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WHEN DO TWO PLANTED GRAPHS HAVE THE SAME
COTRANSVERSAL MATROID?

FEDERICO ARDILA AND AMANDA RUIZ

ABSTRACT. Cotransversal matroids are a family of matroids that arise from
planted graphs. We prove that two planted graphs give the same cotransversal
matroid if and only if they can be obtained from each other by a series of local
moves.

1. Introduction

Cotransversal matroids are a family of matroids that arise from planted
graphs. The goal of this short note is to describe when two planted graphs give
rise to the same cotransversal matroid.

The paper is organized as follows. In Section 2 we recall some basic def-
initions and facts in matroid theory, including the notions of cotransversal
and transversal matroids. In Sections 3 and 4 we introduce the operations
of swapping and saturating on a planted graph, and prove that they preserve
the cotransversal matroid (Theorems (3.2) and (4.2.1)). In Section 5 we prove
a crucial lemma on transversal matroids. Finally in Section 6 we prove our
main result: two planted graphs give rise to the same cotransversal matroid
if and only if their saturations can be obtained from each other by a series of
swaps (Theorem (6.1)).

This paper is inspired by an analogous work of Whitney on presentations
of graphical matroids. He showed in [10] that two graphs give rise to the
same graphical matroid if and only if they can be obtained from each other by
repeatedly applying three operations. Our main theorem is also analogous to
Bondy [3] and Mason’s [5] elegant theorem that a transversal matroid has a
unique maximal presentation. In Sections 4 and 5 we will explain how our
theorem and theirs are connected by matroid duality, and we will see the need
to resolve several subtleties that do not arise in that dual setting.

2. Preliminaries

Matroids can be thought of as a notion of independence, which generalizes
various notions of independence occuring in linear algebra, field theory, graph
theory, and matching theory, among others. We begin by recalling some basic
notions of the theory of matroids. For a more thorough introduction, we refer
the reader to [2], [7], [9].
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Definition (2.1). A matroid (E, B) consists of a finite set E and a nonempty
family B of subsets of E, called bases, with the following property: If B,, B, € 5
and x € B, — By, then there exists y € B, — B, such that (B, —x)Uy € B.

A prototypical example of a matroid consists of a finite collection of vectors
E spanning a vector space V, and the collection B of subsets of E which are
bases of V.

Matroids have a useful notion of duality, as follows.

Definition (2.2). If M = (E, B) is a matroid then B* = {E — B | B € B} is
also the collection of bases for a matroid M* = (E, B*), called the dual of M.

Note that (M*)* = M. This allows us to talk about pairs of dual matroids.

Duality behaves beautifully with respect to many of the natural concepts on
matroids. In particular, the general theory makes it straighforward to trans-
late many notions and results (e.g. definitions, constructions, and theorems)
about M into “dual” notions and results about M*.

(2.1) Cotransversal and transversal matroids. We are particularly inter-
ested in two families of matroids arising in graph theory and matching theory.
First we define cotransversal matroids, which are the main object of study of
this paper. A vertex of a directed graph G is called a sink if it has no outgoing
edges. A routing is a set of vertex-disjoint directed paths in G.

Definition (2.1.1). A planted graph (G, B) is a directed graph G with vertex
set V having no loops or parallel edges, together with a specified set of sinks
BCV.

THEOREM (2.1.2). ([6], [7]). Given a planted graph (G, B) on V, there is a
matroid L(G, B) on V whose bases are the sets of | B| vertices that can be routed
to B through vertex-disjoint directed paths.

Any matroid M that arises in this way is called cotransversal, and a planted
graph giving rise to it is called a presentation of M.

Example (2.1.3). Figure 1 shows a planted graph G with a specified set of
sinks, B = {4, 5, 6}. The bases of the cotransversal matroid M = L(G, B) are
all 3-subsets of {1, 2, 3,4, 5, 6} except 245 and 356.

Figure 1. A planted graph (G, B) with B = {4, 5, 6}.
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Now we define transversal matroids, another important family.

Definition (2.1.4). Let S be a finite set. Let A = {Ay, ..., A;} be a family of
subsets of S. A system of distinct representatives (SDR) of A is a choice of an
element a; € A; for each i such that a; # a; for i # j. A transversal is a set
which can be ordered to obtain an SDR.

THEOREM (2.1.5). ([7]). Given a family A = {As, ..., A} of subsets of S,
there is a matroid on S whose bases are the transversals of A.

A matroid that arises in this way is called a transversal matroid, and A is
called a presentation of it. We can also view A = {A,..., A} as a bipartite
graph between the “top” vertex set [r] = {1, ..., r} and the “bottom” vertex set
S, where top vertex i is connected to the elements of A; for 1 < i < r. The
SDRs of A become maximal matchings of [r] into S in this bipartite graph. We
will use these two points of view interchangeably.

Example (2.1.6). Let S = {1,...,6} and A = {{1,2,3,4,5,6},{2,4,5},
{8,5,6}}. The bases of the resulting transversal matroid M* are all 3-subsets
of {1,2,3,4,5,6} except 124 and 136.

Note that the cotransversal matroid M of Example (2.1.3) is dual to the
transversal matroid M* of Example (2.1.6). This is a special case of a general
phenomenon:

THEOREM (2.1.7). ([1], [4], [7]). Cotransversal matroids are precisely the
duals of transversal matroids.

Cotransversal matroids were originally called strict gammoids. Ingleton
and Piff’s discovery of Theorem (2.1.7) prompted their newer, widely adopted
name.

3. Swapping

In this section we introduce the swap operation on planted graphs, and show
that it preserves the cotransversal matroid.
In a planted graph, denote the edge from vertex i to vertex j by e;;.

Definition (3.1). Let (G, B) be a planted graph, and let i ¢ B, j € B be such
thate;; € G. The swap operation swap(i, j) turns (G, B) into the planted graph
(G, B)i—; =(G',B') by

e replacing e;; € G withej;; € G,
e replacing every other edge of the form e;, in G with ej;, € G’, and
e replacing the sink j € B with the new sink i € B’.

Figure 2 illustrates the operation swap(i, j); the set B is represented by
large, black vertices. Note that swap(j, i) is a two-sided inverse of swap(i, j).

THEOREM (3.2). Swaps preserve the cotransversal matroid: If (G, B) is a
planted graph, and i ¢ B, j € B are such that e;; € G, then L(G, B);_.;) =
L(G, B).



66 FEDERICO ARDILA AND AMANDA RUIZ

i j swap(i,j); i ].

swap(j,i)

Figure 2. The operation swap(i, j); sinks are drawn as large black vertices.

Proof. Since swap(i, j) is invertible, it suffices to show that any set of ver-
tices which could be routed to B in (G, B) can be routed to B’ in (G, B);_.; =
(G, B).

Let A be a basis of L(G, B), and consider a routing R from A to B. Let p,
be the path in R which goes from a to b, and let v be the vertex of A which gets
routed to j. We consider three cases: (i) v is routed through i to get to j, (ii) v
is routed to j without going through i, and i is not in any other route of R, and
(iii) v is routed to j without going through i, and i is in some other route of R.

(i) Since ¢;; is in G, we can assume that R uses the path p,; = v,...,1, )
from v to j. As a result of the operation swap(i, j) we have B = B — j U i.
The operation swap(i, j) does not affect the path from v to i, or any other paths
in R. We can replace the path p,; in R with the path p;; = p,; — e;; of G,
and let the other paths of the routing stay the same. Therefore A is a basis of
LG, B).

(ii) Since i is not on the route from v to j, no edges along the path p,; are
affected by the swap, so v still has this path to j in G'. Also ej; € G’, so the
path p;; = p,jUej; in (G', B’) routes v to i and doesn’t intersect the other paths
of the routing. We obtain that A is a basis of L(G’, B').

(ii1) Let w be the vertex of A which is routed through i to some sink b € B,
b # j, as shown in Figure 3. As a result of swap(, j), the path p,, in (G, B)
gets blocked at the edge e;;. We can use the truncated path p/, = w,...,7)
in (G', B') as a route from w to i € B’. To complete a routing we need a path
leaving v € A and arriving at b € B’. The path p,; in G is unaffected in G,
and e, € G’ since ¢;; € G. So we can use the old path p,; and the new edge
ejr € G' to pick up the old path from % to b; this does not intersect any other
path in the routing R. It follows that A is a basis of L(G’, B'). O

4. Saturation for cotransversal matroids

In this section we will see that every presentation (G, B) of a cotransversal
matroid M = L(G, B) can be “saturated” in a unique way into a maximal
planted graph (G, B) D (G, B) such that M = L(G, B). This is done by adding
to (G, B) all missing edges that will not affect the cotransversal matroid. This
was essentially proved in [3, 5]; to explain it, we need to take a closer look at
the duality between cotransversal and transversal matroids.
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swap(i,j)

Figure 3. Case (iii): Rerouting v and w.

(4.1) Duality between transversal and cotransversal matroids revis-
ited. In Theorem (2.1.7) we saw that transversal matroids and cotransversal
matroids are dual to each other. We will need a slightly stronger version of
this statement.

THEOREM (4.1.1). ([4]). Let M and M* be a pair of dual cotransversal and
transversal matroids on V. Then there is a bijection that maps a planted graph
presentation of M to a presentation of M* together with an SDR.

The previous theorem is implicit in [4]. For that reason we omit its proof,
but we describe the bijection.

Given a planted graph presentation (G, B) of M, let A; := {i} U{u | e;, € G}
for each i € V — B. The sets A; with i € V — B make up a presentation of M*,
and the matching of i with A; is an SDR for those sets.

In the opposite direction, consider a presentation A = {A1, Ay, ..., A} of
M* and an SDR ay, ..., a;. For each x € A; with x # a;, draw the directed
edge from a; to x in G. Let B be the complement of {ay, ..., a}. This will give
a presentation of M.

The reader may find it instructive to check that the planted graph presen-
tation of M in Example (2.1.3) is dual to the presentation of M* in Example
(2.1.6) with SDR (1, 2, 3).

(4.2) Saturating a graph. As mentioned in Section 2, theorems about a ma-
troid M can often be translated automatically into “dual” theorems about the
dual matroid M*. This is very useful for our purposes. In their foundational
work on transversal matroids, Bondy [3] and Mason [5] explained how the dif-
ferent presentations of a transversal matroid are related to each other. Using
Theorem (4.1.1), we will now “dualize” their work, to obtain for free several
useful results about the presentations of a cotransversal matroid.

The statements in this section are not difficult to show directly. Since they
are dual to results in [3] and [5], we omit their proofs.

THEOREM (4.2.1). ([3], [5]). For any planted graph (G, B) there exists a
unique maximal planted graph (G, B) containing (G, B) such that L(G, B) =
L(G, B). We call (G, B) the saturation of (G, B).

Theorem (4.2.1) is all that we need to prove our main result, Theorem (6.1).
In the rest of this section, which is logically independent from the remainder
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of the paper, we describe how one constructs the saturation (G, B) of (G, B).
First we need some definitions.

Definition (4.2.2). Let M = (E, B) be a matroid. Let K C E and let Bg be a
basis of K. The contraction of M by K, denoted M/K, is the matroid on E — K
whose bases are the sets B’ C E — K such that B’ U Bx is a basis of M.

It is known ([9] Chapter 5); that any contraction L(G, B)/K of a cotransver-
sal matroid is also cotransversal. To obtain an explicit presentation of it, we
first need a presentation (G’, B') of L(G, B) with |K N B'| = r(K), where r(K) is
the maximum number of paths in a routing from K to B in (G, B). To construct
it, start with the planted graph (G, B). If |K N B| < r(K), there must be a path
from some %k € K tosome b € B— K. Performing successive swaps on the edges
along this path, one obtains a new presentation (Gq, B;) where By = B—-bU#k
satisfies |K N By| > |K N B|. By repeating this procedure, we will eventually
reach a presentation (G’, B') of the matroid with |K N B'| = r(K).

Finally, delete from (G’, B’) the vertices in K and all the edges incident to
them. It is easy to check that the resulting planted graph is a presentation of
the contraction L(G, B)/K.

Definition (4.2.3). Let v be a vertex of a planted graph (G, B). The claw of v
in(G,B)is K, =vU{i | e, € G}.

Recall that a loop in a matroid is an element that does not occur in any basis
of the matroid. In a cotransversal matroid L(G, B), a loop is a vertex of G from
which there is no path to B. The following proposition tells us which edges we
can add to (G, B) without changing the cotransversal matroid.

PROPOSITION (4.2.4). ([3], [5]). Let (G, B) be a planted graph and let v and
w be two vertices of G with v ¢ B. Then L(G U ey, B) = L(G, B) if and only if
w is a loop in L(G, B)/K,.

Therefore, to construct the saturation (G, B) of a planted graph (G, B), one
successively saturates each vertex v ¢ B as follows: one contracts the matroid
by the claw K, finds the loops in the resulting planted graph, and connects
v to those loops. In Proposition (4.2.4), the condition for adding the edge e,
depends only on the matroid L(G, B) and the claw K,, neither of which is
affected by the saturation of a different vertex v’ # v. It follows that one can
saturate the vertices in any order, and one will always end up with the same
graph (G, B).

5. An exchange lemma for transversal matroids

THEOREM (5.1). ([3], [5]). A transversal matroid has a unique maximal
presentation: For every family A = {As, ..., A,} of subsets of a set S there is
a unique family A = {Ay, ..., A,} of inclusion-maximal subsets of S such that
A; C A, for 1 <i<n,and Aand A give rise to the same transversal matroid.

The following lemma on SDRs will be crucial later on.
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LEMMA (5.2) (SDR exchange lemma). Suppose that A= {A, ..., A,} satis-
fies the dragon marriage condition:! for all nonempty sets {iy, ..., i} C [r]lwe
have |A; UA, U---UA; | > k+ 1 Then for any two SDRs M and M’ of A,
there is a sequence M = My, ..., Ms = M’ of SDRs of A such that M; and M;. 1
differ in exactly one position for 1 <i <s— 1.

Proof. Construct a graph H in which the vertices are the SDRs of A and
two SDRs are connected by an edge if they differ in only one position. We need
to prove that H is connected.

Suppose H is not connected. Consider two SDRs M; = (by,...,b,) and
M. = (cy, ..., c) in distinct components of H. Assume Mj and M, are chosen
so that the Hamming distance |M — M,|, i.e. the number of positions where
M, and M, differ, is minimal. We consider the following two cases.

@) If {by,...,6,} # {c1,..., ¢}, then for some i we have b; ¢ {ci,..., ¢}
Then M) = (cy, ..., b;, ..., ) is an SDR in the connected component of M., and
satisfies |M, — M}| < |My, — M,|.

Figure 4. Case (ii): T is partitioned into three parts according to the dark
and light SDRs M}, and M..

(ii) Suppose {b1, ..., b} = {c1,...,c}. We can partition the vertices of our
bipartite graph T into three parts based on the matchings M; and M., as
shown in Figure 4. (The dotted edges will be explained later.) Part I consists
of the vertices of T that are neither in M, nor in M,. Part II consists of the top
vertices i such that b; = ¢;, and the bottom vertices matched to them. Part III
consists of the remaining vertices.

The dragon marriage condition gives |S| > r + 1, so there is some d; €
A; such that d; ¢ {by,...,b,}. Therefore M; = (by,...,d;,...,b;) and M, =
(c1,...,d;, ..., c.) are SDRs which are in the connected components of M, and
M.. We must have b; = c;, or else |M; — M/| < |M — M.|. In Figure 4, this
means that there are no edges from the top of Part III to Part 1.

IThis name is due to Postnikov, and originates as follows. Suppose that S is the set of women
and {1,...,r} is the set of men in a village, and let A; be the set of women who are willing to
marry man i. A dragon comes to the village and takes one of the women. When is it the case that
all the men can still get married, regardless of which woman the dragon takes away? Postnikov
showed that this is the case if and only if A satisfies the dragon marriage condition.
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By the dragon marriage condition, the top of Part III must be connected to
the bottom of Part II. Define a zigzag path to be a path such that:
e its starting point is a vertex in the top of Part III,

e this is the only vertex of Part III it contains, and
e every second edge is a common edge of the matchings M, and M..

We claim that there is at least one zigzag path that ends in Part I. To verify
this, consider the set U of vertices in the top that can be reached by a zigzag
path starting from the top of Part III. Note that every top vertex in Part III is
in U. By the dragon marriage condition, some vertex in U must be connected
to a vertex d in the bottom of the graph that is not matched to U in M} and
M.. If d was in Part II, it would be matched in M, and M, to a top vertex
A ¢ U; the edge from d to A would complete a zigzag path that contains A,
contradicting our definition of the set U. Therefore d is in Part L.

Consider a zigzag path to d starting at A;, as shown in Figure 4. Now
construct new SDRs M; and M/ by unlinking b; and c; from A; in M, and M,
respectively, as well as all the edges of M, and M, along the zigzag path P.
Instead, in both M}, and M,, rematch the vertices along the edges of path P
which were not used by M, and M,; these are dotted in Figure 4. Figure 5
shows the resulting new matchings M; and M/ in this example. Now note that

Figure 5. The new matchings M} and M,.

|M, — M_| < |My — M,|,and M; and M; are in the same connected components
of H as Mj and M,, respectively. This is a contradiction, and we conclude that
H is connected. O

6. The main result

We have now laid all the necessary groundwork to present our main theo-
rem.

THEOREM (6.1). Two planted graphs (G, B) and (H, C) have the same co-
transversal matroid if and only if their saturations (G, B) and (H, C) can be
obtained from each other by a series of swaps.

Proof. The backward direction follows from Theorems (3.2) and (4.2.1). Now
suppose (G, B) and (H, C) are presentations of the same cotransversal matroid
M. When we apply the bijection of Theorem (4.1.1) to them, both saturations
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(G, B) and (H, C) must give rise to the unique maximal presentation A of the
dual transversal matroid M*. They correspond to different matchings M; and
M 2 of A.

Since A has at least one matching, we have |A;, U--- U A;,| > k for all
{i1, ..., iz} by Hall's theorem. If we have |A;, U- - -UA;,| = kforsome {iy, ..., iz},
then all the elements of A;, U---U A;, are in every basis of M*. Such elements
are called coloops of M* and they correspond to loops in M. By maximality,
the loops of M form a complete subgraph in both (G, B) and (H, C). This is
because loops have no path to the sinks; so they cannot be connected to vertices
having paths to the sinks, but they can have any possible connection among
themselves. We can then restrict our attention to the non-loops of M, where
the dragon marriage condition is satisfied.

