)+ exp(—a)/ u(H(y, a,s9)) Gt(ds)} ,
S

acAly

for all y € Y and u € By. Observe that from Assumption (4.1) and Lemma
(6.1), T and T; map By to itself. In addition, following similar ideas of Proposi-
tion 8.3.91in [19], we have that T' and T} are contraction operators with modulus
v := Boexp fi(—a*) < 1 (see Assumption (4.1) (d)), respect to the norm || - ||w.
That is, for all u, v € By,

ITo = Tully < vllv - ully

and
[T — Tl < vllv—ully as.

(6.8) Proof of Theorem (5.5). a) From (4.11)-(5.2), V*,V; € Bw, ¢ > 0,
(6.9) TV =V* and T,.V;_1=V;as. Vi > 0.

Hence

(6.10) < TV =TiV*|lw + vV = Vicillw  as.
Now, from definition of T' and T}, and (4.8),

V' (Hy,a,9) [V (HG,a9)
/s W(y) b:(ds) /s W(y) b(ds)

V' =Villw < [TV =TV {ly + |T:V" = TViallw

|TV* = T:V*|lyy < sup
(y,a)eIK

(6.11) =D; as.
Combining (6.10) and (6.11), we have,
(6.12) WV*=Villw <D +v ||V = Vially  a.s.
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Finally, denoting / := limsup,_,  [|[V* — Vi||yy < oo (see (4.11) and (5.2)) and
taking limsup on both sides of (6.12), from (4.7) we obtain ! < yl, which implies
(since 0 < y < 1) that [ = 0. This proves the part (a).

b) For each ¢ > 0, we define the function ®;: K — R (see (6.6)) as
Dy(y, @) := c(y, @) + eXp(—a)/ Vi1 (H(y, a, 8)) 6,(ds) — Vi(y).
s

We also define, for each ¢ > 0,

(6.13) ¥, == sup[W(y)]~! sup |P(y, @) — Dy, a)| .
yeyYy acAly)

Observe that from definition of the policy 7, we have (see (5.3)) @, (., 7:(.)) < &,
for each ¢ > 0. Hence,

X (yt, 'ﬁ't(ht)) < |(1) (yt, 'ﬁ't(ht)) - &, (yt, ﬁt(ht)) + 5t|

< sup [y, a) — Oy, @)| + 8,
acA(y;)

<Wy)¥,+68; as.

Therefore, according to Lemma (6.5), to prove asymptotic optimality of 7, it is
sufficient to show that

(6.14) E;,T (W(yt)‘lft) — 0 ast— oo.

By adding and subtracting the term exp(—a) [ V* (H(y, a, 5)) 6:(ds), we have,
for each (y,a) e Kand ¢ > 0,

|Ps(y, @) — Py, @)| < |[V*(y) — Vi(y)|

+ exp(—oz)/ Vi1 (H(y, a,8)) = V* (H(y, a,9))| 6:(ds)
s

+ exp(—a) / V*(H(y, a, s))0:(ds) — /V* (H(y, a,s)) 6(ds))|,
s s

which, from Lemma (6.1) (a), (b), and definitions of the norm ||-||; and D; (see
(4.8)), implies

|P:(y, a,) — Py, a)

< ||[V* -V,
(6.15) + Bexp(—a)|V* = Vi_i|lw + D; as.
Thus, from Theorem (5.5) (a) and (4.7),
(6.16) ¥, -0 a.s., ast — oo.

Now observe that from (6.15), (4.7), (4.11), and (5.2), sup,.( ¥; < M; < o0
for some constant M;. In addition, from (6.16) we have the convergence in
probability

Pfr
(6.17) v, 50 ast— oo,
whereas from Lemma (6.1) (¢)

sup E7 (W(y)W;)” < M7 sup Ei (WP(y,)) < cc.
t>0 >0
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This implies (see, for instance, Lemma 7.6.9 in [1]) that {W(y)¥,} is P]-
uniformly integrable.

On the other hand, for arbitrary positive numbers /; and I3, we have, for
t>0,

. . l .
P;,T (W(yt)‘l’t > ll) < P;T <‘I’t > l;) + P; (W(yt) > lz) s

which, applying Chebyshev’s inequality, yields

h E;T (W(yt))
i + - ~ @@ 7
ls Iy

Now, (6.18) together with Lemma (4.5) (c) and (6.17), implies the convergence
in probability

(6.18) P] (Wy)W; > 11) < P} (wt >

Pﬁ'
(619) W(y,;)‘l’t 20 ast— .
Finally, (6.14) holds from (6.19) and the fact that {W(y,)¥;} is P;T -uniformly
integrable. O
7. Example

We consider an infinite horizon consumption-investment problem where an
investor must allocate his/her current wealth x; between investment (a;) and
consumption (x; — a;), in each stage t = 0, 1,2, ... . In addition, in each stage
t, a discount factor exp(—a;) is imposed, which depends upon the current bank
interest rate.

The state and action spaces are X = A = [0, co), and assuming that bor-
rowing is not allowed, the investment constraint set (i.e., the set of admissible
controls) takes the form A(x, o) = [0, x]. Moreover, we suppose that the bank
receives at least an interest rate of exp(a*) — 1, for some o* > 0. In this sense,
the discount rate space is I' = [a*, c0).

The state process {x;} and the discount process {«;} evolve according to the
coupled difference equations
xt+1 - atp(gt)’ A1 = hat + MNts t= 0) 1’ 2’ )

(x0, ) given, where h > 0, {{} and {n;} are independent sequences of i.i.d.
random variables, and independent of (xg, o), having a discrete distribution
with values in S; and Ss, respectively. In addition, p: S; — (0, ] is a given
measurable function with 1 <y < exp(a*).

The one-stage cost c(x, a, a) is an arbitrary nonnegative measurable func-
tion, which is L.s.c. in a, and satisfying

_ 1/
(7.1) sup c(x, o) < M (bx+1) Y ma)eXxT,
acA(x,a)
for some 5 >0, M > 0, and p > 1.
Clearly, the Assumptions (4.1) (a), (b) and (4.3) are satisfied, by taking

_ 1/
W(y) = Wx,a) = (bx + 1) P and from Remark (4.4). We get Assumption
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(4.1) (d) from the following relations: for all y = (x,a) € Y = X x I, and
a € A(y) = [0, x],

WPLH(y, a, xo)] = bap(&y) + 1
<bxy+1<bxy+vy
= y(bx + 1)
= BoWP(y),
where By := y.
Finally, Assumption (4.1) (c) follows from Example C.6, Appendix C in [18].

Remark (7.2). Usually, in a consumption-investment problem where the ob-
jective is to maximize a randomized discounted reward criterion, a utility func-
tion r is considered as the one-stage return. In particular, if we take

rix,q,a)=bvx—a, (x,a)cY =X xTI, ac Alx, a),

the relation (7.1) is satisfied with the function r instead of c.
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