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Abstract

We consider the problem of the estimation of the cost of null controllability of a fourth order
parabolic partial differential equation when the coefficients of the higher order terms vanish.
The corresponding problem for second order equations has been considered in several works:
For the heat equation with vanishing viscosity coefficient, we can cite [2], [5], where are used
Carleman estimates and energy estimates. These results were improved in [6], [7], [4], and [3],
using different techniques, mainly moment method.

Concerning fourth order equations, as far we known, the only reference is [1], where it is
studied a parabolic equation posed in (0, L) × (0, T ), and composed by a transport term with
velocity M and a fourth order term with vanishing viscosity. It is proved that, under the
hypothesis T ≥ 40L/|M |, the cost of controllabiity remains uniformly bounded with respect to
the diffusion coefficient. The main tools are Carleman estimates and diffusion estimates.

The problem which motivated this work is to improve the previous result, by using the
complex variable approach introduced in [4].

More precisely, given ε > 0, we consider the system given by
yt + εyxxxx + δyxxx +Myx = 0, (t, x) ∈ (0, T )× (0, L),

y(t, 0) = 0, y(t, L) = 0, t ∈ (0, T ),
By(t, 0) = h(t), By(t, L) = 0, t ∈ (0, T ),

y(0, x) = y0(x), x ∈ (0, L),

(1)

where δ = −2ε2/3M1/3 and By = 2εyxx + δyx.
Our main result is the following.

Theorem 1 Given L, T > 0, there exist c, C > 0 s.t. ∀ y0 ∈ L2(0, L), ε ∈ (0, 1), there is
u ∈ L2(0, T ) s.t. the solution y satisfies

y(·, T ) = 0 ∈ L2(0, L), ‖u‖L2(0,T ) ≤ C exp(−c/ε1/3)
∥∥y0∥∥

L2(0,L)
,

whenever
T > 5L/M, M > 0; T > 7L/|M |, M < 0.
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