Applying Lemma (5.2), we can get from M; to M, by exchanging one element
of the matching at a time. One easily checks that these matching exchanges in
the bipartite graph correspond exactly to swaps in the corresponding planted
graphs under the bijection of Theorem (4.1.1). It follows that one can get from
(G, B) to (H, C) by a series of swaps, as desired. O

We end by illustrating Theorem (6.1) with two examples.

1

4 5 6 4 5 6 4 5 6

Figure 6. The planted graphs given by A = {{1,2,3,4,5,6},{2,4, 5},
{3, 5,6}} with SDRs (1, 2, 3), (1, 2, 5), and (3, 2, 5), respectively.

Example (6.2). Figure 6 shows three saturated planted graph presentations
of the cotransversal matroid of Example (2.1.3). They correspond to the dual
maximal presentation A = {{1, 2, 3,4, 5, 6}, {2,4, 5}, {3, 5, 6} } of the transver-
sal matroid of Example (2.1.6), with SDRs (1, 2, 3), (1, 2, 5), and (3, 2, 5), respec-
tively. Note how one-position exchanges in the SDRs correspond to swaps in
the planted graphs.

Example (6.3). Let M be the cotransversal matroid on {1, 2, 3,4, 5} with
bases {14, 15, 24, 25, 34, 35, 45}. Figure 7 shows the graph of saturated planted
graph presentations of M, where two planted graphs are joined by an edge la-
belled ij if they can be obtained from one another by swap(i, j). There are nine
saturated presentations in two isomorphism classes. We have drawn one rep-
resentative from each isomorphism class; every other saturated presentation
is obtained from one of these two planted graphs by relabelling the vertices.
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35 swap(3,4)
45
23 25 24 23
13 45
13
12 15 14 12
45

Figure 7. The graph of saturated presentations of a cotransversal matroid.
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ON BOUNDS FOR SOME GRAPH INVARIANTS

ISIDORO GITLER AND CARLOS E. VALENCIA

ABSTRACT. Let G be a graph without isolated vertices, a(G) and 7(G) be the
stability number and the covering number of G, respectively.

The paper is divided in two parts: In the first part we study the minimum
number of edges that a k-connected graph can have as a function of a(G) and
7(@). In particular, we obtain the following lower bound:

(@) > @) — c(G) + T'(aG), (),

where ¢(G) is the number of edges of G, ¢(G) is the number of connected
components of G and

I(al(@), 7(6) = (a(G) - 3) (;) +s (r 5 l) ’

where a(G) + 7(G) = ra(G) + s with 0 < s < a(G).

This is a solution to an open question posed by Ore in his book [11], pag.
216; which indeed is a variant for connected graphs of a celebrated theorem
of Turan [12].

In the second part of this paper, we study the relations between a(G), 7(G)
and 8(G) = a(G) — 04(G), where the o,-cover number of a graph, denoted by
04(G), is the maximum natural number m, such that every vertex of G belongs
to a maximal independent set with at least m vertices. The main theorem of
this part states that

a(G) < 7(GN1 + 8(G)].

In the last section, we discuss some conjectures related to this theorem.

1. Introduction

Given a graph G = (V(G), E(GQ)), a subset M C V(G) is a stable set if no
two vertices in M are adjacent. We say that M is a maximal stable set if it is
maximal with respect to inclusion. The stability number of G is given by

a(G) = max{|M||M C V(G) is a stable set in G}.

Also, C C V(G) is a vertex cover for a graph G if every edge of G is incident
with at least one vertex in C. Moreover, the vertex cover C is called a minimal
vertex cover if there is no proper subset of C which is a vertex cover. It is
convenient to regard the empty set as a minimal vertex cover for a graph with
all its vertices isolated.

The vertex covering number of G, denoted by 7(G), is the number of vertices
in a minimum vertex cover in G, that is, the size of any smallest vertex cover
in G. Note that a set of vertices in G is a maximal stable set if and only if its
complement is a minimal vertex cover for G, thus ao(G) + 7(G) = |V(G))|.
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This paper has two main parts. In the first part we solve a problem posed
by Ore in his book [11], pag. 216, research prob. 1; whose statement is:

Determine the connected graphs satisfying o(G) < k(3 < k < |V(G)|) and
having a minimal number of edges.

This question was completely solved by Turan [12] (see also [11], pages 214—
216) when the word connected is removed. Inthe connected case, we completely
solve the question by giving a tight lower bound on the number of edges of a
graph of a given order and with given stability number (Theorem (2.2) for
connected graphs). This result was independently proved by J. Christophe
et al. in [3]. We include the full classification of all optimal graphs (those
achieving the bound). A preliminary version of Theorems (2.2) and (3.1) and
Lemma (2.8) appear by first time in [5] and [6]. The corresponding result for
2-connected graphs together with a full classification of the optimal graphs
is also included (Theorem (2.1.1)). The classification of the connected and 2-
connected optimal graphs was obtained independently in [2].

In the second part of the paper we prove the inequality a(G) < 7(G)(1+6(G))
where 6(G) = a(G) — 0,(G) and 0,(G) is the largest m, such that every vertex
of G belongs to an independent set of size m. As a corollary we obtain «(G) —
|atcore] < T(G)—|Teore|, Where the acore and the 7eore are defined as the intersection
of all maximum-size stable sets and the intersection of all minimum-size vertex
coverings, respectively.

The origin of our interest in the study of these relations comes from mono-
mial algebras. More precisely, the stability number «(G) of a graph G, is equal
to the dimension of the Stanley-Reisner ring associated to the graph G, and
the covering number 7(G) of G is equal to the height of the ideal associated to
the graph G. Finally, 0,,(G) is an upper bound to the depth of this ring.

From the algebraic point of view, an important class of rings is given by
those rings R such that their dimension is equal to their depth. The rings
in this class are called Cohen-Macaulay rings. A graph is Cohen-Macaulay if
the Stanley-Reisner ring associated to it is Cohen-Macaulay. If a graph G is
Cohen-Macaulay, then 6(G) = 0 ([14], Proposition 6.1.21). Note that this is a
necessary, but not a sufficient condition. The family of graphs with 6(G) > 1
corresponds to the Stanley-Reisner rings that have a large depth. Moreover,
the dimension minus the depth is bounded below by 6(G), and hence 6(G) is a
measure of how far these rings are from being Cohen-Macaulay.

The outline of the article is as follows: We begin with Section 2, where we
solve the low connectivity (one and two connected) versions of Turan’s theorem
as thoroughly explained above. In this section we give a lower bound for the
number of edges of a graph as a function of its stability and covering numbers
(Theorem (2.2)) together with a characterization of g-minimal (Lemma (2.8))
and {q, 2}-minimal (2-connected) graphs (Theorem (2.1.1)).

In section 3 we study some relations between the stability and covering
numbers of a graph. Specifically, we prove the main result (Theorem (3.1)) of
this section, which is an inequality that gives an upper bound for the stability
number of a graph with respect to the covering number and 6(G) = a(G)—o,(G).
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This result generalizes an inequality given in [4] which was only valid for B-
graphs. Then we introduce the a¢ye and the 7. of a graph and relate them by
an inequality with the stability and covering numbers of the graph. Finally, we
give a series of conjectures that relate several invariants of graphs for B-graph
and hypergraphs.

In this article all graphs are supposed to be finite and simple (i.e., without
loops and multiple edges). Let G = (V, E) be a graph with |V| = n vertices
and |E| = g edges. Given a subset U C V, the neighbour set of U, denoted by
N(U), is defined as N(U) = {v € V | v is adjacent to some vertex in U}.

A subset W of V is called a clique if any two vertices in W are adjacent. We
call W maximal if it is maximal with respect to inclusion. The clique number
of a graph G is given by

o(G) = max{|W||W C V(G) is a clique in G}.

The complement of a graph G, denoted by G, is the graph with the same
vertex set as G, and edges all pairs of distinct vertices that are nonadjacent in
G. Clearly, W is a clique of G if and only if W is a stable set of G, and thus
o(G) = a(G).

A subgraph H is called an induced subgraph of G, denoted by G[V(H)], if
H contains all the edges {v;,v;} € E(G) with v;,v; € V(H).

A non-empty graph G is called connected if any two of its vertices are linked
by a path in G. A graph G is called k-connected (for k € N) if |V(G)| > k and
G \ X is connected for every set X C V(G) with | X| < k.

2. Low connectivity versions of Turan’s theorem

Inthis section, we study the minimal number of edges in k-connected graphs.
Theorem (2.2) establishes a lower bound for the number of edges of a graph
G as a function of (@), 7(G) and its number of connected components, c(G).
As a byproduct of the proof of Theorem (2.2), we find a bound for 2-connected
graphs and determine the graphs for which these bounds are sharp.

A Turdn graph, denoted by T'(a, t), is a graph of order a + ¢ consisting of the
disjoint union of a — s cliques of order r = L‘%‘j and s cliques of order r + 1,
wherea +t=ra+swith0 <s < a.

For a graph G = (V, E), we denote by q(G) the cardinality of its edge set
E(G). We say that a k-connected graph G is {q, k}-minimal, if there is no
graph G’ such that

(1) G’ is k-connected,
(1) (@) = a(G),
(iii) 7(G) = 7(G), and
(iv) q(G") < q(G).

We say that an edge e of a graph G is an a-critical edge if (G —e) = a(G)+ 1.
A vertex v of a graph G is a t-critical vertex if 7(G — v) = 7(G) — 1. A connected
graph G is called a-critical (t-critical) if all its edges (vertices) are a-critical
(r-critical). In Chapter 12 of the book of Lovasz and Plummer [10] some of
the basic properties of a-critical graphs can be found. For instance, Corollary
12.1.8 in [10] says that every a-critical graph is 2-connected. Also, by Lemma
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12.1.2in [10], if G is an a-critical graph without isolated vertices, then a(G) =
a(G —v) for all v € V(@). Using the previous observation and the fact that
a(G) + 7(G@) = |V(G)| we can conclude that if G is an a-critical graph, then G
is a 7-critical graph.

For simplicity a {q, 1}-minimal graph will be called a g-minimal graph.
Hence, if G is g-minimal, then either a(G) < a(G — e) or ¢(G) < ¢(G — e) for
all the edges e of G (note that a(G) < a(G — e) if and only if 7(G) > 7(G — e)).
That is, an edge of a g-minimal graph is either a-critical or a bridge. Therefore
the blocks (a maximal connected subgraph without a cutvertex) of a g-minimal
graph are a-critical graphs.

In order to bound the number of edges of a graph we introduce the following
numerical function. For any natural numbers a and ¢, let

F(a,t):(a—s)(;>+s(r_|2_1>,

where a +¢ = ra + s with 0 < s < a. In other words, 7 = 1+ L] and
s=t—alll.
LEMMA (2.1). Let a and t be natural numbers, then

a

@) I'a, t) = min{Z(zi):z1+---+za =a+tand z; > 0foralll <i < a}.

2
i=1
t
(i) T(@— 1,6~ Ta, 0) > 3| £]* - |£]) = (LaJ; 1) > 0forall a > 2 and
t>1
M Lﬂ +1) . ; ¢ ¢
oreover, I'(a — 1,¢t) — I'(a, t) = 9 if and only if 1 + LEJ >4
t
and L“J; 1 =0ifandonlyif 0 <t < a.
(iiD) T(a,t) — e, t — D=1+ |t =[L] foralla>1and t > 2.
k % k
(@iv) Z I'(a;, t;) > F(Z a;, Z t)foralla; >1andt; > 1.
i=1 i=1 =1

Furthermore, if a1, ag > 2, then

[(ay, t1) + Tasg, t2) = I'(a1 + ag, t1 + £2)
if and only if either L%J = {%J, {%J —
L’%J — L’%J = 1and ty = reas.

(v) |Zete] — 14 |£] 4 L where -1 < L< 1.

{%J = 1and t; = ria; or

Moreover, L = —1ifand only if a = 1.

Proof. (i) For a = 1 the result is trivial. For a > 2 we use the next observa-
tion: Let n, m > 1 be natural numbers with n > m + 1, then

()¢ (5)- (") (")
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Let a > 2 and ¢ > 1 be fixed natural numbers, (z4, ..., z,) € N such that
S izi=a+tandlet L(zy,...,20) = > ¢y (;‘) Now, if

21y ..., 2 r,...,rnr+1...,r+1
{z1 o} #{ }
a—s S

where a+t = ra+swith 0 < s < a, then there exist z;, and z;, with z;, > z;, +1.
Applying the previous observation we obtain that

L(z1,...20) > L(z1,...,25, — 1,...,2;, + 1,...,24) > I'(a, 1),
and therefore we obtain the result.
(i) Leta +¢=ar +swith0 < s < a, then
a+t—1=(@—-Dr+D+s

wherer+s—1=(a—-1)+s withl>0and0<s' <a—1.
After some algebraic manipulations we obtain that

2T(a — 1,86 —T(a, ) = r? —r) + (® — D(a — 1) + 2Is'.

4] +1
2

¢
and u?2 —u > 0 for all w > 0. Moreover, ['(a — 1,¢) — I'(a, ¢) = (LGJ;_ 1) if and

Therefore I'a—1,1)—I'(a, t) > 3(| L] 24 £ = > 0, sincer,l,s’ > 0

only if

N (O;S/)
“’S)‘{ (1,0)

These two possibilities imply that » + s < a and r + s = a, respectively.
t
Finally, it is clear that (LGJ;— 1) =0ifand onlyif 0 < < a.

(i) Leta+t—1=ar +swith0 < s < a, then

g+t ar+(+1) if0<s<a-1,
atr+1) ifs=a—1.

Hence

e (a—s— 1)( >+(s+1)< 1) —(a—s)<;> _s<’;1>
(3) ()= (3)
-]
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(iv) Let @ = a1 + ag and ¢ = ¢; + t9, then by (7)

a

F(a,t):min{z (Z’) :sz:a+tandzjzOforalllgjga}

i=1 j=1

< (a1 —s1) (7“21) + 51 (r1;- 1> + (ag — s2) <r22> + s9 (r2; 1)

= I'(ay, t1) + I'ag, t2),

where a; +t; = ria; +s; with 0 < s; < a; foralli =1, 2.
In order to have the equality in the previous inequality we need that either
rir=reo,ri=reo+lands;=0o0rro=r;+1ands, =0.

v)Leta+t=ar +swithr >1and 0 < s < a. Thus

r r r+1
[2(a—1+I‘(a,t))w 2(“_“(“‘3)(2)*3( 2 )>

a+t a+t

(20 — 1) +r(ar +s) —r(a — s)"
ar+s

B {Z(a—l)—r(a—s)-‘

ar + s

-1+ VJ + P(al)r(aﬂ -1+ VJ +L.

a ar + s a

Since a,r > 1and 0 < s < a, then —1 < L < 1 because

2<(a+s)2+r)e —2ar+s)<ris—a)+2(a—-1)

& -1<1L,
and
20 +rs<2ar+s+2<2a—-1)—r(a—s)<ar+s
< L<1.
Moreover,
L=-12a-1)—-ra—s)< —(ar+s)e2a+s(r+1)<2
< a=1lands=0. O

THEOREM (2.2) ([5], Theorem 3.3). Let G be a graph, then
q(G) > a(G) — c(G) + (@), T(G)).

Proof. We will use induction on 7(G). The stars Ky, (a(K1,) = n — 1) are
the unique connected graphs with 7(G) = 1. Since

gKin)=n—-1=n-1-1+1= a1, —c(Kyp)+T(m—11),

then the result clearly follows. Moreover, the stars K; ,, are g-minimal graphs.
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So we can assume that the result is true for 7(G) < kand & > 1. Let G be
a g-minimal graph with 7(G) = k& + 1. Now, we will use induction on a(G). If
a(@) = 1, then G is a complete graph K, ((K,,) = n — 1). Since

it follows that all the complete graphs satisfy the result.

Hence, we can assume that a(G) > 2. Furthermore, by Lemma (2.1)(iv),
q@) =37 149G, (@ =>"7_; a(Gy) and 7(G) = >_7_; 7(G;) where Gy, ..., G,
are the connected components of G. Then by the induction hypothesis we can
assume that G is a connected graph.

Let e be an edge of G and consider the graph G’ = G — e. We have two
possibilities

' (G)
T(G){ HG)— 1

That is, an edge of G is either a bridge or critical.
Case 1. First, assume that G has no bridges, that is, G is an a-critical graph.

Claim (2.3). Let v be a vertex of G of maximum degree, then

7(G) -1 J
a(@)

deg(v) > 1+ {

Proof. Since any a-critical graph is 7-critical, then 7(G — v) = 7(G) — 1 and
a(G — v) = a(G). Moreover, since the a-critical graphs are 2-connected, then
G — v is connected. Now, by the induction hypothesis we have that

(G —v) > aG) — 1+ T'(a(G), 7(G) — 1).

Using the formula
Z deg(v;) = 2q(G —v)
v EV(G—v)

and Lemma (2.1)(v), we conclude that there must exist a vertex v’ € V(G — v)
with

dee) > {ZQ(G _ v)-‘ N [2(a(G) 14 TG, 7(G) — 1))}
(2.4) V(G —v)] n—1
9, V(G)lJ Lot V(G)lJ
= () = G |° O

By Lemma (2.1)(i1i)

q(G) = q(G —v) + deg(v) > a(G) — 1+ T'(a(G), 7(G) — 1) + deg(®’)
(

2 @ =1+ TG, 7@ - D+ 1+ V(G) - IJ

(@)
(2.5) W @) - 1+ T(@(G), 7(Q)).

So, if the graph G has an edge that is a bridge, then ¢(G') = ¢(G) + 1 = 2.
Let us denote by G; and G5 the connected components of G — e. We need to
considerer another two cases:
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Case 2. Assume that 7(G1) > 0 or 7(G3) > 0, then 7(G1) < k, 7(G9) < k, and
by the induction hypothesis

q(G1) > a(G1) — 1+ T'(a(G1), 7(G1)) and q(G2) > a(Gg) — 1+ I'(a(Ga), T(G2)).

Using the above formulas, the fact that a(G) = a(G1) + a(G2) and 7(G) =
7(G1) + 7(Gs), and Lemma (2.1)(iv), we get

q9(G) = q(G1) + q(G2) + 1
> a(G1) — 1+ a(Gg) — 1 + I'(a(G1), 7(G1)) + I'(a(G2), T(G2)) + 1
= a(G) — 1+ I'(a(G1), 7(G1)) + I'(a(G2), 7(G2))

Y M6 — 14 (@), ().

Case 3. Assume that there does not exist a bridge satisfying the above con-
ditions: for all the bridges of G we have that 7(G;) = 0 or 7(G2) = 0. That
is, each bridge connects an isolated vertex with the rest of G. In this case, we
must have that G is equal to an a-critical graph G; with a vertex of G being
the center of a star Ky ;. Moreover, 7(G) = 7(G1) and o(G) = [ + a(G1) because
G is vertex-critical and therefore each vertex belongs to a minimum vertex
cover. Using Case 1 and Lemma (2.1)(ii) we obtain

(@) =1+ q(G1) > I+ a(G1) — 1 4+ I'(a(GH), 7(G1))

= a(G) — 1+ I'(a(G1), 7(G)) (? a(@) — 14 I'(adG), 7(G)).
O

The k-connexion of a graph. A k-connexion of a graph G is a k-connected
graph G’ on the same vertex set as G, with the minimum possible number of
edges, and such that G is a subgraph of G’. The graph G is called the subjacent
graph of the k-connexion graph G’ and the edges of G’ that are not edges of G
are called the connexion edges.

Clearly a 1-connexion graph G’ of a disconnected graph G can be obtained
by adding ¢(G) — 1 edges, where c¢(G) is the number of connected components
of G. This definition is equivalent to the one given in [2] of a tree-linking of a
graph. In fact, 2-connexions as defined here, are equivalent to cycle-linkings
as defined in [2].

Example (2.6). In order to illustrate the concept of 1-connexion consider the
following graphs:

G’ is the 1-connexion of G, the edges ey, es, e3 are the 1-connexion edges of G,
and G4, Gg, G4 are the leaves of G'.

- Gy Go G G,

G4 o’

€1

Aleaf of a 1-connexion G’ of a graph G is a connected component G; of G with
the property that there exists a unique vertex v of G;, such that all connexion
edges with one end in G; are incident to v. If G is a connected graph, then we
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say that G is a leaf of G’. Note that a 1-connexion G’ of a graph G has at least
one leaf.

Polygon transformed Turan graph. A graph G with covering number 7(G) =
t and stability number o(G) = a is said to be a polygon transformed Turdn
graph or PTT graph if either G is isomorphic to T(a, ), or a < ¢t < 2a and G
can be obtained from T'(q, ¢) by the following construction:

Let k3 and k3 be the number of copies of Ky and K3 in T'(q, ¢) respectively.
Let % be a positive integer with 2 < min{kg, ks} and for all 1 < i < k take
positive integers j; such that j; + -+ + ji < ke. Finally, foralli = 1,..., %
replace one copy of K3 and j; copies of Ky by a cycle Cyj 3.

In this way a PTT graph is the disjoint union of complete graphs and possibly
odd cycles.

Example (2.7). In order to illustrate the previous concept consider the fol-

lowing graphs:
; Q G 1
—
v O G2

T(4,6)

in the left side it can be seen the Turan graph T'(4, 6) and in the right side there
are two of the three possible polygon transformed graph of T'(4, 6). Note that
G1 and Gy are obtained when we take 1 = £ < min{ky, ks} = 2,and j; =1
and j; = 2 respectively.

LEMMA (2.8). A graph G is g-minimal if and only if G is a 1-connexion of a
polygon transformed Turdn graph.

Proof. (<) Let H be a PTT graph with Hy, ..., H, connected components
and let L be a 1-connexion of H. Since K, and Cy,,; are g-minimal, o(L) =
SoialH)), alCosi1) = s, q(L) = a— 1+ Y7 ; q(H;), then L is g-minimal.

(=) We use double induction on the stability and covering numbers of the
graph. For a(G) = 1, G must be a complete graph and the result is clear. [

Let G be a g-minimal graph with a(G) > 2. We can assume that G is an
a-critical graph, since if G is not a-critical, then using the arguments used
in cases 2 and 3 (in the proof of Theorem (2.2)) and the induction hypothe-
sis, the result follows readily. Since connexion edges of a 1-connexion of a
disconnected PTT graph are not a-critical edges (a(L) = Zf’:l a(H;), where L
is a 1-connexion of a disconnected PTT graph H with connected components
H,, ..., Hp), then the result follows if we prove that G is either an odd cycle or
a complete graph.

Claim (2.9). Ifvis avertex of G of maximal degree, then G —v is g-minimal.
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Proof. Assume that G — v is not g-minimal. Then, by Claim (2.3) and
Lemma (2.1),
a(@)

“Gﬁ:ﬁG—U%HhﬂwgaKD+FMKHﬂGy_D+{MG%H«”_lJ

(2.10) L @ + (@), 7(6)),
which is a contradiction to the g-minimality of G. O

Since G — v is g-minimal, by the induction hypothesis G —v is a 1-connexion
of a PTT graph. Moreover, since G is a-critical, then G \ N[v] (where N[v] =
N(v)U {v}) is a maximal induced subgraph of G with a(G \ N[v]) = a(G) — 1.
Therefore, we need to determine the maximal induced subgraphs L’ of a 1-
connexion of a PTT graph L with a(L’) = a(L) — 1.

Claim (2.11). Let H be a PTT graph with H;, ..., H, connected components
and L be a 1-connexion of H. If L’ is a maximal induced subgraph of L with
oL’y = a(L) — 1, then

(1) L' isinduced by the set of vertices V(L)\V(H,), for some H; with o(H;) = 1,
or

(ii) L’ is induced by the set of vertices in V(L) \ {v1, ve, v3}, where {v1, ve, v3}
are vertices of an odd cycle H; such that H; \ {v1, v, v3} is a disjoint union of
paths with an even number of vertices, or

(iii) L' satisfies the following conditions: (1) V(H;) N V(L') # 0 for all H;,
(2)if H; is an odd cycle, then V(H;) C V(L’), (3) if H; is a complete graph such
that V(H;) ¢ V(L’), then for all v € V(H;) N V(L’) there exists at least one
connexion edge e, of L incident to v.

Proof. If V(L')NV(H;) = 0 for some 1 < i < a with a(H;) = 1, then L' =
LIV(L)\V(H;)], since V(L") C V(L)\ V(H;) and a(LIV(L)\ V(H;)]) = (L) — 1.

Therefore we can assume that V(H;) N V(L) # () for all H; with o(H;) = 1.
Let us assume that V(H;) ¢ V(L’) for some H; = Cyp,1. Since all the proper
induced graphs of a cycle are paths P, with a(P,) = [§], then «(H; \ C) =
a(Hj)—1=m—1forsome C C V(H;)if and only if H;[V(H;)\ Clis a disjoint
union of three paths Py,,, P,, Pn, for some even numbers my, mg, ms > 0 such
that mq + mg + m3 = 2(m — 1). Since L’ is a maximal induced subgraph of L
with a(L') = a(L) — 1, then V(H;) ¢ V(L’) for only one H; = Cyp,1, therefore

L’ is given by (i1).
Ll )
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In order to conclude the proof we can assume that V(L) N V(H;) # 0 for
all 1 < i < aand V(H;) C V(L) for all H; with a(H;) > 2. Clearly, if
v € V(H;) N V(L') such that v is not incident to any connexion edge of L, then
V(H;) C V(L) because a(L') = a(LIV(L") U V(H;)D.

O

Take L = G\vand L' = G\ N[vl. If G\ N[v] satisfies (i), then G must be
a complete graph. If G \ N[v] satisfies (ii), then G must be an odd subdivision
of the complete graph K4 and it fails in one edge in order to be a g-minimal
graph.

Finally, assume that G\ N[v] satisfies (iii). Let H;, be a connected component
of H such that H;, is a complete graph and V(H;,) ¢ V(G \ N[v]). Take
P=V(H;)NnV(G\ N[v)) and @ = V(H,)) \ P. Since G — v is g-minimal, then
for all u € P, the graph (G — v) \ u is disconnected. For all u € P, let G, be
the disjoint union of the connected components C4, ..., Cs (C; is a 1-connexion
of some PTT graph) of (G —v) \ u with V(C;) N V(H,)) = (. Note that, G, is
an induced subgraph of G — v and its connected components are joined to u by
some connexion edges.

Let C be a connected component of G, and S be a leaf of C not joined to u by
a connexion edge. Since G is a 2-connected graph, then v must be incident with
at least one vertex of S. If G,, is either a complete graph or an odd cycle, then
v must be incident with at least one vertex of G, not incident with a connexion
edge of G — v. Moreover, if v; is the unique vertex of a leaf S of C such that all
the connexion edges with one end in S are incident to vs, then by Claim (2.11)
(iii), v must be incident with all the vertices of S \ vs. Since v is incident with
all the vertices of @, then

(2.12) deg® > 1@+ Y (H-1E H,

u€P H,eL(G,)

where L(G,) is either the set of leaves of G, not joined to u or if G, is a 2-
connected graph, then L(G,) is {G,}. Furthermore, (x) is an equality if and
only if G, is connected, all the leaves of G, are isomorphic to Kq, and if G, has
at most two leaves.
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Using the first inequality in the equation (2.12), it is not difficult to prove
that
V(G —v)|
a(@)
On the other hand, since G and G — v are g-minimal graphs, then

deg(v) = q(G) — ¢(G —v) = I'(a(G), 7(G)) — I'(a(G), 7(G) — 1)

(2.13) deg(v) > s+(k—s)(k—1) > 2k—2, where k = { J <|V(H;)|.

V(G —v)| [V(G)]
=t e — <
{ a(@) a(@) 1<k
Therefore, k = 2, H;, = K2, deg(v) = 2, PVS(;(;)U”—‘ <3,|P| =1, and Gy has
only two leaves, that is, G is an odd cycle. O

(2.1) The 2-connected case.

THEOREM (2.1.1). Let G be a 2-connected graph with 7(G) > 2, then

2a(G) if (@) < aG),
qG) > a@ -1+ T(a@, 7(@) if a(G)=1or 7(G)— a(G) =1,
a(@) + I'a(@), 7(G)) otherwise.

Furthermore, G is {q, 2}-minimal with 7(G) > «(G) if and only if one of the
following conditions is satisfied:
(i) G is an even cycle,
(i1) G is the complete graph with at least three vertices,
(ii1) G is an odd cycle,
(iv) G is a 2-connexion of a polygon transformed Turdn graph,
(v) G is an odd subdivision of the complete graph K4,
(vi) G is isomorphic to the following graph.:

Proof. Let H be a 2-connected graph and G be a {g, 2}-minimal graph. We
will divide the proof in three cases:

Case 1 (7(G) = a(G) > 1). Let H with 7(H) = a(H) > 1, then deg(v) > 2
for all v € V(H). Therefore

>_vevir deg)
2

q(H) = > |V(H)| = 2a(H).

Since the even cycle Cy, is a 2-connected graph with a(Cy,) = 7(Cq,), then
2a(@) < q(G) < 2a(G) and deg(v) = 2 for all v € V(G). Furthermore, since a
graph H with all its vertices of degree two is a disjoint union of cycles, then G
is a {qg, 2}-minimal graph with a(G) = 7(G) if and only if G is an even cycle.
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Case 2 (7(G) < a(G) and «a(G) > 1). Since deg(v) > 2 for allv € V(H)
(H is 2-connected), then q(H) > 2a(H). Let s(K,,;) be an odd subdivision of
the complete bipartite graph /C, ;. Since s(K,;) is a 2-connected graph with
a(s(Ky 1)) = 1(s(Kqap)) + (@ — ¢) and q(Kys) = 2K, 1), then ¢(G) = 2a(G) for all
the {g, 2}-minimal graphs G with 7(G) < «(G) > 1.

This finishes the proof of the lower bound for the number of edges whenever
7(G) < a(G) and «(G) > 1 and the characterization of the {q, 2}-minimal
graphs (case (i)) whenever a(G) = 7(G) and «(G) > 1.

Case 3 (a(G) = 1 or 7(G) > a(G) + 1). We use double induction on the
stability and covering numbers of the graph.

If a(G) = 1, then G is a complete graph and clearly G is a {g, 2}-minimal
graph. If 7(H)—a(H) = 1,thenby Lemma (2.8), g(H) > o(H)—1+I'(a(H), 7(H))
and H is a g-minimal graph with 7(H) — a(H) = 1 if and only if H is an odd cy-
cle. Since the odd cycles are 2-connected, then q(H) > a(H)—1+1(a(H), 7(H))
whenever 7(H) = a(H)+ 1 and G is {g, 2}-minimal with 7(G) = «(G)+ 1 if and
only if G is an odd cycle.

By Lemma (2.8) we have that q(H) > a(H) — 1 + I'(a(H), 7(H)) whenever
H is a connected graph with 7(H) > a(H) + 1 > 2. On the other hand, it
is not difficult to see that if H is a graph as in (iv), (v) or (vi), then H is a
2-connected graph with q(H) = a(H) + I'(a(H), 7(H)). Furthermore, since
all that g-minimal graphs with 7(H) > «(H) + 1 > 2 are not 2-connected,
then g(H) > o(H) + I'(a(H), 7(H)) whenever H is a 2-connected graph with
TH)>aH)+1>2.

Therefore, to finish the proof we only need to show that G is a {gq, 2}-minimal
graph with 7(G) > a(G)+2 if and only if G is as in (iv), (v) or (vi). In order to do
so, we follow the same sequence of arguments as in the proof of Lemma (2.8).

Let e € E(G), if e is not an a-critical edge of G, then G \ e is a g-minimal
graph and G is 2-connexion of a PTT graph. Therefore we can assume that G
is an a-critical graph.

Claim (2.1.2). If v is a vertex of G of maximal degree, then either G — v is
g-minimal or {g, 2}-minimal.

Proof. If G \ v is neither g-minimal nor {q, 2}-minimal, then q(G \ v) >
a(@) + I'(a(G), 7(G) — 1) + 1. Therefore, the result follows using the same
arguments that in Claim (2.9). O

Since G — v is either a g-minimal or a {g, 2}-minimal graph, then by the
induction hypothesis
a(G —v)— 14+ T(a(G —v),7(G —v)) if G is g-minimal,

G -v)= {a(G — 1)+ T(a(G — ), 7(G — v)) if G is {g, 2}-minimal.

Since deg(®) = ¢(G)— q(G —v) and T((@), 7(G)) - TG, 7(G) — 1) = [%J
(Lemma (2.1) (ii7)), then

{\Vi%l)—lJ +1 if Gis g-minimal,

(2.14) deg(v) =

{\Vi%)—lJ if G is {q, 2}-minimal. O



86 ISIDORO GITLER AND CARLOS E. VALENCIA

Claim (2.1.3). Let H be a PTT graph with H;, ..., H, connected components
and let L be a 2-connexion of H. If L’ is a maximal induced subgraph of L with
a(L') = a(L) — 1, then L' is given as in (i), (ii), and (ii7) in Claim (2.11).

Proof. Let e be a connexion edge of L. Since L is a {q, 2}-minimal graph,
then L\ e is a 1-connexion of H. Hence, applying Claim (2.11) to L \ e we get
the result. O

Now we will consider the cases when G — v is either g-minimal or {gq, 2}-
minimal:

Case (G — v is g-minimal). Take L = G\vand L' = G\ N[v]. If G\ Nlv]
is as in Claim (2.11) (i), then G must be a complete graph. If G \ N[v] is as in
Claim (2.11) (ii), then G must be an odd subdivision of the complete graph K4.

Now assume that G \ N[v]is as in Claim (2.11) (iii). Using equations (2.12)
and (2.14), we get that & + 1 = deg(v) > 2k — 2, where &k = L‘V(o%)_lj, that is,
k < 3. If k = 2, then G is either an odd cycle or an odd subdivision of £4 and
if k = 3, then G is H.

Case (G — v is {q, 2}-minimal). Take L = G\vand L' = G\ N[v]. If L' is
as in Claim (2.1.3) (i), then G is a 2-connexion of a PTT graph, but it is not
an a-critical graph. If G \ N[v] is as in Claim (2.11) (ii), then G is an odd
subdivision of K4.

Now assume that G\ N[v]is as in Claim (2.1.3) (iii). Using equations (2.12)
and (2.14), we get that & = deg(v) > 2k —2, where k = LIVE%;IJ ,thatis, £ < 2.
If £ = 2, then G is an odd cycle.

(2.14)

Finally, G — v is not an odd subdivision of K4 because deg(v) =" 2 and if

O is an odd subdivision of 4, then a(O \ {a, b}) = a(O) for all a, b € V(O). If

G —vis H, then a(H) = 2, w(H) = 3, and deg(v) @14 g > V(@) —w(H)=4;a

contradiction.

Remark (2.1.4). After this paper was first submitted in 2006, the authors
realized that Theorem 2.2 was also obtained independently in [3].

Remark (2.1.5). It can be proved that for any fixed §_(G) = a(G) — 7(G) =
k > 0 there exist a finite number of “basic” graphs such that if G is {q, 2}-
minimal graph with §_(G) = k, then G is an odd subdivision of some of this
basic graphs. For instance, if G is a {g, 2}-minimal graph with §_(G) = 1, then
G is an odd subdivision of the complete bipartite graph Kq 3.

3. Some bounds for the stability and covering number of a graph

The following results are in the spirit of [4], where the authors were mo-
tivated in bounding invariants for edge rings. In this paper, we concentrate
mainly on the combinatorial aspects of these bounds.

The theorem below gives an idea of the class of graphs that are Cohen-
Macaulay and of those graphs that are far from being Cohen-Macaulay. We
thank N. Alon (private communication) for some useful suggestions for making
the proof of this result simpler and more readable.
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THEOREM (8.1). Let G be a graph without isolated vertices, then
a(G) <71+ 8(G)].

Proof. First, let fix a minimal vertex cover C with 7(G) vertices. Label the
vertices of C from 1 to 7(G). For each i € C, let T; be a maximal stable set
containing i, with |T;| > 0,(G). Let k be the minimal natural number such
that

k
cclyr.
=1

Clearly 0 < £ < 7(G). Let M = V(G)\C and take C; = CNT;and M; = M NT;
forall: = 1,...,7(G). Since M is a maximal stable set and G does not have

isolated vertices, then for each vertex v € M there is an edge e = {v, v’} with
v’ € C. That is,

k
(3.2) M= JMnN(C).
i=1
Since S; = VG \T; = (C\ C;)) U(M \ M;) is a minimal vertex cover with
ISi| <n—o,(G) foralli=1,...,k, then

IC\Ci| + M\ M| = [(C\CHUM \ My)| =8| < n— 0(G).
Hence, as M N N(C;) = M \ M;, then
IMNON(C)| =M\ M| <n-0,/G)—|C\C
(3.3) =|C|+ | M| — 0,(G) — |C\ C]
= |Ci| + G) — 0,(G) = |C;| + 8(G).

Taking
i—1 i—1
A; =Ci\ (| JCp)and B; = (M N N(C))\ (| M nN(C))),
Jj=1 J=1

we have that
(3.4) Ci \ Ai| < [MNN(C;\ Al
Indeed, if |CL \ A,| > |M N N(C; \ Ai)|, then C \ (C; \ A)UM N N(C; \ A)
would be a vertex cover of cardinality |C \ (C; \ A)|+ | M NN(C\ 4))| <|C|;a
contradiction.
To finish the proof, we use the inequalities (3.3) and (3.4) to conclude that
i—1
|Bi| = [M 0 N(C)| - (M 0 NC) N (| JM N NC))|
j=1
i—1
= |MNNCy)| - MnNCHNN(JC)
(3.5) j=1
(3.3) i1
< [Ci|+8@G) - M N(Cin | JC))l

j=1

(3.4)
< G +8(G) — [C; \ Ai] = |Ai] + 8(G).
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Therefore

k k k
@ = M2 | M ANC) =Y 1B E S (A +6G)
(36) ki:l . =1 =1
=Y A+ 8(G) < [C] + 7(MSG) = (P11 + 8]
=1 i=1
O]

When 8(G) > 0 it is not difficult to characterize the graphs G such that
a(G) = ()1 + 6(G)]. Let 7 and & be positive numbers and let H (7, §) and
H* (1, §) be the graphs

on the vertex set V(H (7,8)) = V(H™(1,8)) = Vo U V1 U --- UV, where Vy =
{vr,ve, ..., v, Vi={vi, ..., v, } foralli=1,..., 7 and edge sets

EH (1,8) = (J{{vu )} [1<j<8+1D
=1
and
EH(1,8) = EH (r,0) U {{v;,v;} |1 <i# j<r1}

A set of edges in a graph G is called independent or a matching if no two of
them have a vertex in common. A pairing by an independent set of edges of all
the vertices of a graph G is called a perfect matching.

COROLLARY (3.7). Let G be a graph without isolated vertices.
@) If 6(G) > 0, then o(G) = 7(G)[1 + 8(G)] if and only if
E(H (1,8)) C E(G) C E(H*(1,9)),

where T = 7(G) and 6 = 8(G).
@) If 8(G) = 0 and (@) = 7(G), then G has a perfect matching.

Proof. We use the same notation as in the proof of Theorem (3.1).

(i) Since 8(G) > 0 and a(G) = (@)1 + 8(G)], then using equation (3.6) we
can conclude that & = 7(G).

Following the proof of Theorem (3.1), we have that |C N M’| < 1 for all M’
maximal stable sets. Moreover, for all u € C there exists a M’ maximal stable
set with CNM’ = {u}. Thus, the equation (3.3) reduces to [ M NN (u)| < 1+6(G)
for all u € C, where M = V(G) \ C. On the other hand, since M = U,cc(M N
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N(w)) and o(G) = 7(@)[1 + 8(G)], then |M N N(w)| = 1+ 8(G) for all u € C and
MNNw)NMNNw) =0 for all u # v € C. Furthermore, since M is a
stable set, then E(H ~(7(G), 8(G))) C E(G) C E(H"(v(@), 8(G))).

Finally, note that if E(H (1, 8)) C E(G) C E(H"(r, )) for some 7 > 0 and
8 > 0, then clearly a(G) = 7(G)[1 + 6(G)].

(i1) Following the proof of Theorem (3.1) we have that (i7) reduces to prove
that for all 7 = 1, ..., & the induced subgraph G; = G[A; U B;] has a perfect
matching, that is, v(G;) = |A;| = |Bj| foralli=1, ..., k.

Since G is a bipartite graph (A; and B; are stable sets of G), then by Konig’s
theorem v(G;) = 7(G;). Hence, we only need to prove that |A;| = |B;| and
7(G;) = |A;| foralli=1,..., k.

First, since C = Lllk:lAi and M = uleBi, then Zle |A;| = 7(G) = a(G) =
Zle |B;|. On the other hand, since 8(G) = 0, then the equation (3.5) reduces
to |A;| < |B;| and therefore |A;| = |B;| foralli=1,..., k.

Finally, we will prove that 7(G;) = |A;|foralli = 1, ..., k. Since A; is a vertex
cover of Gy, then 7(G;) < |A;|. Furthermore, if 7(G;) < |4;|, then there exist a
stable set N of G; with |[N| > |4;|. Since M N N(U’_,C;)) = U\_ (M N N(C;)) =
U§:1M\Mj, then NU(T;\ 4;) = (NNA)UM;U(C;\A)DU(NNB;) C T;UNNB)
is a stable set of (N(C; \ A;) N B; = () of G with |T}| — |A;| + |[N| > |T;| = «(G)
vertices; a contradiction. O

(3.1) B-graphs. A graphis called a B-graph if every vertex belongs to a max-
imum stable set (that is, to a stable set of largest size). This concept was
introduced by Berge in [1].

The o,-cover number of a graph, denoted by ¢,(G), is the maximum natural
number m, such that every vertex of G belongs to a maximal independent set
with at least m vertices. Clearly, G is a B-graph if and only if o(G) = 0,,(G) if
and only if 8(G) = 0, where 6(G) = a(G) — g,(G).

Now we define two invariants that measure when a graph is a B-graph or
a 7-critical graph. Let

stable set vertex cover

acore(G) = m M, and 7'core((;) = m G,
[M;|=a(G) |Ci|=7(G)

be the intersection of all the maximum stable sets and of all the minimum
vertex covers of G, respectively. Also, let By, = V(G) \ (acore(G) U Teore(G)).

Example (3.1.1). To illustrate the concepts of acore(G), Teore(G) and By, con-
sider the following graph:

Uy Us

"7

Us Us
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since (G) = 4, 7(G) = 4 and {vy, vs,v7, U8}, {v2, Ve, U7,08}, {U3,Us, V7, U8},
{vs, vs, U7, Ug} are the maximum stable sets of G, then

o Qeore(G) = {U7: U8}>

L4 Tcore(G) = {Ul: 04}’ and

e Bynr = {v2, U3, Us, Us }.

Since M is a maximum stable set of G if and only if C = V(G) \ M is
a minimum vertex cover of GG, then G is a B-graph if and only if V(G) =
Ufﬁiﬁfjfg)ﬂ/li if and only if Teore(G) = ﬂfgffiﬁfg”f’ C; = (. Similarly, since a
graph is 7-critical if and only if 7(G — v) < 7(Q) for all v € V(G) if and only if
there exists a maximum stable set M, of G such that v ¢ M, for all v € v(G),
then G is a 7-critical graph if and only if acore(G) = 0.

PROPOSITION (3.1.2). Let G be a graph, then
V(G) = acore(G) U Tcore(G) L Baﬁn

furthermore
(@) Glacore(@)]is a trivial graph,
(T1) N(acore(G)) c Tcore(G);
(ii1) G[Bynrlis both a t-critical graph as well as a B-graph without isolated
vertices, and

@) @) — ‘acore(G)| < (G) — |Tc0re(G)|~

Proof. Firstly, is clear that acore(G) N Teore(G) = 0. Also, by the definition of
B, it is clear that agre(G) N Banr = 0 and 7eore(G) N Bynr = 0.

(1) Since agore(@) is the intersection of stable sets, then ac.e(G) is a stable
set and therefore Glacye(G)] is a trivial graph.

(i) Since 7eore(@) = V(G \ USe onicny Mi and cteore(@ € V(G) \ Teore(@),
then age(G) is the set of isolated vertices of GIV(G) \ Tcore(G)]. Therefore
N(acore(G)) C Teore(G).

(iii) Since a(G[Ban;)) = a(G) — |acore(G)|, T(GBan:]) = 7(G) — |Teore(G)| and
Buinr = V(G) \ (@tcore(@) U Teore(@)), then acore(Bynr) = 0 and 7eore(Bany) = 0.
Therefore G[B.~,]is a T-critical graph and a B-graph without isolated vertices.

(iv) Since G[B,n.] is a B-graph, then 8(G[B,n:1) = 0. Therefore, applying
Theorem (3.1) to G[Bun-1l,

(@) — |acore(G)| = AG[Byn;]) < 1(G[Bans]) = 7(G) — |Teore(G)]. O

Remark (3.1.3). If v is an isolated vertex, then v € ac.e(G), and if deg(v) >
7(@G), then v does not belong to any stable set with a(G) vertices and therefore
U € Teore(@). Note that in general the induced graph G[B,~.] is not necessarily
connected.

COROLLARY (3.1.4). ([1], Proposition 7) If G is a B-graph without isolated
vertices, then G is a t-critical graph.

Proof. Since G is a B-graph, then 7¢(G) = (). Thus, by Proposition (3.1.2)
(11), N(aeore(@)) = Teore(G@) = 0. Moreover, since G has no isolated vertices, then
teore(G) = (. Therefore G is a 7-critical graph. O
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Remark (3.1.5). The bound of Proposition (3.1.2) (iv) improves the bound
given in [9], Theorem 2.11, for the number of vertices in acore(G).
Their result states that if G is a graph of order n and

n+k— mln{ 1, |N(acore(G))‘}
2

then |acore(G)] > k + 1. Moreover, if n + & — min{1, | N(acwre(G))|} is even,

then |acore(G)| > k& + 2. Our result states that if G is a graph of order n and

(@) > %k/ for some k' > 0, then

a(@) > , for some £ > 1,

(iv)
|ac0re(G)| > a(G) —1(G) + |7core(G)| =2a(G) —n + ‘Tcore(G)| > k' + |Tcore(G)‘-

In order to compare both bounds we can write their bound in the following
equivalent way: If G is a graph of order 7, | N(acore(G))| = 0 (| N(@teore(G))| > 1)
and
n+(;€+l) (n+(;€+l)) if n + & is odd,

w (HTH@) if n + k is even.

a(@) > {

for some £ > 1, then

k+1(k+2)ifn+ kis odd,

|acore(G)| > . .
kE+2(k+1)ifn+ kis even.

Since | N(aeore(()| < |Teore(G)| (Proposition (3.1.2) (ii)), then our bound im-
proves their bound. Furthermore, the bounds are equivalent if and only if
|N(aCOI‘e(G))| = |Tc0re(G)| = 0, 1

3.1.6. Conjectures. In this section we present a conjecture that generalizes
the result obtained from Theorem 3.1 when G is a B-graph. Before stating the
conjecture we will introduce a new graph invariant.

Definition (3.1.7). The w,-clique covering number of G, denoted by w.(G), is
the greatest natural number m so that every edge in G belongs to a clique of
size at least m.

Example (3.1.8). In order to illustrate the previous concept consider the
following graph:

7 Ug

U
For this graph we have that:
e o(G) = a(G) = 4 because {v1, Ug, U3, U4} is a clique of G,
® w,(G) = 2 because the edge {vs, vg} is not in any induced K3 of G,
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o &(G) = w,(G) = 4 because {v1, vg, Us, U}, {Va, V6, U7, V9 }, {U3, Us, U7, 10}, and
{v4, Us, Ug, 10} are stable sets of G, and

o O'U(G)Z 3 because {Uifl, v;, Ul(),gi} for 1= 1, 2, 3 and {Ul, Uy, 1)5}, {Ul, U4, 1)7},
{vs, v4, v9} are cliques of G.

The w,-clique covering and the o,-cover numbers of G satisfy the following
two identities:

0,(G) < 0,(G) < (@) and w.(G) < 0,(G) < a(G).

Conjecture (3.1.9). Let G be a B-graph (o,(G) = a(G)) without isolated ver-
tices, then

0@ (G) < |V(G)).

Furthermore, for all maximum stable sets M, there exist disjoint sets
A;jcV(@forall j=1,...,|M]|,

such that
i) [MnAj=1forall j=1,..., M|,
(ii) GLA;] is a clique of order w.(G) foralli =1,..., | M|.

Remark (3.1.10). If G is a graph without isolated vertices, then w.(G) > 2.
Thus, if Conjecture (3.1.9) holds, then 2a(G) < |V(G)| when G is a B-graph
without isolated vertices. On the other hand, Theorem (3.1) implies that if
G is a B-graph without isolated vertices, then a(G) < 7(G). Since 7(G) =
|V(G)|— a(G), then Conjecture (3.1.9) implies the bound given in Theorem (3.1)
when G is a B-graph.

Remark (3.1.11). A weaker version of Conjecture (3.1.9) is given in [7] and
[8]. In these papers the authors prove that, if G is a graph with n vertices such
that every vertex belongs to a clique of cardinality ¢ + 1 and a stable set of
cardinality p + 1, then |V(G)| > p + g + v/4pq. Using our terminology, this
bound can be writen as

o,(@) + 0(G) — 2+ 2\/(UU(G) - Dou(G) - D < |V(G)].

Since 0, (G)+0,(G)—2+2V/(0,(G) — D)(,(G) — 1) < max{4(c,(G)—1), 4(0,(G)—
1)}, then in comparison with our bound, this bound is a bad lower bound for
the number of vertices of a B-graph G.

Remark (3.1.12). If we do not assume that G is a B-graph, then Conjec-
ture (3.1.9) is false. To see this fact, consider the following graph:

Ug U7

U4
U1 U3

U2

Us Us
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For this graph we have,
e a(G) = 4 because {vs, vg, U7, Ug} is a stable set,

e 0,(G) = 3 because {v1,vs, U7}, {ve, U7, Us}, {Us, U5, Us}, and {vy, Us, U6} are
stable sets,
e w,(G) = 3 because all the edges are in an induced K3,
e w(G) =4, 5,(G) = 3 and w,(G) = 3 because G = G, and
¢ (G is not a B-graph because 0,(G) = 3 # 4 = a(Q).
However,
w.(G)oy(G) = (3)(3) =9 > 8 =n.

Hypergraphs. A hypergraph H is a pair H = (V, £) where V is a set of el-
ements, called vertices, and £ is a set of non-empty subsets of V called hy-
peredges. We say that a hypergraph H = (V, £) is a r-uniform hypergraph if
|E| = rforall E € £&. A vertex v € V of a hypergraph H = (V, £) is called
isolated ifv ¢ E for all E € £.

A subset M of vertices of H is called a stable set if no two vertices in M
belong to a hyperedge of H. We say that M is a maximal stable set if it is
maximal with respect to inclusion. The stability number of a hypergraph H is
given by

a(H) = max{|M||M C V(H) is a stable set in H}.

The o,-cover number of a hypergraph H, denoted by o,(H), is the maxi-
mum natural number m such that every vertex of H belongs to a maximal
independent set of H with at least m vertices.

The next conjecture was stated in [13], Conjecture 3.2.12.

Conjecture (3.1.13). Let H = (V, &) be a r-uniform hypergraph without iso-
lated vertices. If 0,(H) = a(H), then

ro,(H) < |V|.

The last conjecture follows from Conjecture (3.1.9) by the following argu-
ment: Let H be a hypergraph and consider the graph G(H) defined on the
same vertex set of H and for which vy, ve € G(H) are adjacent if and only if
they are adjacent in H.

Clearly G(H) has the same stability number as H. Also, observe that G(H)
and H have the same o,-cover number. Moreover, if H is a r-uniform hyper-
graph, then r < w.(G(H)). Applying Conjecture (3.1.9) to the graph G(H), we
have that

roy(H) < w(G(H))o,(G(H)) < |V|.
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SOME REMARKS ON ROBIN’S INEQUALITY

ALEKSANDER GRYTCZUK

ABSTRACT. Inthis paper we give an elementary and short proofthat the Robin
inequality (R): o(n) < eYnloglogn is true under some condition. Namely,
we prove that for every positive integers n = 2°m, « > 2, (2,m) = 1 and
m = miM > %eeg the inequality (R) is true if the integer m; of the form
. . . l+a;
my = p;'py?, satisfies the inequality I(m;) = ?:1(1 — 1/pj+”‘1) < %. For
n = 2m, (2,m) = 1 where m > % and for such m inequality (R) has been
proved in our paper [4]. The Robin inequality (R) for all positive integers n >
5041 implies Riemann Hypothesis. The positive integers n € [5041, eeg) also
satisfy the inequality (R). This fact has been checked by computer calculation.

1. Introduction

The Riemann zeta function {(s) for s = o + it is defined by the Dirichlet

series
1
{(s) = Z s’
n=1
which converges for o > 1 and it has analytic continuation to the complex
plane with one singularity, a simple pole with residue 1. In 1859 Riemann [11]
conjectured that the nonreal zeros of the Riemann zeta function {(s) all lie on
the line s = % + it.
The connection of the Riemann hypothesis with prime numbers has been
considered by Gauss. Let
Nw= ) 1,

1<p<x

then it is well-known that the Riemann hypothesis is equivalent to the asser-
tion that for each & > 0 there is a positive constant C = c(e) such that

IH(x) — Li(x)| < c(e)x? ™,
where
Todt
2 logt’
The Riemann zeta-function is a special case of an L-function. These L-
functions are connected with many important and difficult problems in num-
ber theory, algebraic geometry, topology, representation theory and modern

physics, see: Berry and Keating [1], Katz and Sarnak [7], Murty [9]. It is
known that the Riemann hypothesis is related to estimates of error terms

Li(x) =

2010 Mathematics Subject Classification: Primary 11A25, Secondary 11 M26.
Keywords and phrases: sum of divisors function, Riemann Hypothesis, Robin criterion.
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associated with the Farey sequence of reduced fractions in the unit interval.
Important examples connected with these problem have been given by Yoshi-
moto in the papers [14], [15], [16] and Kanemitsu and Yoshimoto [5], [6].

In 1984 Robin [12] proved a very interesting and important criterion:

CRITERION (1.1) (Robin). The Riemann Hypothesis is true if and only if
R) o(n) <e’nloglogn,
for all positive integers n > 5041, where
ocn)=> 4,
dln
and vy = 0.57728 is Euler’s constant.
In 2002 Lagarias [8] proved the following criterion:

CRITERION (1.2) (Lagarias). Let H, = 1+ % +t % The Riemann Hypoth-
esis is true if and only if

L) o(n) < H, +expH,log H,,
for each positive integer n > 1, and with equality in (L) only for n = 1.

In the same paper Lagarias proved that for all positive integers n > 3 we
have

(Ly) e"nloglogn < exp H, log H,.

From (L), (I;) and (R) follows that Lagarias’ criterion is an extension of
the Robin criterion. Many others criterions and important results connected
with the Riemann hypothesis have been proved and these results have been
described by Conrey in [2].

In our paper [4] we gave an elementary proof that the Robin inequality (R)
is true for all even positive integers n = 2m, (2, m) = 1 such that m > 3—29 is
odd. Namely, the following result has been proved in [4]:

THEOREM (1.3) ([4]). Let n = 2m, (2,m) = 1. Then for all odd positive
9

integers m > % we have

(1.4) o(2m) < i—ge72m log log 2m,
and
(1.5) o(m) < emloglog m.

In the proof of this result use was made of the following Rosser-Schoenfeld’s
inequality ([13], [10], p. 169):

n 2.5
1.6 —— <e”(logl _—
(1.6 @(n)_e <og Ogn+e710glogn>’
where ¢ is the Euler totient function and Theorem (1.3) is true for all positive
integers n > 3exceptn =2 x 3 x 5 x 7 x 11 x 13 x 19 x 23. In this case the
constant ¢ = 2.5 must be replaced by the constant ¢; = 2.50637 < 2.51. Hence,
for all positive integers n > 3 we have
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n 251
1. —— < e”logl 1+ —— ).
(1.7 o) < e”log ogn< +e7(loglogn)2>
Letn = H§:1 pjfj , pj € P, where P is the set of prime numbers and «; > 1
are integers for each j =1,2,..., k.
The following identity has been used in the proof of the Theorem (1.3):

o(n) h 1 n
1. — = 1- — )| —
(1.8) " E< )¢(n),

1+a;
p j+ !
where o is the sum divisors function and ¢ is the Euler totient function.

We note that in a recently published paper [3] by Choie, Lichardopol, Moree
and Solé has been proved that if n > 37 does not satisfy Robin’s criterion it
must be even and is neither squarefree nor squarefull, moreover that n must be
divisible by a fifth power > 1. As a consequence they proved that the Riemann
Hypothesis holds true iff every natural number divisible by a fifth power > 1
satisfies Robin’s inequality.

In this paper under some condition we give a short proof of the Robin in-
equality (R) for the remains case. Namely, we prove the following theorem:

THEOREM (1.9). The Robin inequality (R) is true for all positive integers
n = 2%m, where 2,m) =1, a > 2and m = mM > %eeg, if for odd positive
integer my, such that o(mi) = 2, where w(m,) is the number of all distinct
primes of my, the inequality

2
1 49
I(ml) = H(l — 1+01J> < %
Jj=1 pj
is satisfied.

2. Basic lemmas

In the proof of the Theorem (1.9) we use of the following Lemmas:

LEMMA (2.1). Let n = 2*°m, (2, m) = 1, and w(m) is the number of distinct
primes of m. If w(m) = 1, then for every odd positive integer m > %eez and each
fixed integer a > 2, we have
(2.2) o(2°m) < e"2°mlog log 2*m.

LEMMA (2.3) ([4], Thm. 2). If for each odd positive integer m > my the
following inequality
(2.4) o(2m) < %e”Zm log log 2m

is true, then for all integers n = 2°m, (2, m) = 1, m > mg and every fixed integer
a > 2 we have

(2.5) o(2°m) < e”2*mlog log 2*m.
Proof of Lemma (2.1). First we note thatifn = 2*m, (2, m) = 1 and w(m) =
1,m> %eez then we have

(2.6) m=p',a>2 and p;* > %eez.
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Since
p1+a1 _ 1
@D olm) = o@atm) — @ - Do) = (2071 - 1) P,
—

then by (2.6), (2.7) and the fact that p; — 1 > % p1 it follows that
(2.8) o (2°m) < 2971 gpi‘l =3x2°m.

On the other hand by the assumption it follows that 2¢m > 22 x %eez > e
Hence, we have
(2.9) ¢’ loglog 2*m > 1.6logloge” > 1.6 x 2 = 3.2 > 3.
From (2.9) and (2.8) we get
o (2°m) < e'2mloglog 2°m,
and the proof of the Lemma (2.1) is finished. O

LEMMA (2.10). Let m be an odd positive integer and let m = Hle p;‘j, If

I(m)+ m < 1, for m > m,, where I(m) = H?Zl (1 — llaj) then
p

ag(2m)
2m
Proof. From the identity (1.8), Rosser-Schoenfeld’s inequality (1.6) and the
assumption of the Lemma (2.10) it follows that
o(2m 3 2.51
.(2m ) < Zl(m) <1 + e?(log log 2m)?
Since I(m) < 1 then by the assumption of the Lemma (2.10) it follows that
2.51 2.51
e?(log log 2m)>? e?(log log 2m)>2 <
Hence, from (2.13) and (2.12) we obtain the inequality 2.11. O

(2.11)

3
< Ze’ log log 2m.

(2.12)

> e? log log 2m.

(2.13) I(m) (1 + > < I(m)+

LEMMA (2.14). Let n = 2my and my be an odd positive integer such that
w(my) = 2. Then for mq{ > %eeS we have

o 2m1) < Zey log log 2m;.

(2.15) oy

Proof. From the assumption of Lemma (2.14) we have that m; = p]' py* and
we get

o2mi) _ o2o(mi) 3 (pit — 1y(pkte — 1)

2.16 = = .
( ) 2my 2my 2 pI'pe*(p1 — D(p2 — 1)
Since

2 4
@ID pi-125p, p-12gpe ™ —1<p’™, p™-1<p™
then by (2.17) and (2.16) it follows that

o@my) 3 3 5 3 1

(2.18) oy <§x§x1f1><?.
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On the other hand since e” > 1.6 and 2m > eeg, hence
1
(2.19) e’loglog2m; > 1.6 x 3 =4.8 > Z5

From (2.18) and (2.19) we get
o@2my) 3 15 3
om, < 157 < 1° log log 2m,

and the proof of Lemma (2.14) is complete. O

(2.20)

3. Proof of the Theorem (1.9)

From Lemma (2.1), Lemma (2.3) and Lemma (2.14) follows that we can
assume that w(m) = &k > 2. Applylng Lemma (2.3) we prove the inequality
(2.4) for all odd positive integers m > e

Let n =2m, (2, m) =1 and let

k k 1
(3.1) m=[]py I(m)—H(l 1+a> k= w(m) > 2.
1 s P
From the identity (1.8) we obtain
o(2m) 3 om
2m (1 - 7)1( m) om) (2 ) Zl(m)go(Zm)'

Now, applying to (zz’fn ; the Rosser-Schoenfeld inequality (1.7) we get

o2m) 3 2.51 ,

On the other hand by the assumption that m > %eeg and the inequality e” > 1.6,
a > 2, it follows that

1 ,\°
3.3) ¢ (loglog2m)® > 1.6 (log log 2 x e ) > 1.6 x 81 > 50 x 2.51.
From (3.3) we get
2.51 1
— 3 < —=.
e” (loglog 2m) 50
Since w(m) > 2, then we have m = m1 M, where w(m1) = 2. Moreover, we have
k

(3.5) 1m) =] <1 - 11“) — Im)I(M).

J=1 p;

(3.4)

By the assumption of the Theorem (1.9) it follows that I(m) < %, thus from
(3.5) we obtain

49 49
because I(M) < 1.
From (3.6) and (3.4) we have
3.7 Imyy——221 49 1

e’(loglog2m)? ~ 50 50
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By (3.7), (3.2) and Lemma (2.10) it follows that

o(2m)
2m

From (3.8) and Lemma (2.3) we obtain that the proof of the Theorem (1.9) is
complete. O

2.51

(3.8) e(log log 2m)2

< ze“/ log log 2m x (I(m) + ) < %e” log log 2m.

Acknowledgment

I would like to thank the Referee for his valuable remarks for the improve-
ment of this paper.

DEPARTMENT OF NUMBER THEORY AND MATHEMATICAL TEACHING
FAacuLTY OF MATHEMATICS, COMPUTER SCIENCE AND ECONOMETRICS
UNIVERSITY OF ZIELONA GORA

UL. PROF.SZAFRANA 4A

65-516 ZIELONA GORA, POLAND

DEPARTMENT OF MATHEMATICS AND APPLICATIONS
JAN PAWEL IT WESTERN HIGHER SCHOOL OF
INTERNATIONAL MARKETING AND FINANCE

IN ZIELONA GORA,

UL. PLAC SLOWIANSKI 9

65-069 ZIELONA GORA,POLAND

E-MAIL: algrytczuk@onet.pl,
A.GRYTCZUK@WMIE.UZ.ZGORA.PL

Received January 21, 2009,
Final version received May 25, 2010

REFERENCES

[1] M. V. BERRY AND J. P. KEATING, The Riemann zeros and eigenvalue asymptotics, SIAM
Review 41 (1999) 236-266.

[2] J. B. CONREY, The Riemann hypothesis, Notices Amer. Math. Soc. 50 (2003), 341-353.

[3] Y.d. CHOIE, N. LICHARDOPOL, P. MOREE AND P. SOLE’, On Robin’s criterion for the Riemann
hypothesis, J. Théorie des Nombres de Bordeaux, 19 (2007) 357-372.

[4] GRYTCZUK A., Upper bound for sum of divisors function and the Riemann hypothesis, Tsukuba
J.Math.31.1(2007) 67-75.

[56] S. KANEMITSU AND M. YOSHIMOTO, Farey series and the Rieman hypothesis, Acta Arith. 75
(1996), 351-374.

[6] S. KANEMITSU AND M. YOSHIMOTO, Farey series and the Riemann hypothesis 111, Ramanujan
J.1(1997) 363-378.

[7] N. KAaTZ AND P. SARNAK, Zeros of zeta functions and symmetry, Bull. Amer. Math. Soc. 36
(1999), 1-26.

[8] J. C. LAGARIAS, An elementary problem equivalent to the Riemann hypothesis, Amer. Math.
Monthly, 109 (2002), 534—-543.

[9] M. R. MURTY, A motivated introduction to the Laglands program, in: Advances in Number
Theory, Oxford Univ. Press, 1993, 37-66.

[10] P. RiBENBOIM, The Little Book of Big Primes, Springer-Verlag, 1991 (Polish edition, WNT
Warszawa,1997).
[11] B. RIEMANN, Ueber die Anzahl der Primzahlen unter einer gegebenen Grésse, Monatsber.

Akad. Berlin (1859), 671-680.



SOME REMARKS ON ROBIN’S INEQUALITY 101

[12] G. ROBIN, Grandes valeurs de la fonction somme des diviseurs et hypothése de Riemann, J.
Math. Pures Appl. 63 (1984), 187-213.

[13] J. B. ROSSER AND L. SCHOENFELD, Approximate formulas for some functions of prime num-
bers, Illinois J. Math. 6 (1962), 64-94.

[14] M. YOSHIMOTO, Farey series and the Riemann hypothesis II, Acta math. Hung. 78 (1990),
287-304.

[15] M. YOSHIMOTO, Farey series and the Riemann hypothesis IV, Acta Math. Hung. 87 (2000),
109-119.

[16] M. YOSHIMOTO, Abelian theorems, Farey series and the Riemann hypothesis, Ramanujan J.
8(2004), 131-145.



Bol. Soc. Mat. Mexicana (3) Vol. 16, 2010

ON THE CHARACTERIZATION OF THE KNEADING SEQUENCES
ASSOCIATED TO INJECTIVE LORENZ MAPS OF THE INTERVAL
AND TO ORIENTATION PRESERVING HOMEOMORPHISMS OF
THE CIRCLE

Dedicated to Michael Robert Hermann (1942-2000)

RAFAEL LABARCA AND LAUTARO VASQUEZ

ABSTRACT. In this paper we characterize the kneading sequences associated
to injective Lorenz maps of the interval and to orientation preserving homeo-
morphisms of the circle.

1. Introduction

It is well known that the evolution of many processes can be dynamically
explained by the iteration of a map on a interval (see for instance [7], [19]). In
several other situations the dynamics of a higher dimensional system can be
reduced to the study of a map defined on an interval (see for instance [2], [6],
[9]1,[15], [14]). This is the case for the geometric model which R.F. Williams [20]
proposes to explain the existence of the strange attractor numerically detected
by E. N. Lorenz [17] for a quadratic vector field defined on R3. By assuming that
certain foliations remain invariant by the Poincaré map associated to a doubly
homoclinic loop of the vector field, the behavior of the flow in a neighborhood of
the loop can be understood from the iteration of a map defined on an interval.
In figure 1 we give a sketch of the geometric Lorenz attractor and in figure 2
we represent the one dimensional model associated to the attractor according
to the orientation of the vector field along the homoclinic loop.

The increasing and discontinuous one dimensional map given in figure 2 was
used by Guckenheimer and Williams ([6]) to show the existence of uncountable
many classes of non-equivalent geometric Lorenz attractors. The evidence of
the non-equivalence follows from the kneading sequences associated to these
one dimensional maps: Each one of these maps is semi-conjugated to an or-
dered subshift of the shift map, o, defined on the set, 25, of sequences 0: Ny —
{0, 1} endowed with the metric d(0, &) = %, where n = min{k € N : 0, # &}
and Ny = NU{0}. In fact, if we consider in 3 the lexicographical order (6 < « if
0, =a;,1=0,1,...,k—1and 0, = 0, @, = 1) we can define the minimal (resp.
maximal) sequences in 3 as those a € 3 (resp. b € 3) such that oi(a) > a
(resp. o'(b) < b) for alli € N (here 3; = {# € 35 : 6(0) = i},i =0, 1). For a,
b € 3y let [a,b] = {0 € 33;a¢ < 0 < b} be the closed interval defined by the

2010 Mathematics Subject Classification: Primary: 37E05, 37B10. Secondary: 37E10.

Keywords and phrases: lexicographical world, kneading sequences, Lorenz maps.
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Figure |I. Geometric Lorenz attractor

C C

Figure 2. One-dimensional return map

lexicographical order in 35. Let Miny (resp. Maxs) denote the set of minimal
(resp. maximal) sequences in 3, (resp. 21). We define the Lexicographical
world (see [11, 12] and [13]) as LW = {(a, b) € Miny x Maxy, {a, b} C 3la, b1}
where

Sla, bl = () o~ (la, 0b] U[1a, b))
=0
= {6 e€3y: 09 € a,0b]U[1a, b] for all i € Ny}.

The ordered subshifts mentioned above are, precisely, those of the form
3[a, b]. In fact, since there are uncountably many different (a, b) € LW then
there are uncountable many geometric Lorenz flows, as Guckenheimer and
William showed.

We observe that these ordered subshifts not only modelled Geometric Lorenz
flows. In fact, let 0 < ¢ < 1 and DC, be the set of those maps f: ([0, 1]\ {c}) —
[0, 1] such that

1. flio, and fie,17 are continuous increasing maps,
2. f(c7)=1and f(c")=0.
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For f € DC, let
A = ([o, 1\ f”(c)) c [0, 1]

n=0

the “continuity” set of the map f. Associated to any x € A, (see section 2),
there is an itinerary Ir(x) € 2y such that o o Ir(x) = I o f(x) for any x €
Ay. These itineraries allow us to define I f(xi), for any x € [0, 1] and the set
Jr = {Iy(x*) : x € [0, 1]}. It is not hard to prove that J; = 3([ay, br]) where
ar = I(0") and by = I(17) are the kneading sequences associated to the map
f. So the dynamic of the ordered subshift o: 2[ay, by] — Zlay, br] essentially
represents the dynamic of any f € DC, any 0 < ¢ < 1.

For elements in DC, there are (at least) three degrees of complexity for the

dynamics of its elements that are:

(C1p) DC(1)={f € DC. : f(0) > f(1)};

(Cy) DC.(2) = {f € DC, : f(0) = f(1)} and

(Cs) DC.(3) ={f € DC,. : f(0) < f(D}.

Maps in C; and Cy may have the same combinatorial dynamics but it is cer-
tainly different from the combinatorial dynamics that presents the elements in
Cs. The difference, in the combinatorial dynamics, comes from the sequences
(ar, br) € LW that elements in DC.(1) U DC.(2) and DC.(3) may attach.

In the present work we present a classification of all the possible sequences
as € Miny that can be attached by the elements in DC.(1) U DC.(2). Clearly, a
similar result is true for the sequences b, € Max, as we will make clear at the
end of the work.

In a forthcoming paper( see [16]) we will present a classification of all pos-
sible sequences a; € Miny that can be attached by the elements in DC.(3).

2. Statement of the Main result
For § € 35 and k € N such that 6,,; = 6;, for j € N we will write § =
Oy --- 9k—1~ Ifa= ap- - p_1aQp We will denote a, =ap--- ak—lbk with bk 75 ag.
Let a1, as be two periodic sequences in X3. The sequence m(ay, az) = aias
will be called the average of the sequences a; and ag. Forastringa = ao - cap,
k > 0 we will denote by a” the string a ---a (n times). For a subset A C 2,

whose points are isolated we will say that a1, as € A are consecutive if a; < ag
and there is not a € A such that a1 < a < as.

Examples. For a; = 01, ag = 011 we have m(a1, az) = 01011 and a; and ay
are consecutive sequences in the set

Ay =1{0"1,01": n e N} ={...,0001, 001, 01, 011, 0111, ...}
Let us consider Ay as in the example and define
Api1=A,U{mla1,as): a1,as € A, and a; < ag are consecutives}

for any n > 0.

oo
Let A = U A,,. The aim of the present work is to prove
n=0

THEOREM (2.1). The set KDC, = {a; € 3 : f € (DC.(2)UDC.(1))} = A..
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It is not hard to see that for any R,: [0,1] — [0,1], 0 < a < 1 such that
R(x)=x+aif0<x<l-aand R,(x) =x+a—1if1 —a < x <1, there
is f, € DC.(2) and an homeomorphism H : [0, 1] — [0, 1] such that H(0) = 0,
H1l—-a) =c¢, H1l) =1and H o R, o H (x) = f.(x). Clearly the rotation
number of R, (when considered as a map S! — S!) is «, and consequently the
rotation number of f,, is a. It is not hard to see that for a, = a;, and for
m(n) = # {number one presents in ag - --a,_1} that

lim 7m(n) =

n—oo RN

For instance, for the canonical family f : S — S! given by f,(x) = (x +
T + bsin(2wx)) mod 1, it is well known that for b < 1 the map f,; is an
orientation preserving homeomorphism of the circle and a description of the
set T, = {(r, b) : rotation number(f,;) = r} C {(r,b) : 7 < 1} is known. For
rational r these sets are known as the “Arnold tongue of rational number r”
(see[1]) and for r irrational these sets are curves with the following remarkable
property: for fixed b the set 7. N {(r,b) : 0 < 7 < 1} has positive Lebesgue
measure (see [8]). This canonical family is homologous to a family £, ;, € DC.(2)
and the two parameter family of sequences a(r, b) = ay, can be used, instead
of the rotation number, to parameterize the bifurcation diagram associated to
the canonical family (f; ;) such that 0 < 7 < 1, 0 < b < 1 (compare with [3]
and [5)]).

The good news is that this parametrization for the bifurcation diagram, for
two parameter families of elements in DC.(2), can be extended to parameter-
ized families in DC.(2) U DC.(3) as it is shown in [11] and [12].We will present
the exact scope of this extension in a forthcoming work (see [16]).

Remark: The search for the characterization of the kneading sequences of
maps in DC, in not new. In fact, it has a long history as may be appreciated in
[18] and the references there in. Nevertheless, our approach is certainly new.

For instance, some differences between our approach and those described
in [18] include the followings: (a) our presentation of the set of itineraries
associated to elements in DC.(2) is simpler than the representation given in
[18]; (b) our presentation is more explicit (with respect to the sequences that
effectively belongs to KDC,.) and (c) our presentation applies to elements in
DC.(3) (as we will shown in a forth coming paper, see [16])

The sequence of this paper is organized as follows: In section 3 we introduce
the lexicographical world, describe the set DC, and we prove the realization
lemma for elements in DC.(2). In section 4 prove some properties of the set
A, and in section 5 we will prove our main result.

3. Symbolic dynamics for Lorenz maps

(3.1) The set DC,. In the sequel DC, will denote the set of maps f : ([0, 1]\
{c}) — [0, 1] such that

1. fio and fy,1) are continuous and increasing maps,

2. flc™) =limy. f(x) =1, f(c™) = lim, . f(x) =
For elements f, g € DC, we can define d(f, g) = sup{|f(x) — gx)| : x €
[0, c[} + sup{|f(x) — gx)| : x €lc, 11}. Since flio,f and glio,q (resp. flie1 and
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&lie11) can be extended (in a unique way) to continuous increasing maps f,
g:[0,c] —[0,1] (resp. f, &: [c, 1] — [0, 1]) such that

1. f(c) = g(c) = 1 (resp. f(c) = &(c) = 0) and
2. sup{[f(x) — gx)| : x € [0,c]} = sup{|f(x) — gx)| : x € [0,c[} (resp.
sup{|f(x) — 8x)| : x € [¢, 11} = sup{|f(x) — gx)| : x €lc, 11})
then we conclude that d: DC. x DC, — [0, 1] is a metric and (DC,, d) is a
complete metric space.

(3.2) The Lexicographical order. Let 35 denote the set of sequences 6 :
N — {0, 1} endowed with the topology given by the metric d(«, B) = 2—1” where
n =min{k : a; # B}. Let o : 9 — 35 be the shift map (6o, 61, 0s,...) =
(61, 09, ...). Let 3y and 31 denote the sets {# €35 : 0p =0} and {# € 25 : 0y =
1}, respectively. It is clear that 35 = 2 U 21 and that the restriction o|s, :
3; — 29,1 =0, 1is an homeomorphism. In 3, we consider the lexicographical
order § < afor any 0 € Xy and a € 37 or 0 < « if there is n € N such that
0;=a;fort=0,1,2,...,n—1and 0, = 0and a,, = 1.

For a, B € 29 we define a < Bif a < B or @ = B. In this situation, o < 8, we
define

Sle, Bl={0 € 3y: a < o'(h) < Bforalli € No} = (| o "(la, 081U [1a, B]).

n=0

(8.3) The set X, ;. For f € DC let

T = ([0, 17\ G f‘j({c}))

J=0

denote the set of “continuity” of the map. For x € I'; we define Ir(x) € 3 by
Ir(x)@) =0 if fi(x) < c and Ir(x)@) =1 if fi(x) > c.
For x = ¢ we define Iy(c™) = limyjexer, Ir(x) and Ir(c™) = llimr Ir(x).
xlexel’y

In the same way to any x € U2, f ~/({c}) such that f'(x) # ¢, 0 < i < nand
f™(x) = ¢ we associate the sequences I;(x*) = (Is(x)(0), ..., Ir(x)(n — 1), Is(c*))
where Iy(x)(i) = 0 if fi(x) < c and I(x)@) =1 if fi(x) > cfor0<i<n.

For x € I'y we define Ip(x*) = Ir(x). Let Iy = {I;(x*) : x € [0,1]} and let
us denote by ay = I;(0"), by = I;(17). The following lemma is a classical fact
that associate an ordered symbolic dynamical system to a Lorenz map on the
interval via kneading sequences. See, for instance [10] or [13].

LEMMA (31) If = E[Gf, bf]

Let f, g € DC.. We will say that f has essentially the same dynamics as
g if Iy = I,. We observe that, in this situation, up to the existence of some
intervals where the itineraries of the points are the same, the dynamics of the
maps f and g are topologically equivalent (see [4] and [10]).

(3.4) The Lexicographical world. Let Miny = {a € 3 : o*(a) > a for all
k € N} and Maxy = {b € 3; : o*(b) < b for all £ € N}. The elements in Miny
(resp. Maxy) will be called minimal (resp. maximal).
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Notes:
1. Mins and Maxs are closed sets in 3.
2. Assume a € Ming N3 is a periodic sequence with period ag - - - a, then
for £ > 1 we have ap = 0 and a; = 1.
3. Assume b € Maxy N2 is a periodic sequence with period b - - - b;, then
for £ > 1 we have by = 1 and &, = 0.
The set LW = {(a,b) € Ming x Maxg : {a, b} C 3[a, b]} will be called the
lexicographical world.

(3.5) The realization lemma. Let us consider (a, b) € LW. The following
result was proved in [10] and [13].

PROPOSITION (3.2). There is f € DC, such that Iy = 3la, bl.
In this work we will prove the following

PROPOSITION (3.3). For any a € A there is an element f € DC.(2) such
that

1. flo.er and flic1) are injective,

2. af = a and by = max{c'(a): i € N}.
That is, any element in A is realized as the ay—kneading sequence of some
element f € DC.(2) that induces an homeomorphism F : S — S,

Proof. Let ap < a1 < -+ < Gyt = ap < 01 < 10 < bgyy = bpy1 < --- <
by, = b(a) = max{c(a) : i € N} denote consecutive elements in the finite orbit
{d/(a): j € N} = {a, 0(a), c%(a), ..., " a)}.

Consider closed intervals Ly, L1, ..., L such that

k
(UL =101}, min(Lo) = 0,

j=0
max(Lo) = min(Ly), ..., max(Lp) = ¢ = min(L, 1),
max(L,y1) = min(Lpy9), ..., max(L_1) = min(L;) and
max(L;) = 1.

Here min[x, y] = x and max[x, y] = y.
Now define a map f which is continuous and strictly increasing and satisfies:

f(Lp+1) = Lo, f(Lp+2) =L..., f(Lk) = kapfl; f(LO) _ kap;
FL) = Lipons . L) = L
Clearly f € DC,(2) satisfy 1 and 2. -

COROLLARY (3.4). Let a € (@ \ ADO) then there is a map f € DC.(2) that
satisfies

1. flioe and fli,11 are injective;

2. ar = a and by = b(a) = sup{c(a) : i € N}.

Proof. Take a sequence (a,) C A, such that lim a, = a. Let (f,) € DC.(2)

the sequence constructed as in the proposition. Itis clear that this construction
can be realized in such way that the extension (f},), f : [0,c] — [0, 1] and
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fn : [, 1] — [0, 1] form a Cauchy sequence. Its limits in DC.(2) satisfies 1
and 2. O

As a consequence of proposition 3.3 and its corollary we have
COROLLARY (3.5). Ao C KDC..

(3.6) The renormalization map. Let a = ao---a, and b = by - - - b, be two
different strings of 0’s and 1’s such that ¢ < b. Let 2(a, b) denote the set of
sequences 6 : N — {a, b} with the induced topology as a subset of 3.

The renormalization map R, ;: %2 — 2(a, b)is defined by R, ;(co, c1, ca, ...) =
(g, €1, Co,...) Where¢; = aifc;=0andc¢; =bifc, =1

Examples. R, (01) = ab, Ry1,1(011) = 0111, Ry :(011) = 00101.
It is clear that the renormalization map is continuous and bijective.

LEMMA (3.6). Assume a < Bin g then R, p(a) < R, ,(B)in 2g. (That is: the
renormalization map is order preserving.)

Proof. If length(a) = k& = p =length(b) then the result is obvious. In fact
for somer < k=pwehavea; =b,,0<i<randa,=0,b.=1. Sincea <
then there is ny such that «; = B; for 0 < i < np and a,, = 0,B,, = 1. So

ab(a) (a(), .. Oéno 1, Qa, L)< Ra b(B) (ao, e Oéno 1, b, o).

Assume length(a) = k < p =length(d). If for some r < k we have a, # b,
then the result follows as in the previous case.

So, let us assume that b = a®bgp, ..., b, with 0 < p — sk < k. If by, # a;
for some 0 < i < p — sk then the result follows as in the previous case.

Assume bg,,; = a;, 0 < i < p — sk. In this condition, and because a < b, we
musthaveag - - - a,_s00 - - Qs41)k—p—1 > Qo - - - ), and, consequently, ba > astl
which imply ba > ab. So, we have ¢ < ab < ba < b. Inductively, for any
0001 --- 0, with 6; € {a,b} we have 6y---0ra < 6y---0rab < 6y---0rba <

0---0rb.

Now, any o = ag - - - @30y o - - - satisfy

Rop(@) = &g+ apady, g € lag - - aza, & - - - azabl
and any
B=oao - aplPpi2---
satisfy
Rop(B) =ap- - 51ka1¢,+2 - €lag---agba, ag - - - aybl.
In particular, R, (o) < R, 5(B).
The case length(a) = k >length(d) = p can be done in a similar way. O

LEMMA (3.7). Assume a € Ming then {Ryo1(a), Ro1,1(@)} C Ming. That is
Ry,01(Ming) C Ming and Ry;,1(Ming) C Mins.
Proof. Assume a € Ming is a periodic sequence. That is
a = 0ki1Pigke1pe ... k1P
Since o(a) > aforalli € Nwehave 0% 120%+11Pi+1 ... Qki-11Pi-1 > g for anyj =
1,2,...,r. Inparticular R0,01(Okf 125 - - Qki—11Pi-1) = Q% (Q1)P - - - Q-1 (O1)Pi-1 >
Ro01(@) = 0%(01)P10*2(01)2 - - - 0¥ (01" for any j = 1,2,...,r. Since any other




110 RAFAEL LABARCA AND LAUTARO VASQUEZ

o—iteration of Ry 1(a) start with (01) or 1 we have o-k(Ro,()l(a)) > Ry01(a) for
all 2 € N.
In a similar way we obtain the result for Ry, ;. O

4. Some properties of A,

Leta =ap---apand b = by - - - b, be two strings of zeros and ones. We define
the average of these two strings as the sequence m(a, b) = ab = ao - - - azbo- - by,
which is a periodic sequence.

LEMMA (4.1). Ifa =ao---ap, b=bg---b,aretwo strings such that a € Miny
and b € Ming and a < b then m(a, b) € Ming and a < m(a, b) < b.

Proof. Let us first prove the inequality. Assume a = ag...a; and b =
by . ..by, then the condition a < b implies that there exists i, 0 < i < k& such
that a; = 0 and b; = 1.So0, in this situation we easily get a < m(a, b) < b.

Let us now consider that ¢ = (0% 1/)y1(0*k1%2)2 . (0*%1%). The condition
a € Ming imply that k; < ke and k; = min{ky, ko, ..., ks}. Let us assume that
period(b) > period(a). Let us write b = bob;...bpand a = apa1 ... p. ...

Claim. In this situation there is i, 1 < i < p such that b; # «;.

In fact, otherwise by = ag, b1 = a1,..., b, = a,. hence, and without loss,
we can assume that b = ((0%114)1(0%21R)2  (0k1k) =)0k 1P, Let N = [(ky +
pur1 + (ke + po)ra - - - + (ks + ps)rslt then we have

oN(b) = 0k 1P ((0R 10y (021 l2y2 | (OF 15 )s)ioR1e |,

So, we must have oV(b) < b a contradiction with & € Miny. Therefore, in this
case, we obtain the claim.

In a similar way, for b = ((0%114)1(0*21%2)y2  (0%15)s)Y0* 1 for some 1 <
i <rporb= ((0k1h)y1(0k1k)2 (0%1%)s) (0" 1P) for some 1 < i < ry or
b = ((0F11h)y1(Ok21l2)y2 | (0Fs1b ) ) 0k 121y 1(0*2172) for some 1 < i < rg, we
obtain a contradiction with b € Min,.

Now, by the claim, we must have

a=ay...0;10...ap - =0apa1...0;00...Qp. ..

and

b:aoal...ai,ll...bp....
Assumingi =(k+ )p+Ilthena;_1 =0 and b = (ag...ar)Pag...a;_11. This
implies that

a=(ag...ap)’Mag...qi10;- - <ab=(ay...ar)’ tag...q;_11landab < b

as we announced.

Let us now prove that m(a, b) € Miny. So, assume @ = 0*11710%1P2 ... 0% 1P
and b = 041™0Q%21™2...04%1™ . Without loss of generality let us assume that
s> t.

Since a, b € Ming we have k; = max{k,..., k} and ;1 = max{ly,...,[;}.
Moreover the condition a < b imply /7 < k;.

We have ab = 01171 ... ks 1Pl ... Ol 1™,

For 1 <i<tputks,; =1[ and p;;; = m,.

We have ab = Ofi1mi ... Qks 1msQhst1 1Psv1 ... Ohste 1P,
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Note that if for some j, 1 < j < s + ¢ we have
0% 1PiQki+11Pi+1 . .. Qksie1PseQk11P1 . .. Qki-11Pi-1 < gb then we must have either
1. k1 < kj for some j € {2,3,...,s + ¢} and we contradicts a € Ming (2 <
Jj<s)orbe Ming(s+1<j<s-+t)or
2. k1 = kj for any j € {2,...,s + t}. In this situation p; > p; for some
J €1{2,...,s+¢t}. Hence we contradicts @ € Ming(2 < j < s)or b €
Ming(s+1<j <s+1).
Therefore: o'(ab) > ab for any i € N. O

Now, as in section 2, let Ay = {0"1,01" : n € N}, A,11 = A, U {m(a1, ag) :

a1, ag € A, are consecutive sequences} and A, = U A,.
n=0

COROLLARY (4.2). A, C Min,.

Proof. Clearly Ag C Ming. Assume A, C Min,. For a € A, ; we have
either a € A, or there are two consecutive sequences a; < ag such that a =
m(aq, az). In the first case a € Mins and in the second one ¢ € Miny by lemma
4.1. O

In order to prove the main result, we will give a different presentation of the
set A, for this we will construct inductively a set A, such that: (4,,\{0, 1}) =
A.

To do so, let us define Ay = {0, 1}, A; = Ro01(Ao) U Ro1,1(A¢) and A, 1 =
Ro,01(An) U Ro1,1(Ay) for n > 1.

Examples: A; = {0,01, 1}, A; = {0,001, 01,011, 1},
As ={0,0001, 001, 00101, 01,01011, 011, 0111, 1}
In general we note that #(A, 1) = 2#(A4,)—1=22"+1)—1=2""1 _1and

Ap = {AW1 B .. ARB(0), B+ Al - .. B2 AN (0),
A Bl ... AZZBll(l)’ Bl pgle ... BZZAll(l)}
forly,ly, ...,y suchthatly + -+ 1,y =nand A = Ryp1, B= Ro11

PROPOSITION (4.3). For Ay, = |_J Ay, we have Ay, = (A \ {0, 1}).
n=0

Proof. Let us initially prove that A, C A. In the sequel we will use the
notation 01 = A(1) = B(0).

For 0%1 € Ay we have 01 = 0*-101 = A(0*11) = A*-1(01) = A*(1).

For 01* € Ay wehave 01* = 011%*~1 = B(01*1) = B¥~1(01) = B*(0). Hence,
we get Ag C Ao.

Without loss of generality, let us show that A,N]A(01),01[C A, for any
n>1.

In fact, A1N]JA(01), 01[= {A(01)01} = {AB(01)} C A, and we have A; N
[A(01),01] = {A(01),01, AB(0O1)} C A

For (A2\A;) we have (A3\A1)N]A(01), 01[= {A(01)AB(01), AB(01)01} =
{A(01B(01)), 0010101} = {ABA(01), ABB(01)}. So, we get Ao N[A(01),01] =
{A(01),01, AB(01), ABA(01), ABB(01)}.
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For (A3\A2) we have
(A3\A9)NIA(01), 01[ = {A(01)ABA(01), ABA(01)AB(01), AB(01)ABB(01),
ABB(01)01}
= {ABAA(01), ABAB(01), ABBA(01), AB3(01)}.

So, we get
A3 N[A(01),01] = {A(01), 01, AB(01), ABA(01), ABB(01), ABA%(01),
ABAB(01), ABBA(01), AB3(01)}.

Hence, for n > 3 let us assume inductively that
A, N[A(01),01] = {A(01), 01, AB(01), ABA(01), ABB(01, ABA%(01),
ABAB(01), ABBA(01), ABB%*(01), ..., ABA"1(01),
ABA"2B(01), ABA"3BA(01), ABA"3B%(01), ...,
ABB"3A%(01), ABB" 3 AB(01), ABB" 2A(01),
ABB"1(01)} C A...
In this situation for (4,1\A,) we have
(Ani1\A,)NA(0D), 01[ = {A(01)ABA"1(01), ABA""1(01)ABA™%(01),
ABA"2(01)ABA"2B(01),
ABA"2B(01)ABA™3B(01), ...
ABB"2A(01)ABB™?(01),
ABB"%(01)ABB"'(01), ABB"'(01)01}
= {ABA™(01), ABA""1B(01), ABA"2BA(01),
ABA"2B%01),... ABB" ' A(01), ABB"(01)}.

We conclude that (4, 1\ A,)N]A(01), 01[C A.,. We proceed in a similar way to
show that A, N[A**1(01), A%(01)] C A, for i > 1. In this case we get

A, N[A"H(01), A'(0D)] = {A""1(01), A'(01), A’B(01), A'BA(01),
A'BB(01),..., A'BA"1(01), A'BA"2B(01),
A'BA"3BA(01), ..., AABB" 2A(01),
A'BB" 101D} C A...

We also can prove, simmilarly, that A, N [B*~1(01), B{(01)] ¢ A fori > 1.
So we conclude that A, C A, foralln > 1 and then A, C A.
Let us now prove that (4, \ {0, 1} C A,. Itis clear that

(AoUAlLJAzUAs\{Ql}) Cc A.

Let us assume that (U A\ {0, 1}) C Ax. Let a € (Ap41 )\ {0, 1}) we have

i=0
that @ = Ry 1(a) or a = Ry 1(a) for some a € A,. By the inductive hypothesis
we havea € A..
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For a = 0™1 we have
a = R11(0™1) = (01)™1 = (01"~ 011 = m(01, (01)™2011) € A

ora = R0,01(ﬂ) =07t S Aoo.
For a = 01™ we have

a = Ry,01(01™) = 0(01)™ = 001(01)™ ! = m(001(01)™~1,01) € A,

or o = R01,1(017m) = 011™ = 01™+! S AOC.

In all the other cases there is an m such that (i) 0"*11 < a < 0™1 or (ii)
01" < a < 011, Without loss of generality let us assume that (i) is the case.
In this situation @ € A, for some p € N and a = m(ay, ag) for a1, a9 € Ay
two consecutives sequences. We may have (*) 0711 < a; < ag < omtlioml
or (A)0™110™1 < a1 < ag < 0™1. Without loss of generality let us assume
that (*) is the case.

For a; = 0™1 we must have a2 = (0""11)»~10™1 and a = (0™*11)?0™1. In
this situation for @ we have either

a = Ryo1 ((0"11)P0™1) = (0™ 2 1)P0™ 1 € A,

or
a = Rop1 ((0™11)P0™1) = (0™ 1 1)P(01)™1
= ((01)™011)”(01)" 1011 € A..

For a; = (0™*11)»~10™1 we must have as = (0™t11)P~20™1 and

a = (Oerl l)pflom 1(0m+1 1)p720m 1.

Hence, for o we have either
a= RO,OI ((0m+11)p710m1(0m+11)p720m1)
_ (Om+21)p710m+1 1(0m+2 1)p720m+11
= m ((0™21)P~10™ 11, (0" 21)P~20™"11) € A),

since (0"*21)»~10™*11 and (0"*21)»~20™*11 are consecutives sequences in
A, qor

a = Rop1 (0™ 11)P~10m1(0™ 1 1)P~20™1)
= ((op™ 1P~ tonm1(on™ 12 (0D™1
= ((01)™011)P~101)™1011((01)"011)*~2(01)™ 101
= m(((01)™011)*~101)"1011, ((01)"011)*~2(01)"1011) € A..

For a; = (0mt11)»~20™1 we must have as = (0"+11)»—20m1(0™*11)P—30m1
and o = (07t11)P—20m1(0m+11)P—20m1(0™+11)»—30™1. In this case for a we
have either

a = RO,Ol(a) _ (Om+21)p—20m+1 1(0m+21)p—20m+1 1(0m+2 1)p—30m+11
— m((0m+21)p720m+11’ (Om+21)p720m+11(0m+21)p730m+11) c Aoo
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or
a = Ro11(a) = ((01)™011)P~2(01)™~to11((01)™011)P—3(01)™ 1011
= m(((01)™011)P~2(01y™~ 1011, (01011 ~3(01)"~1011) € A..

For a; = (0mt11)P—20™1(0™+11)?—30™1 we must have ay = (0"+11)»—30™1.
So, we get a = (0™+11)P~20™1((0™+11)P~30™1)2. Therefore, for « we have either

a = Ropi(a) = (0" 21)P~20™ 1 1((0™ 1P —30m 112
= m((0™21)P~20m 110" 21)P30m L, (0 21)P20m ) € Ao,

or
a = Ro11(a) = ((01™011)P~2(01)™011(((01)™011)P~3(01)™~1011)?
= m(((01y™011)*~2(01)™011((01)™011)*~3(01)™ 011,
((01™011)P~3(01)™'011)
cA,.
In the same way we prove the result for
(0™11)'0™1 < a1 < ag < (0™11)"10™1

two consecutive sequencesin A,_;fori=p—-3,p—2,...,2.
We proceed in a similar way for the case (A).
Therefore, we conclude that @ € A, for any o € A, 1\ {0, 1}. O

5. Proof of the main result

Let us now define A C Ming by A = {a € Ming : a(a) > o(Sup{c*(a): k¢
NP}. It is not hard to prove that A is a closed set.
Let us now prove the following

PrOPOSITION (5.1). A= A...

Proof. To prove the inclusion A,, C A we proceed as in the proposition
3.3. That is: initially we prove that Ay C A, we assume, inductively, that
ApU---UA, C Aand we prove, exhaustively, that (A,,1 \ A,) C A. Hence,
we conclude A, C A. -

So, let us prove that A C A..

Let a € A and b(a) = sup{ci(a) : i € N}.

For a = 01 we have o(a) = 1, b(a) = 1 and a € A. Since a = lim,,_,, 01”.
We have that a € A..

For a = 0 we have o(a) = a and b(a) = a. Since a = lim,,_,.. 0*1. We have
a€A..

For any other a € A there is n € N such that 0711 < a < 0*1or 01" < a
01n+1_

Without loss of generality let us assume that 0**'1 < a < 0"1.

For @ = 0"1 we have o(a) = 0"~!10 and b(a) = 10". So, o(b(a)) = 0"1 =
a < o(a).

That is a € A. The same is true for a = 0%11.

Since, by definition, we have 0"*11 € A, and 0”1 € A, we have a € A
in these cases.

IN
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Let us assume that 0"*11 < a < 0"1. It is clear that b(a) # 1. In fact,
otherwise o(b(a)) = 1 > o(a) since 0”1 < o(a) < 0*~110"1. So, we must have
bla) < 1.

We note, in this case, that ¢ cannot have two consecutive ones. In fact, for
a=0"111... wehaveo(a) = 0"11.... If b(a) > 110 ... then o(b(a)) > 10 >
o(a), a contradiction.

For ¢ = 0"10%10%1---0%11--- with n > 2 we also have obtain o(a) <
o(b(a)), a contradiction. For the case n = 1if a = (01)'1(01)"21--- we have
a > 01 a contradiction with our assumption 021 < a < 01.

So, a € A cannot have two consecutive ones and a = 0*(01)%10%2(01)"2 . . . .

Let us now assume that « is a periodic sequence

a = 0"(01)10%2(01)% . .. Ok (01 )rer+1,

(I) Assume n > 2 then we must have k1 = k3 = - - = kg1 = 1. Otherwise
assume, for instance, that k; > 2. Then b(a) > (10)*0%2-1... and o(b(a)) >
010--- > o(a) = 0»1(01)% ... 0k (01)*+1q, a contradiction.

Hence, for

n>2 a=0%01)0%2(01)---0%01 = 0"110*110% 11 ... ok>*11,

It is clear that k; < n because otherwise a ¢ Ming, a contradiction. More-
over ky; > n— 1foranyi = 1,2,...,r. Otherwise assume ky; defined by
kyj = min{ky; : i = 1,...,r} is such that ky; < n — 1. We must have
bla) > 10%2it11Qk26+0+1 . .. Qkar+17107+1] . .. 10%20-0+1 gnd

o(ba)) > 0kit110%0:v+1... 0"k 1a > o(a) = 0"1--- because ky; + 1 < n.
Hence,n — 1< ky <nfori=12,...,r.

So, @ = 07(01)0%2(01) - - - 0%2r(01). Assume kg, = n. In this case we must have
ko =ky=---=ky =nanda = 0""!1 € A. Ifnot, let us assume for instance
that k2 = n — 1. In this situation we have a = 0"110710%+110*—v+1107+11
and for some j, 07(a) = 077110"*110"1 - - - 0*2n-v1 < a. Therefore ks, =n — 1
and for the sequence a we get

a = On+110k2+11 . Okg(r_1)+1 10"1
= 0™(01)0%21 - - - 0*2:-1(01)0"1(01)
= Ry01(0"10%1--.0"~11).

Let a; = 0710%1.--0"11. Tt is clear that a; € Miny. In fact, otherwise
there exists J such that k2j = n, k2(j+1) = kz, ey kZ(jer) = kzp and kg(j+p+1) >
kap+1)- Applying these values to a we have that a ¢ Miny, a contradiction. So,
a1 € Min,.

It is clear that b(a) = 10710%*! ... 10’>*! if and only if

blay) = 10" 110% - .- 10%

and, consequently, o(b(a)) < b(a) imply o(b(a1)) < o(a;). So, we conclude
a1 € Aand 0"1 < a1 < 0*~11.

If n — 1 > 2 we obtain ay € A such that a; = Ryg1(ag) and 0711 < ay <
0"~11. Successively, we will continue up to find a;, € A suchthat 0?1 < a; < 01
and a;,_1 = R())()l(ai) fori = 1, 2, ey k, apg = Q.

(II) So, let us consider the case 021 < ¢ < 01 and a € A.




116 RAFAEL LABARCA AND LAUTARO VASQUEZ

In this situation we must have
a = (0*DPL01)P2(0%1)” - - - (0* )P~ L(01)P>
— R0,01((01)p1 172(01)%s . . . (Ol)pmfl 1P2r)
= Ro11 0 Rop,1(0P11P20P . .. 0Pr—11Pr),
As in the case (I) we can prove that a; = 0P1172 ... 0P>-11Pr € A and 0”1 <
a < 0Py,
Now, we can apply the part (I) to a¢; and we have a1 = Ry,01(&1) for some
a € A.
So, a = Ry 01 0R01 10 Ry, 01(a1) Successively, we obtain that @ = Ry 010 Rp1,10
R0 o01°Ror10 R0 010" © RO’jOI(@) Hence, by proposition 3.3, we conclude that

a € A,,. Since any LG A can be approximated by periodic sequences in A we
conclude that A C A.. O

To complete the proof of the Theorem (2.1) we need to prove the following

PROPOSITION (5.2). For any f € DC.(2) the kneading sequence a; = I;(0")
satisfy a € A. The same result is true for f € DC.(1).

Proof. Clearly a € Miny. Since f(0) = f(1) and f/jo,f and f 1] are increas-
ing we have f(x) > f(y) for any x € [0, c[ and y €]c, 1].

Assume xy = f(0) = f(1) €]0, 1[. Assume & > 0 is such that Jxy — &, xo + &[C
10, 1[. Since Jxg — &, x9] C f(ec, 1]) then thereis § > 0 such that f(1—-6) = xg—&
and for any z €lxg — €, x9] there is y €]1 — §, 1] such that f(y) = 2.

Since [xo, xo + e[C ([0, c[) then there is 6 > 0 such that f(§) = xo + & and
for any z €lxo, xo + ¢l there is y € [0, 5[ such that f(y) = z.

In this situation

Ir(xg) = hm I(2) = })i;frelr I(f(y) = I;(f(0%) = 0 0 I;(07) = o(ay)
,yely

0,2€lf
and
Ixy)= lim I(2)= lim I{f(y) = I:(f(17) = oo [;(17) = a(by).
21x0,2€lp yTLyely

Since Ir(x,) < Ir(xo) we obtain o(by) < o(ay). For blas) = sup{cri(af) e
N} we have b(as) < by and, consequently, o(b(ay)) < o(bs). Hence, we obtain
o(blay)) < o(ar) as we claim. Clearly a similar argument apply for elements
in DC.(1). O

Theorem (2.1) is now a consequence of corollary (3.5) and proposition (5.2).
Remark. Now we can consider the sets KDC.(b) = {b; : f € DC(1) UDC.(2)}

and B, = {b(@) : a € A} and, in a similar way as we did for the proof of the
theorem 2.1, we can prove that KDC.(b) = B,
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SPACE-LIKE HYPERSURFACES WITH CONSTANT £-TH MEAN
CURVATURE IN S7*}(c)

SHICHANG SHU AND SANYANG LIU

ABSTRACT. In this paper, we give some characterizations of Riemannian prod-
uct H™(c1) X S"™(cy) and show that the Riemannian product H™(cy) x
S"~™M(cq) is the only complete connected space-like hypersurface in a de Sit-
ter space Si”l(c) with constant k-th mean curvature H;, > 0(k < n) and two
distinct principal curvatures, if (1) the multiplicities of both principal curva-
tures are greater than 1, in this case 1 < m < n — 1, or (2) one of the both
principal curvatures is simple and Hi/ ¥ < ¢ and the sectional curvature of
M™ is non-negative or the squared norm of the second fundamental form of
M?" satisfies some pinching conditions, respectively, in this case m = 1 or
m = n — 1. We extend recent result of Z. Hu et al. [7].

1. Introduction

Let S{”l(c) be an (n+ 1)-dimensional de Sitter space with constant sectional
curvature ¢ (¢ > 0). A hypersurface in a de Sitter space is said to be space-like
if the induced metric on the hypersurface is positive definite.

In connection with the negative settlement of the Bernstein problem due to
Calabi [3], Cheng-Yau [4] and Choquet-Bruhat et al. [5] proved for ¢ > 0 and
T. Ishihara [8] proved for ¢ < 0 the following theorem.

THEOREM (1.1). ([4], [5], [8]). Let M™ be an n-dimensional (n > 2) complete
maximal space-like hypersurface in an (n+1)-dimensional Lorentzian space
form MI(c). Then

(1) if ¢ > 0, M" is totally geodesic.

() ifc < 0, then S < nand S = n if and only if M" = H™(—7) x
H'7™—-2-), (1 < m < n— 1), where S denotes the squared norm of the

second func?amental form of M".

As a generalization of Theorem (1.1), complete space-like hypersurfaces with
constant mean curvature in a Lorentz manifold have been investigated by
many mathematicians. For example, let M" be an n-complete space-like hy-
persurface with constant mean curvature in a de Sitter space S7"*(c), Goddard
[6] conjectured that every such hypersurface must be totally umbilical. Aku-
tagawa [2] and Ramanathan [14] had proved independently that Goddard’s
conjecture is true if H2 < ¢ when n = 2, and n?H? < 4(n — 1)c when n > 3.
Montiel [12] solved this conjecture in the case when M is compact. Further
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discussions in this regard have been carried out by many other authors, we
can see [7]-[11] and the author [15].

In[18] and [7], by considering the sectional curvature and the squared norm
S of the second fundamental form of M", Zheng and Z. Hu et al. proved the
following result, respectively.

THEOREM (1.2). ([18]). Let M™ be an n-dimensional compact space-like hy-
persurfacein an (n+1)-dimensional de Sitter space Sf“(c) with constant scalar
curvature n(n — Dr. If r < c and the sectional curvature of M™ is non-negative,
then M" is isometric to a sphere.

THEOREM (1.3). ([7]). Let M" be an n-dimensional (n > 3) complete con-
nected and oriented space-like hypersurface in an (n + 1)-dimensional de Sitter
space ST1(1) with constant scalar curvature n(n — 1)r and with two distinct
principal curvatures, one of which is simple.

DIfr #0and S > (n — 1)”(1,:%’2 + n(lii;?f2’ then M™ is isometric to the

hyperbolic cylinder H'(c1) x S®cg), where ¢ = 7n(1f7::)—2’ c2=;"5andr >0

or spherical cylinder H" 1(c1) x S'(c), where ¢; = 5, ¢y = — s and

r<o.

@) Ifr>0and S < (n — 1)”(1,;_’%’2 + n(l’L—:‘?—Z’ then M™ is isometric to the

hyperbolic cylinder H'(c1) x 8"~ !(cp), where ¢ = —572%5— and ¢ =

_nr_
n—2°

We denote by & the second fundamental form of M” and denote by Ay, Ag, .. .,
A the principal curvatures at an arbitrary point of M". From [11], we know
that the k-th mean curvature Hj of M" is defined by

P,@t) = (1 +t\)(A +trg)---(1+tA,) = 14+ CLHt 4 - -- + C'H,pt",

that is, the £-th mean curvature H}, is the normalized k-th symmetric function
of principal curvatures of the hypersurface M" defined by

(1.4) CIHry= > Ak,
1<ii<ig<--<ip<n
where C* = ;-

We should note that if £ = 1, H; is the mean curvature of M” and if &£ = 2,
from (1.1) and (2.11), we have Hy = ¢ — r, where r is the normalized scalar
curvature of M".

In this paper, we investigate complete hypersurfaces in a de Sitter space
Sr1(c) with constant k-th mean curvature Hj(k < n) and with two distinct
principal curvatures. In order to state our theorem clearly, we introduce, see U-
H.Ki et al. [10], the well-known standard models of complete space-like hyper-
surfaces with non-zero constant £-th mean curvature in an (n + 1)-dimensional
de Sitter space S7!(c):

H™(c1) x 8" ™(c2) = {(x, ) € S} e)

C Ril+2 — Ri’Hl % Rnfmﬂ . ‘x|2 =——
c
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where % + % = %,01 < 0,0 >0andm = 1,---,n — 1. We note that
H™(c1) x S" ™(cg) in Sf“(c) has two distinct principal curvatures /c — ¢;
with multiplicity m and /¢ — ¢g with multiplicity n — m.

From U-H. Ki et al. [10], H(c1) x 8" cg) or H* (c1) x Sl(cy) is, in par-
ticular, called a hyperbolic cylinder or a spherical cylinder in Sf*l(c).

From above, we know that the hyperbolic cylinder or spherical cylinder
has two distinct principal curvatures one of which is simple. Without loss of
generality, we can denote the two distinct principal curvatures by A and u, and
say that A has multiplicity n — 1 and u has multiplicity 1. Therefore, from
(1.1), we obtain

CrH) = CF_ 2f 4+ C N1y,
this implies that
(1.5) Ne(n — B)A + ku] = nH;y,.

For the hyperbolic cylinder H(c;) x 8" !(c) and the spherical cylinder
H" 1(c1) x SY(cg) in S71(c), we know that A # 0, u # 0 and A and u sat-
isfy

(1.6) A =c.

From (1.2), we have

n n—~k
1. e —H Alik — 7/\.
(1.7 w=zHp A
From (1.6) and (1.7), we know that A satisfies
n—=~k

n
_"H 2—k G2 _
PH T+ =0 e =0,
that is,
ckA* 2 4+ (n — B)A* — nH, = 0.

Putting ¢ = A*, we have
(1.8) ckt' T+ (n — k)t — nH, = 0,

and the squared norm of the second fundamental form of the hyperbolic cylin-
der H'(c;) x 8" !(cy) or the spherical cylinder H* 1(c1) x Sl(cp) is

S=mn—-DA2+A2=(n— 1k 4 22k,

where ¢ satisfies (1.8).
Denote by Py, (¢) the following function

(1.9) Py, () = ckt'T +(n— k)t —nHy, (>0, Hy>0),

where ¢ > 0 and Hz/k < ¢. From Lemma (3.21), we know that (1.9) has a

positive real root #;.
We shall prove the following result:

MAIN THEOREM. Let M" be an n-dimensional (n > 3) complete connected
space-like hypersurface in an (n + 1)-dimensional de Sitter space Sf*l(c) with
constant k-th mean curvature H, > 0(k < n) and with two distinct principal
curvatures. Then
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(1) if the multiplicities of both principal curvatures are greater than 1, then
M™" is isometric to the Riemannian product H™(c1)x S™™(cg), where % + é = %,
c1<0,co>0andl<m<n-—1

(2) if one of the both principal curvatures is simple and H Z/ k< ¢, then M™
is isometric to the hyperbolic cylinder H'(c1) x S Ycg) or spherical cylinder
H" Y(¢q) x Si(co), ;11 + é = %, c1 <0, cg > 0, if one of the following conditions
is satisfied:

(i) the sectional curvature of M™ is non-negative on M™, or

i) S < (n-— l)tf/k + cztl_z/k on M™ where k> 2 or

({i) S > (n — 1)t?/k + cQtl_z/k on M", where k > 2 and ty is the positive real
root of (1.9).

Remark (1.10). Ifc =1, k=1 and k = 2, the result of (1) in Main Theorem
was proved by A. Brasil Jr et al. [9] and Z. Hu et al. [7], respectively.

Remark (1.11). We know thatif¢c = 1 and 2 = 2, Z. Hu et al. [7] obtained
an interesting result, see Theorem (1.3). In this paper, we extend recent result
of Z. Hu et al. [7] to the case k& > 2.

2. Preliminaries

Let M™ be an n-dimensional space-like hypersurface in an (n+1)-dimensional
de Sitter space Sf*l(c). We choose a local field of semi-Riemannian orthonor-
mal frames {ej,...,e,+1} in Sf*l(c) such that at each point of M", {ey, ..., e,}
span the tangent space of M" and form an orthonormal frame there. We use
the following convention on the range of indices:

1<ABC,---<n+1;, 1<ijk---<n.

Let {wy, ..., ws11} be the dual frame field so that the semi-Riemannian metric
of Spi(c)isgivenby ds? = Y- w?—w?, | = Y €sw?, wheree; = lande, 1 = —1.
j A

13
The structure equations of S{‘“(c) are given by

(2.1) dwy :ZeBwAB/\wB, waB + wpa =0,
B
(2.2) dwap = Zechc A wep + Qag,
c
where
(2.3) Qup = —% > Kapcpwe A op,
¢.D
(2.4) K apcp = €a€pc(8acOBD — 6ADSBC)-

Restrict these forms to M", we have

(2.5) wp+1 = 0.
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Cartan’s Lemma implies that
(2.6) Wpy1; = Z hijw;, hij =hj.

J
The structure equations of M" are

(2.7) dw; :Zwij/\wj, wij + wj =0,
J
1
(2.8) dwij = Z Wi, N\ ©Opj — 3 Z R,-jklwk N wy,
k Rl
(2.9) Rijn = (6181 — 8u81) — (hiphji — hyh ),
where R;j; are the components of the curvature tensor of M" and
(2.10) h=> hijw;®w;

]
is the second fundamental form of M".
From the above equation, we have

(2.11) nn—1)(r —c¢)=8—n’H?

where n(n — 1)r is the scalar curvature of M", H is the mean curvature, and
S=> h?j is the squared norm of the second fundamental form of M".
LJ

Wé choose ey, - - - , e, such that &;; = A;6;;. From (2.6) we have
(2.12) Wni1i = Aiwi, 1= 1, 2, e, N,
Hence, we have from the structure equations of M™
dwn+1i = d)\i N w; + )\idwi
(2.13) zd)\i/\wi—l—)\iZwij/\wj.
J

On the other hand, we have for the curvature forms of Sf*l(c),
Qi = —3 CZ}D K, 1icpwc N op
(2.14) = 3 Z’c(3n+108iD — 8n1108;c)wc N\ wp
= caijl AN w; = 0.
Therefore, from the structure equations of S{”l(c), we have

dopiti = D 0ni1j A @ji — Opiini1 A Oniti + Qi
J

Z Ajwij A w;.

J

From (2.13) and (2.15), we obtain

(2.16) dXi A wi + Y (N — Awij A wj = 0.
J

(2.15)

Putting
(2.17) i = (A — Apw;j.
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Then ;; = j;. (2.16) can be written as

(2.18) > Wi+ 8ijdA) A wj = 0.
J
By E. Cartan’s Lemma, we get

(2.19) Yij + 6;dA; = Z Qi jrwp,
&

where Q;;, are uniquely determined functions such that @;j, = Q;z;.
On the other hand, since the covariant derivative of the second fundamental
form h;; of M" is defined by

Z hijrwy, = dh;j + Z hirowp; + Z hpjop,
% % %
from h;; = A;8;j, we have

Z hijror = 8idAj + (X = Aj)wi.
k
Combining with (2.19), we know that Q;j;, = h;j;. From (2.6) and the Codazzi
equations A;j, = h;,j, we have h;j, = hj;, = hypj, that is

(2.20) Qijr = Qjir = Qirj-
3. Proof of Main Theorem

We firstly state a Proposition which can be proved by making use of the
similar method due to Otsuki [13] for Riemannian space forms (see [7]).

PROPOSITION (3.1). Let M" be a hypersurface in an (n+1)-dimensional de
Sitter space Sf*l(c) such that the multiplicities of the principal curvatures are
constant. Then the distribution of the space of the principal vectors correspond-
ing to each principal curvature is completely integrable. In particular, if the
multiplicity of a principal curvature is greater than 1, then this principal curva-
ture is constant on each integral submanifold of the corresponding distribution
of the space of the principal vectors.

Proof of (1) in Main Theorem. Let A and u be the two distinct principal
curvatures of multiplicities m and n — m respectively, where 1 < m < n — 1.
From (1.4), we have

CyH), = Z Ay s Ay,
1<ii<ig<--<ip<n
this is always a equality of H;, A and u, we can denote it by
(3.2) C'Hy = F(\, w).

Denote by D, and D,, the integral submanifolds of the corresponding distri-
bution of the space of principal vectors corresponding to the principal curvature
A and u, respectively. From Proposition (3.1), we know that A is constant on D,.
Since the k-th mean curvature H}, is constant, (3.2) implies that u is constant
on D,. By making use of Proposition (3.1) again, we have u is constant on D,,.
Therefore, we know that u is constant on M. By the same assertion we know
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that A is constant on M™. Therefore M" is isoparametric. By the congruence
Theorem of Abe, Koike and Yamaguchi [1], we know that M” is isometric to
the Riemannian product H™(c1) x S® " (c2), where ci + ci = %, c1<0,c0>0
and 1 < m < n — 1. This completes the proof of (1) in Main Theorem.

From now on, we consider that n(n > 3)-dimensional complete connected
space-like hypersurface with constant k-th mean curvature H, > 0 (k < n)
and with two distinct principal curvatures, one of which is simple. Without
loss of generality, we may assume

AM=A=--=A_1=A A =u,

where A; fori = 1,2, - -+, n are the principal curvatures of M". Therefore, we
obtain

CrH) = CE_ 2+ C N1y,
this implies that
(3.3) N (n — B)A + ku] = nHj,.

For £ > 2, if A = 0 at some point, from (3.2), we have H; = 0 at this point,
this is a contradiction to the fact that H, > 0. By changing the orientation
for M" and renumbering ey, ..., e, if necessary, we may assume that A > 0.
Therefore, we have for all %

_n S k
(3.4) n= 2 HiA A

Since
A —H,
A—p= nik/\k_1 #0,

we know that A* — H), # 0.
Let @ = |A* — H,|~#. We denote the integral submanifold through x € M"
corresponding to A by M' f‘l(x). Putting

(35) dA = Z /\,k wp, d[,L = Z My | W
k=1 k=1

From Proposition (3.1), we have
(3.6) M=As=-=A, 1=0 on M *x).

From (3.4), we have

(3.7) du = [MHk/\‘k o k]dA.
k k
Thus, we also have
(38) M1 = 2= """= Uyp—-1— 0 on Milil(x)

In this case, we may consider locally that A is a function of the arc length s of
the integral curve of the principal vector field e, corresponding to the principal
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curvature w. From (2.19) and (3.6), we havefor 1 < j <n —1,

dr = d/\j = Zijkwk
k=1

(3.9)

n—1
= Zijkwk + ijnwn = Ap wp.
k=1
Therefore, we have
(3.10) ijkZO, 1<k<n-1, and ijn:/\;n-

By (2.19) and (3.8), we have

du =dA, = Z Qnnrp

k=1

n—1 n
= Z ankwk + annwn = Z My Wi = yn Wp, -

k=1 i=1

(3.11)

Hence, we obtain
(3.12) ank =0, 1<k<n-1, and ann = Kn -
From (3.7), we get

B (1 —k) n—=k
(3.13) Qnnn = Mon = [ A A

From the definition of i;;, if i # j, we have ¢;; = 0 for 1 <i < n—1and
1 < j < n— 1. Therefore, from (2.19),if 1 # jand 1 < i < n—1 and
1< j<n-1wehave

(3.14) Qijr = 0, for any k.

By (2.19), (2.20), (3.10), (3.12), (3.13) and (3.14), we get
Yin = Z Qjnrwy,
=1

= Qjjn®j + Qjnnwn = A,p ).
From (2.19), (3.4) and (3.15) we have
_ Yin A
A—p  A—pu
EAFIN,,
= 7n()\k — Hk)wj.
Therefore, from the structure equations of M” we have

Hk/\ik —

14,5 .

(3.15)

wjn a)j

(3.16)

n—1
dw, :Zwk/\wkn+wnnAwn =0.
k=1
Therefore, we may put w, = ds. By (3.9) and (3.11), we get

dA

d)\:)\,nds, )\,n: disy



SPACE-LIKE HYPERSURFACES WITH CONSTANT k-TH MEAN CURVATURE

and

du
d/"L - /Jon ds) /“L;n - % .
Then we have

k—1 k—1dA
Wjp = AT Ao w; = A w;
T Ak —Hy) ™ T Ok —Hy) Y
_ d{log |\ — Hyl7}
ds 7

From (3.17) and the structure equations of S{""(c), we have

(3.17)

n—1
dwjn = ijk N Qpp + @jn A Wpp — Wjnt1 N\ Opy1n + an
k=1
n—1
= ijk N Qpp — Wjnt1 N\ Optin — CO; A wp
k=1
k 1
_ d{log |\" — Hy|"}
ds

n—1
Z(ujk AN wp —(c— Ap)w; A ds.
k=1

From (3.17), we have
_ d*{log |\t — Hy|»}

d{log |\* — H,|#
+ {log| 27}

dwjn = as2 ds A wj ds dwj
d*{log |\* — H,|*} d{log |\ — Hyl}} ¢
= ds ds Nwj+ ds ;wjk/\wk
d*{log |\* — Hy|7} | d{log|\* — Hy[r} o)
={- g5 +1 s Flo; nds
d{log |\* — Hy|7} 2
. { glds k| }ijk/\wk'
k=1

From the above two equalities, we have

d*{log [A* — Hy|*} d{log|\* — Hyl7}

(318) ds? { 75 }2 _ (C _ /\/-L) —0.
From (3.4) we get
d*{log [A* — Hy|*} (dlog ]\ Hkﬁ}}2
(3.19) ds? ds .
+ %Hk)@ik - %)\2 —c=0.

Since we define @ = |A¥ — H}|~#, we obtain from the above equation

d’w ckA* 2 4+ (n — RN\ — nH,
ds2 7 AR -

We can prove the following Lemmas:

(3.20) 0.

127
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LEMMA (3.21). Let
Py () =ckt'F +(n—kt—nH, >0, H,>0, k>2)

where ¢ > 0 and H,f/ k < ¢. Then Py, (t) has a positive real root t1 and
(1) if t > Hy, then Py, (t) > 0;

(i) if t < Hy, then t > t1 holds if and only if Py, (t) > 0 and t < t; holds if
and only if Pg,(t) < 0.

Proof. We have

(3.22) dF 5;“ ) — k=262 4 (n— ).
For & > 2, we easily see that
dPg, )
e %

it follows that Ppg,(¢) is a strictly monotone increasing function of ¢ and
lim; .| Pg,({) = 4o00. For k& > 2, we have Pg,(0) = —nH; < 0, There-
fore, from the continuity property of Py, (¢), we infer that Py, (¢) has a positive
real root, which can be denoted by ¢;.

Now we prove the second part of Lemma (3.21).

Since & > 2, we know that Py, (¢) is a strictly monotone increasing func-

tion of ¢ and has a positive real root £;. From HZ/ s ¢, we have Py, (H},) =

k=2
EH,* (c — H,f/ by > 0. Thus, we have H; > t1. Therefore, from the strictly
monotone increasing property of Py, (¢), we know that (i) if ¢ > Hj, then
Py, (t) > Py,(Hp) > 0, (i) if ¢ < Hj, then ¢ > ¢; holds if and only if
Py, () > Py, (t1) = 0 and ¢ < ¢; holds if and only if Py, (¢) < Pg,(¢1) = 0.
We complete the proof of Lemma (3.21). O

LEMMA (3.23). Let

1

8®) = oo (( —

DE*% 4+ [nHy, — (n — k)t1?}, ¢ >0, H,>0, k>2),

where ¢ > 0 and Hz/k < c Ift < Hy, then t > t1 holds if and only if S(¢) <
(n — D" 4 2t 7%* and t < ty holds if and only if St) > (n — DE2/* + 2",
where t1 is the positive real root of (1.9).

Proof. We have

dS(t) 242—3k)/k
dt k3

it follows that the solution of % = 0ist = H,. Therefore, we know that
t < Hj, holds if and only if S(¢) is a decreasing function, ¢ > H}, holds if and
only if S(¢) is an increasing function and S(¢) obtain its minimum at ¢ = H),
(also see [17]).

{(n? — 2nk + nk*t* + n(k — 2)(n — R)Hyt + (1 — kn?HZ},
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Since ¢ < Hj, if and only if S(¢) is a decreasing function, we infer that if
t < Hy, then ¢ > ¢; holds if and only if

S@) < S(ty) = — DE22 + [nH), — (n — k)t11%}

——ri(n
(2k—2)/k {
k2t

1 r2 h2
= W{(n — DE*3 + [nHj — (n — R}ty — ckt, " + ckt," 1%}
1

1 =
- W{(n — DE*t} + [Py, (t1) + ckt; " PP}
1
— (n— DE* 4 2R,

and ¢ < ¢, holds if and only if S(t) > S(t1) = (n — D£2/* + 2, **. We complete
the proof of Lemma (3.23). O

LEMMA (3.24). If H,f/ k< ¢, then the positive function w is bounded.
Proof. From the definition of @ and (3.20), we have

d2

d;;" + @l Hk(Hk +o it
(3.25)

“mite]l=0, for A~ H, >0,

or

d2

e Tl Hk(Hk — i
(3.26)

"R o el =0, for AF— H, <0,

By making use of the following integral formula

u™(a + bu?)? apq
pg+m-+1 pg+m+1

where all m, p, g, a, b are not zero and all m, p, q are rational number, we have

/um(a + bu?’du = /u’"(a + bu?)Pdu,

1
“MYidw = §w2(Hk + @ )i

_ %Hk/w(Hk + o i de.
Integrating (3.25) or (3.26), we can get

(‘fi—’:)? +cw? — @2(Hy + @™ =C, for \* — H, > 0,
or

(%’:)2 +cw? — wXHy, —w ™i=C, for \* — Hy <0,
where C is a constant. Therefore, we have
(3.27) @2lc— (Hy + @ ™i]<C, for \* — H, >0,
or
(3.28) w%lc— (H, — @ ™i1< C, for \* — H, < 0.
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Since we assume that Hz/k < ¢, wehave c— H,f/k > 0, from (3.27) and (3.28),
we infer that the positive function @ is bounded from above. We complete the

proof of Lemma (3.24). O
Proof of (2) in Main Theorem. (i) From (3.18), we have
d2
(3.29) g2 +wlc— ) =

If the sectional curvature of M” is non-negative, that is, for i # j, R; ﬂ ;=

— AiAj > 0, we have ¢ — A > 0. From (3.29), we have ‘fi’é’ < 0. Thus, %= a7 is
a monotomc function of s € (—oo, +00). Therefore, by the similar assertion in
Wei [16], we have w(s) must be monotonic when s tends to infinity. Since we
assume that H Z/ k< ¢, from Lemma (3.24), we know that the positive function
w(s) is bounded. Since w(s) is bounded and monotonic when s tends to infinity,

we know that both lim_, ., @w(s) and lim,_, , . w(s) exist and then we get

) dw(s) .. dwo(s)
330 Jim 15 < im

=0.

dm(s)

From the monotomclty of , we have d”’(S) = 0 and w(s) = constant. From

= |\f—Hy| + and (3.3), we have A and u are constant, that is, M" is isopara-
metric. Therefore, by the congruence Theorem of Abe, Koike and Yamaguchi
[1], we know that M" is isometric to the hyperbolic cylinder H(cy) x 8" (cg)
or spherical cylinder H" (c1) x Sl(¢co), + + L = %, c1<0,c9>0.

' ¢
@IS <(n— l)t?/k +c%t] ?/k putting t = /\k, we obtain that S = S(¢). From
(3.20), we have

d’w 1

(331) d82 + wkt(k*Z)/kPHk(t) = 0
Since
)\k
A—p= N1 ;é 0,

we know that A* — H, # 0. Thus, we have t # H;,. We consider two cases
t>H,ort < Hy.
If ¢ > H;, from Lemma (3.21), we know that P, (¢) > 0. From (3.31),

we have % < 0. This implies that % is a strictly monotone decreasing
function of s and thus it has at most one zero point for s € (—oo, +00). If
% has no zero point in (—oo, +00), then w(s) is a monotone function of s in
(—o00, +0). If % has exactly one zero point sy in (—oo, +00), then w(s) is a
monotone function of s in both (—o0o, sg] and [sg, +00).

On the other hand, from Lemma (3.24), we know that w(s) is bounded.
Since w(s) is bounded and monotonic when s tends to infinity, we know that
bothlim, , ., @w(s)andlim;, ., w(s)exist and (3.30) holds. This is impossible
because d“’(s) is a strictly monotone decreasing function of s. Therefore, we
know that the case t > Hj, does not occur.

If t < Hp, from Lemma (3.21), Lemma (3.23) and (3.31), we have S(¢) <
(n — DEZ'* + ¢27%* = S(t,) holds if and only if ¢ > ¢, if and only if Py, () > 0
and if and only 1f d 2 < 0. Thus ‘ff is a monotonic function of s € (—oo, +00).

Since we assume that H k/ < ¢, from Lemma (3.24), we know that the positive
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function w(s) is bounded. By the same assertion in the proof of (i) in (2), we
know that A and p must be constant, that is, M" is isoparametric. By the
congruence Theorem of Abe, Koike and Yamaguchi [1], we know that M" is
isometric to the hyperbolic cylinder H(c;) x S*!(cy) or spherical cylinder
H* e x S'ep), 2+ 2 = 5,c1<0,03> 0.

’ o1

(i) If S > (n — l)ti/ ko ity ?/* by the similar assertion in the case (ii),
we know that M” is isometric to the hyperbolic cylinder H(c;) x S* 1(co) or
spherical cylinder H"1(c1) x St(cy), % + é =1,¢1 <0, ¢z > 0. This completes
the proof of (2) in Main Theorem. O
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